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PREFACE. 



The present work was commenced in 1859^ while I was a 
Professor of Mathematics^ and far more ready at Quaternion 
analysis than I can now pretend to be. Had it been then 
completed I should have had means of testing its teaching 
capabilities^ and of improving it, before publication, where 
found deficient in that respect. 

The duties of another Chair, and Sir W. Hamilton's wish that 
my volume should not appear till after the publication of his 
ElementSj interrupted my already extensive preparations. I had 
worked out nearly all the examples of Analytical Greometry in 
Todhunter's Collection, and I had made various physical appli- 
cations of the Calculus, especially to Crystallography, to Geo- 
metrical Optics, and to the Induction of Currents, in addition 
to those on Kinematics, Electrodynamics, &c., which are re- 
printed in the present work from the Quarterly Mathematical 
Jawmal and the Proceedings of the Boyal Society of Edinburgh. 

Sir W. Hamilton, a few days before his death, urged me to 
prepare my work as soon as possible^ his being almost ready for 
publication. He then expressed, more strongly perhaps than 
he had ever done before, his profound conviction of the impor- 
tance of Quaternions to the progress of physical science ; and 
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his desire that a really elementary treatise on the subject should 
soon be published. 

I regret that I have so imperfectly fulfilled this last request of 
my revered Mend. When it was made I was already engaged^ 
along with Sir W. Thomson^ in the laborious work of preparing 
a large Treatise on Natural Philosophy. The present volume 
has thus been written under very disadvantageous circumstances^ 
especially as I have not found time to work up the mass of 
materials which I had originally collected for it, but which I 
had not put into a fit state for publication. I hope, however, 
that I have to some extent succeeded in producing a thoroughly 
elementary work, intelligible to any ordinary student ; and that 
the numerous examples I have given, though not specially 
chosen so as to display the full merits of Quaternions, will yet 
sufficiently show their admirable simplicity and naturalness to 
induce the reader to attack the Lectures and the Elements; 
where he will find, in profiision, stores of valuable results, and 
of elegant yet powerful analjrtical investigations, such as are 
contained in the writings of but a very few of the greatest 
mathematicians. For a succinct account of the steps by which 
Hamilton was led to the invention of Quaternions, and for other 
interesting information regarding that remarkable genius, I 
may refer to a slight sketch of his life and works in the North 
British Review for September 1866. 

It will be found that I have not servilely followed even so 
great a master, although dealing with a subject which is en- 
tirely his own. I cannot, of course, tell in every case what I 
have gathered from his published papers, or from his voluminous 
correspondence, and what I may have made out for myself. 
Some theorems and processes which I have given, though wholly 
my own, in the sense of having been made out for myself before 
the publication of the Elements, I have since found there. Others 
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also may be, for I have not yet read that tremendous volume 
completely, since much of it bears on developments unconnected 
with Physics. But I have endeavoured throughout to point out 
to the reader all the more important parts of the work which 
I know to be wholly due to Hamilton. A great part, indeed, 
may be said to be obvious to any one who has mastered the 
preliminaries; still I think that, in the two last Chapters 
especially, a good deal of original matter will be found. 

The volume is essentially a working one, and, especially in 
the later Chapters, is rather a collection of examples than a 
detailed treatise on a mathematical method. I have constantly 
aimed at avoiding too great extension; and in pursuance of 
this object have omitted many valuable elementary portions 
of the subject. One of these, the treatment of Quaternion 
logarithms and exponentials, I greatly regret not having given. 
But if I had printed all that seemed to me of use or interest 
to the student, I might easily have rivalled the bulk of one of 
Hamilton's volumes. The beginner is recommended merely to 
read the first five Chapters, then to work at Chapters VI, VII, 
VIII (to which numerous easy Examples are appended). After 
this he may work at the first five, with their (more difficult) 
Examples ; and the remainder of the book should then present 
no difficulty. 

Keeping always in view, as the great end of every mathe- 
matical method, the physical applications, I have endeavom'cd to 
treat the subject as much as possible from a geometrical instead 
of an analytical point of view. Of course, if we premise the 
properties of i,y, k merely, it is possible to construct from them 
the whole system"^; just as we deal with the imaginary of 

* This has been done by Hamilton himself, as one among many methods he 
has employed ; and it is also the foundation of a memoir by M. Alldgret entitled 
EssaA 8ur le Calcul des Quaternions (Paris, 1862). 
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Algebra, or, to take a closer analogy, just as Hamilton himself 
dealt with Couples, Triads, and Sets. This may be interesting 
to the pure analyst, but it is repulsive to the physical student, 
who should be led to look upon i,y, h from the very first as 
geometric realities, not as algebraic imaginaries. 

The most striking peculiarity of the Calculus is that multvpli" 
cation is not generally commutative^ i. e. that qr is in general 
different from rj, r and q being quaternions. Still it is to be 
remarked that something similar is true, in the ordinary coor- 
dinate methods, of operators and functions : and therefore the 
student is not wholly unprepared to meet it. No one is puzzled 

by the fact that log. cos. i? is not equal to cos. log. ir, or that \/^ 

is not equal to -r- V^. Sometimes, indeed, this rule is most 

absurdly violated, for it is usual to take cos"^ as equal to (cos a?)', 
while cos~*ir is not equal to (cos;r)~^ No such incongruities 
appear in Quaternions ; but what is true of operators and 
Amotions in other methods, that they are not generally com- 
mutative, is in Quaternions true in the multiplication of (vector) 
coordinates. 

It will be observed by those who are acquainted with the 
Calculus that I have, in many cases, not given the shortest or 
simplest proof of an important proposition. This has been done 
with the view of including, in moderate compass, as great a 
variety of methods as possible. With the same object I have 
endeavoured to supply, by means of the Examples appended to 
each Chapter, hints (which will not be lost to the intelligent 
student) of farther developments of the Calculus. Many of 
these are due to Hamilton, who, in spite of his great originality, Q 
was one of the most excellent examiners any University can 
boast of. 

It must always be remembered that Cartesian methods are 
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mere particular cases of Quaternions, where most of the dis- 
. tinctive features have disappeared ; and that when, in the treat- 
ment of any particular question, scalars have to be adopted, the 
Quaternion solution becomes identical with the Cartesian one. 
Nothing therefore is ever lost, though much is generally gained, 
by employing Quaternions in preference to ordinary methods. 
In fact, even when Quaternions degrade to scalars, they give 
the solution of the most general statement of the problem they 
are applied to, quite independent of any limitations as to choice 
of particular coordinate axes. 

There is one very desirable object which such a work as 
this may possibly fulfil. The University of Cambridge, while 
seeking to supply a real want (the deficiency of subjects of 
examination for mathematical honours, and the consequent fre- 
quent introduction of the wildest extravagance in the shape of 
data for " Problems^^), is in danger of making too much of such 
elegant trifles as Trilinear Coordinates, while gigantic systems 
like Invariants (which, by the way, are as easily introduced into 
Quaternions as into Cartesian methods) are quite beyond the 
amount of mathematics which even the best students can master 
in three years^ reading. One grand step to the supply of this 
want is, of course, the introduction into the scheme of examina- 
tion of such branches of mathematical physics as the Theories of 
Heat and Electricity. But it appears to me that the study of a 
mathematical method like Quaternions, which, while of immense 
power and comprehensiveness, is of extraordinary simplicity, and 
yet requires constant thought in its applications, would also be 
of great benefit. With it there can be no " shut your eyes, and 
write down your equations/^ for mere mechanical dexterity of 
analysis is certain to lead at once to error on account of the 
novelty of the processes employed. 

The Table of Contents has been drawn up so as to give the 

b 
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student a short and simple summary of the chief fundamental 
formulae of the Calculus itself, and is therefore confined to an 
analysis of the first five chapters. 

In conclusion, I have only to say that I shall be much obliged 
to any one, student or teacher, who will point out portions of 
the work where a difficulty has been found ; along with any 
inaccuracies which may be detected. As I have had no assistance 
in the revision of the proof-sheets, and have composed the work 
at irregular intervals, and while otherwise laboriously occupied, 
I fear it may contain many slips and even errors. Should it 
reach another edition there is no doubt that it will be improved 
in many important particulars. 



P. G. TAIT. 

College, Edinbubgh, 
July 1867. 
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CHAPTER I. 

VECTORS, AND THEIR COMPOSITION. 

1. XTOI^ more than a century and a half the geometrical 
-■- representation of the negative and imaginary alge- 
braic quantities, — 1 and v— T, or, as some prefer to write them, 
— and — ^, has been a favourite subject of speculation with 
mathematicians. The essence of almost all of the proposed 
processes consists in employing such quantities to indicate the 
direction^ not the lengthy of lines. 

2. Thus it was soon seen that if positive quantities were 
measured off in one direction along a fixed line, a useful and 
lawful convention enabled us to express negative quantities by 
simply laying them off on the same line in the opposite direction. 
This convention is an essential part of the Cartesian method, 
and is constantly employed in Analytical Geometry and Applied 
Mathematics. 

3. Wallis, in the end of the seventeenth century, proposed to 
represent the impossible roots of a quadratic equation by going 
out of the line on which, if real, they would have been laid off. 

B 
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His construction is equivalent to the consideration of v—l 
as a directed unit-line perpendicular to that on which real 
quantities are measured. 

4. In the usual notation of Analytical Geometry of two 
dimensions, when rectangular axes are employed^ this amounts 
to reckoning each unit of length along Oy as + \/ — 1, and on 
Oy' as — \/— 1 j while on Ox each unit is + 1, and on Ox' it 
is —1. K we look at these four lines in circular order, i. e. in 
the order of positive rotation (opposite to that of the hands 
of a watch), they give 

1, ^^^\y -1, -^/^. 

In this series each expression is derived from that which pre- 
cedes it by multiplication by the factor \/— 1. Hence we may 
consider \/— 1 as an operator, analogous to a handle perpen- 
dicular to the plane of xy^ whose effect on any^ line is to make 
it rotate (positively) about the origin through an angle of 90^ 

5. In such a system, a point is defined by a single imaginary 
expression. Thus a'{^h^/—\ may be considered as a single 
quantity, denoting the point whose coordinates are a and h. 
Or, it may be used as an expression for the line joining that 
point with the origin. In the latter sense, the expression 
a+i\/— 1 implicitly contains the direction ^ as well as the lengthy 
of this line ; since, as we see at once, the direction is inclined 

at an angle tan~* - to the axis of ar, and the length is \/aM^. 



6. Operating on this symbol by the factor v— T, it becomes 

— i -h flf V^— 1 ; and now, of course, denotes the point whose x and 

y coordinates are —5 and «; or the line joining this point with 

the origin. The length is still ^/fl* + i% but the angle the line 

makes with the axis of x is tan~* ( "" r) ^ which is evidently 90° 
greater than before the operation. • 
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7. De Moivre's Theorem tends to lead us still farther in 
the same direction. In fact, it is easy to see that if we use, 
instead of \/— 1, the more general factor cosa+ v — 1 sin a, 
its effect on any line is to turn it through the (positive) angle a 

in the plane of x, y. [Of course the fdrmer factor, \/— 1, is 

merely the particular case of this, when a = - .] 

Thus (cos o + \/— 1 sin a){a + h \/— 1) 

= acosa— dsina+ >/— 1 (a sin a + J cos a), 

by direct multiplication. The reader will at once see that the 
new form indicates that a rotation through an angle a has {aken 
place, if he compares it with the common formulae for turning 

the coordinate axes through a given angle. Or, in a less simple 
manner, thus — 

Length = \/(flfC0so— isina)* + (fl5sino + 4cosa)* , 

= \/fl5*-fi* as before. 

Inclination to axis of ^ ^ 

, tan a + - 

asma + ^cosa , , a 

= tan~* 7—; — = tauT* 



flfcoso— isina ' ^ h, 

1 tana 

= o+tan-*-. 
a 

8. We see now, as it were, why it happens that 

(cos o+ \/--l sin a)*" = cos i»o4- \/— 1 sin ma. 

In fact, the first operator produces m successive rotations in the 
same direction, each through the angle a; the second, a single 
rotation through the angle ma, 

9. It may be interesting, at this stage, to anticipate so far as 
to state that a Quaternion can, in general, be put imder the form 

JV"(cos ^+W sin S)y 

where iV is a numerical quantity, Q a real angle, and 

W^rr — 1. 
B % 
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This expression for a quaternion bears a yery close analogy to 
the forms employed in De Moivre^s Theorem ; but there is the 
essential diflFerence (to which Hamilton's chief invention referred) 
that cr is not the algebraic \/— 1, but may be any directed wniU 
line whatever in space. 

I 

10. In the present century Argand, Warren, and others, ex- 
tended the results of Wallis and De Moivre. They attempted 
to express as a line the product of two lines each represented by 
a symbol such asa-fi\/— 1. To a certain extent they suc- 
ceeded, but simplicity was not gained by their methods, as the 
terrible array of radicals in Warren's Treatise sufficiently proves. 

IL A very curious speculation, due to Servois, and published 
in 1813 in Gergonne's * Annates, is the only one, so far as has 
been discovered, in which the slightest trace of an anticipation of 
Quaternions is contained. Endeavouring to extend to space the 
form a-^-by/—! for the plane, he is guided by analogy to write 
for a directed unit-line in space the form 

p cos a-f ? cos /3 -f r cos y, 

where a, j8, y are its inclinations to the three axes. He perceives 
easily that jo, q, r must be non-^reals : but, he asks, " seraient- 
elles imaginaires reductibles k la forme gen^rale A-\-B^ ^\ ?'' 
This he could not answer. In fact they are the i,y, k of the 
Quaternion Calculus. (See Chap. II.) 

12. Beyond this, few attempts were made, or at least re- 
corded, in earlier times, to extend the principle to space of three 
dimensions ; and, though many such have been made within the 
last forty years, none, with the single exception of Hamilton's, 
have resulted in simple, practical methods; all, however in-' 
genious, seeming to lead at once to processes and results of 
fearful complexity. 

For a lucid, complete, and most impartial statement of the 
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claims of his predecessors in this field we refer to the Preface to 
Hamilton's Lectures on Quaternions. 

13. It was reserved for Hamilton to discover the use of \/— 1 
as a geometric reality , tied down to no particular direction in 
space, and this use was the foundation of the singularly elegant^ 
yet enormously powerful. Calculus of Quaternions. 

While all other schemes for using \/— 1 to indicate direc- 
tion make one direction in space expressible by real numbers, 
the remainder being imaginaries of some kind, leading in general 
to equations which are heterogeneous ; Hamilton makes all di- 
rections in space equally imaginary, or rather equally real, 
thereby ensiuring to his Calculus the power of dealing with 
space indifferently in all directions. 

In fact, as we shall see, the Quaternion method is independent 
of axes or any supposed directions in space, and takes its refer- 
ence lines solely from the problem it is applied to. 

14. But, for the purpose of elementary exposition, it is best 
to begin by assimilating it as closely as we can to the ordinary 
Cartesian methods of Geometry of Three Dimensions, which are 
in fact a mere particular case of Quaternions in which most 
of the distinctive features are lost. We shall find in a little 
that it is capable of soaring above these entirely, after having 
employed them in its establishment ; and, indeed, as the in- 
ventor's works amply prove, it can be established, ab initio^ in 
various ways, without even an allusion to Cartesian Geometry. 
As this work is written for students acquainted with at least 
the elements of the Cartesian method, we keep to the first- 
mentioned course of exposition; especially as we thereby avoid 
some reasoning which, though rigorous and beautiful, might be 
apt, from its subtlety, to prove repulsive to the beginner. 

We commence, therefore, with some very elementary geo- 
metrical ideas. 
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15. Suppose we have two points A and B in spacey and sup- 
pose A given, on how many numbers does W^ relative position 
depend ? 

If we refer to Cartesian coordinates (rectangular or not) we 
find that the data required are the excesses of B\ three coor- 
dinates over those of A. Hence three numbers are required. 

Or we may take polar coordinates. To define the moon's 
position with respect to the earth we must have its Geocentric 
Latitude and Longitude, or its Right Ascension and Declination, 
and, in addition, its distance or radius- vector. Three again. 

16. Here it is to be carefiilly noticed that nothing has been 
said of the actual coordinates of either A or jB, or of the earth 
and moon, in space ; it is only the relative coordinates that are 
contemplated. 

Hence any expression, ^ ABy denoting a line considered with 
reference to direction as well as length, contains implicitly three 
numbers, and all lines parallel and equal to AB depend in the 
same way upon the same three. Hence, all lines which are 
equal and parallel may he represented by a commoni symiol, and 
that symbol contains three distinct numhers. In this sense a line 
is called a vector, since by it we pass from the one extremity. 
Ay to the other, jB; and it may thus be considered as an in- 
strument which carries A to B: so that a vector may be em- 
ployed to indicate a definite translation in space. 

17. We may here remark, once for all, that in establishing 
a new Calculus, we are at liberty to give any definitions what- 
ever of our symbols, provided that no two of these interfere 
with, or contradict, each other, and in doing so in Quaternions 
simplicity and (so to speak) naturalness were the inventor's aim. 

18. Let AB be represented by a, we know that a. depends 
on three separate numbers. Now if CB be equal in length to AB 
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and if these lines be parallel, we have evidently CD = AB = a, 
where it will be seen that the sign of equality between vectors 
contains implicitly equality in length soni parallelism in direction. 
So far we have extended the meaning of an algebraic symbol. 
And it is to be noticed that an equation between vectors, as 

a = 0, 

contains three distinct equations between mere numbers. 

19. We must now define + (and the meaning of — will 
follow) in the new Calculus. Let A, B, C be any three points 
and (with the above meaning of = ) let 

AB^ay BC=fi, AC=y. 

If we define + (in accordance with the idea (§ 16) that a 
vector represents a translation) by the equation 

or AB-{'BC=AC, 

we contradict nothing that precedes, but we at once introduce 
the idea that vectors are to he compounded^ in direction and 
magnitude^ like simultaneous velocities, A reason for this may 
be seen in another way if we remember that by adding the 
differences of the Cartesian coordinates of A and By to those of 
the coordinates of B and Cy we get those of the coordinates of 
A and C, 

20. But we also see that if C and A coincide (and C may be 
any point) i^ = o, 

for no vector is then required to carry A\x> C, Hence the above 
relation may be written, in this case, 

or, introducing, and by the same act defining, the symbol — , 
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Hence, the gymbol —, applied to a vector, timply »howi that it* 
direction it to be reverted. 

And this is consistent with all that precedes ; for instance, 

AB + BC= AC, 

and IB-IC-BC, 

or ■ =^IC^CB, 

are evidently but diflFerent expressions of the same truth. 

2L In any triangle, ABC, we have, of course, 

and, in any closed polygon, whether plane or gauche, 

AB+BC+ ^YZ-^-ZA = 0. 

# 

In the case of the polygon we have also 



AB+BC+ + YZ==AZ. 

These are the well-known propositions regarding composition 
of velocities, which, by the second law of motion, give us the 
geometrical laws of composition of forces. 

22. If we compound any number of parallel vectors, the 
result is obviouply a numerical multiple of any one of them. 

Thus, i£ Ay B, C are in one straight line, 

BC^^^AB; 

where ^ is a number, positive when B lies between A and (7, 
otherwise negative : but such that its numerical value, inde- 
pendent of sign, is the ratio of the length of BC to that of AB. 
This is at once evident if AB and BC be commensurable ; and 
is easily extended to incommensurables by the usual reductio ad 
ahmrdum, 

23. An important, but almost obvious, proposition is that 
any vector may he resolved into three components parallel respectively 
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to any three given vectors, no two of which are parallel, and which 

are not parallel to one plane. 

Let OA, OB, OC be the three fixed 
vectors, OP any other vector. From 
P draw PQ parallel to CO, meeting the 
plane BOA in Q, [There must be a 
real point Q, else PQ, and therefore 
CO, would be parallel to BOA, 2l case 
specially excepted.] From Q draw QR 
parallel to BO, meeting OA in R. Then 

we have aP=QS-f^4-QP (§ 21), 

and these component^ are respectively parallel to the three given 
vectors. By § 22 we may express OR as a numerical multiple 
of OA, RQ of OB, and QP of OC H^nce we have, generally, 
for any vector in terms of three fixed non-coplanar vectors, a, /3, y, 

OR = p = ^aH-y/3 + ;2;y, 

which exhibits, in one form, the three numbers on which a 
vector depends (§ 16). Here a?,y, z are perfectly definite. 

24. Similarly any vector, as OQ, in the same plane with OA 
and OB, can be resolved into components OR, RQ, parallel 
respectively to OA and OB; so long, at least, as these two 
vectors are not parallel to each other. 

25. There is particular advantage, in certain cases, in employ- 
ing a series of three mutually perpendicular unit^vectors as lines 
of reference. This system Hamilton denotes by i,j, k. 

Any other vector is then expressible as 

p:=^xi-\-yj^zk. 
Since t,y, k are unit- vectors, x, y, z are here the lengths of con.- 
terminous edges oi a rectangular parallelepiped of which p is the 
vector-diagonal ; so that the length of p is, in this case. 
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Let tir = f^4-V + f* 

be any other vector, then the vector equation 

obviously involves the following three equations among numbers. 

Suppose i to be drawn eastwards, j northwards, and h upwards, 
this is equivalent merely to saying that if two points coincide^ 
they are equally to the east (or west) of any third pointy equally 
to the north {or south) of it, and equally elevated above (or depressed 
below) its level. 

26. It is to be carefully noticed that it is only when a, /3, y 
are not coplanar that a vector equation such as 

p = «r, 
or xa-^-y^-Vzy = ia-\-ri^-^Zyy 

necessitates the three numerical equations 

For, if a, /3, y be coplanar (§ 24), a condition of the following form 

must hold 7 o 

y = aa-f-op. 

Hence p = {X'{'Za)a'{-{y-\'Zb)py 

«^= (f+C«)a4-(7? + C*)A 

and the equation p = tr 

now requires only the two numerical conditions 

x-\-za = f+f^, y-hzb = rj-\-Cb. 

27. ^he Commutative and Associative Laws hold in the com^ 
bination of vectors by the signs -f and — . It is obvious that, if 
we prove this for the sign -f , it will be equally proved for — , 
because — before a vector (§ 20) merely indicates that it is to 
be reversed before being considered positive. 

Let Ay By Cy D be, in order, the comers of a parallelogram ; 
we have, obviously. 
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AB^BC, AD = BC, 



And JB + BC^ AC=z AB+BC= BC-\-AB. 

Hence the commutative law is true for the addition of any two 
vectors, and is therefore generally true. 

Again, whatever four points are represented by A, B, Cy B, 
we have 

AB = AB+BB = AC^ CB, or 

AJB^tBC^CBz^ AB+iBC-^-CB) = {AB-hBC)+CB. 
And thus the truth of the associative law is evident. 

28. The equation __ ^ 

where p is the vector connecting a variable point with the origin, 

/3 a definite vector, and x an indefinite number, represents the 

straight line drawn from the origin parallel to )3 (§ 22). 

The straight line drawn from A, where OA = a, and parallel 

to )3, has the equation 

p = aH-a?/3 (1) 

In words, we may pass directly from to P by the vector OP 
or p; or we may pass first to -4, by means of OA or a, and then 
to P along a vector parallel to )3 (§ 16). 

Equation (1) is one of the many useftd forms into which 
Quaternions enable us to throw the general equation of a straight 
line in space. As we have seen (§ 25) it is equivalent to tkree 
numerical equations ; but, as these involve the indefinite quan- 
tity a?, they are virtually equivalent to but two, as in ordinary 
Geometry of Three Dimensions. 

29. A good illustration of this remark is fiirnished by the 

fact that the equation 

p = ya + ^)3, 

which contains two indefinite quantities, is virtually equivalent 
to only one numerical equation. And it is easy to see that 
it represents the plane in which the lines a and /3 lie ; or the 

c 2 
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surface which is formed by drawing, thi-ough «very point of OA, 
a line parallel to OJS, In fact, the equation, as written, is simply 
§ 24 in symbols. 
And it is evident that the equation 

is the equation of a plane passing through the extremity of y, 
and parallel to a and ^. 

It will now be obvious to the reader that the equation 

P = JOi Oi +i»9 Oa + = 2i?a, 

where ai, Oj, &c. are given vectors, and jOi, jOj, &c. numerical 
quantities, represents a straight line if jOi, p^y &c. be linear 
functions of one indeterminate number ; and a plane, if they be 
linear expressions containing tv>o indeterminate numbers. Later 
(§31 (/)), this theorem will be much extended. 

30. The equation of the line joining any two points A and B, 
where OA ^ a and OB = /3, is obviously 

p = a4-^(/3 — a), 
or f>=/3+y(a-/3). 

These equations are of course identical^ as may be eeen by 
putting 1 -*y for x^. 

Hie finst may be written 

or pp-\-qa-^rfi = 0, 

subject to the condition p-^-q + r = identically. That is — 
A homogeneous linear function of three vectors, equated to zero, 
expresses that the extremities of these vectors a^e in one straight 
line, if the sum of the coefficients he identically zero. 

Similarly, the equation of the plane containing the extremities 
A, B, C of the three non-coplanar vectors a, )3, y is 

P = o+^(/3-a)4-^(y-^). 
where it and t/ 9^ each indeterminate. 
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This may be written 

with the identical relation 

which is the condition that four points may lie in one plane. 

3L We have already the means of proving, in a very simple 
manner, numerous classes of propositions in plane and solid 
geometry. A very few examples, however, must suffice at this 
stage ; since we have hardly, as yet, crossed the threshold of 
the subject, and are dealing with mere linear equations con- 
necting two or mor^ vectors, and even with them we are re^ 
9tficied as yet to operations of tnere addition. 

(a.) The diagonals of a paralUlogram bisect each other. 

Let ABCD be the parallelogram, the point of intersection 
of its diagonals. Then 

which gives 

AO^-OC^Bb-OB. 

The two vectors here equated are parallel to the diagonals re- 
spectively. Such an equation is, of course, absurd unless 

(1) The diagonals are parallel, in which case the figure 

is not a parallelogram ; 

(2) IQ = OC^ and ^ ^ OB^ the proposition. 

(i.) To show that a triangle can he constructed^ whose sides 
are parallel y and equals to the bisectors of the sides of 
any triangle. 

Let ABC be the triangle, Aa^ Bb, Cc the bisectors of the 
sides. Then 
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la = iB^Ba = IB'\-\BC, 



Bb ^ ^ ^ ^BC+iCA, 



Hence Aa+Bb + Cc z= ^(AB-\-BC-^CA) ==0; 

which (§21) proves the proposition. 

Also Aa=zAB + iBC 

z=:AB-^\{CA^-AB) 

= \{AB--CA) = \{AB-{-AC), 

results which are sometimes useful. They may be easily verified 
by producing Aa to twice its length and joining the extremity 
with jB. 

(5'.) The bisectors of the sides of a triangle meet in a point, 
which trisects each of them. 

Taking A as oj^gin, and putting a, /3, y for vectors parallel, 
and equal, to the sides taken in order; the equation of Bb is 
(§ 28 (1)) 

p = y + ar(y + |-) = (l+ar)y + -|-^. 
That of Cc is, in the same way^ 

At the point 0, where Bb and Cc intersect, 

p = (l+ar)y + f^=-(l+y)^_|y. 

Since y and /3 are not parallel, this equation gives 

l+^ = -|, and | = -(1+J^). 

From these ;r=y= — |. 

Hence iO = J (y-/3) = ^Aa. (See Ex. (i).) 
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This equation shows, being a vector one, that Aa passes through 
Oy and that AO \ Oawl \\. 

(c.) If OA^ay 6B^ fi, OCz= aa^bp, 

be three given co-planar vectors ^ and the lines indicated 
in the figure be drawn, the points a, /3, y lie in a 
straight line. 

We see, at once, by the process indicated in § 30, that 




Oi = 



a^b ^ 
aa. 



« Oa= *^ 



\-a 



Hence we easily find 

^^ OR- ^^ 



Oa=- 



(Jy = — 

o—a 



These give 

^{l^a'^2b)Oa + {l'-'2a^b)Op-{b'-a)Oy = 0. 

But — (1— fl^— 2J) + (1— 2a— J)— (5~«) = identically. 
This, by § 30, proves the proposition. 

{d.) Let OA = a, 0£ = )3, be any two vectors. If MP be 
parallel to OB ; and OQy BQ, be drawn parallel to 
AJP, OP respectively ; the Ioctis of Q is a straight line 
parallel to OA, 

Let OM = ea. 
Then 




Hence the equation 
of Oq is 

p=y(7^1a4-a?/3); 
and that of BQ, is 
p=^fi-\-z{ea-\-xfi). 
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At Q we have^ therefore, 

xy = 1 -\-zx, '\ 
y(^— 1) = ze.j 

These give wy ^ e, and the equation of the locus of Q is 

i. e. a straight line parallel to OA, drawn through N in OB 
produced, so that 

ON: OB:: OM:OA. 

CoE. If BQ meet MPmq,Pq=:p; and if JP meet NQ mp, 

Qp = a. _ _ _ 

Also, for the point B we have pB = AP, QB = Bq, 

Hence if from any two points y A and By lines be drawn intercept^ 
ing a given length Pq on a given line Mq; and if, from B their 
point of intersection, Bp he laid off = PAy and BQ zss qB; Q and 
p lie on afioped straight line, and the length of Qp is constant, 

(e,) Tof/nd the centre of inertia of any system. 

If OA 3?= a, OB m aiy be the vector sides of any triangle, the 
vector from the vertex dividing the base AB in C so that 

BC: CA : : m vm^ is 

For AB is aj— a, and therefore ACi& 

— (ai—a). 



Hence OC-OA-^AJC 



= a4- — ; — (ai— a) 
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This expression shows how to find the centre of inertia of two 
masses ; ;» at the extremity of a, m^ at that of aj. Introduce m^ 
at the extremity of a,, then the vector of the centre of inertia 
of the three is, by a second application of the formula, 

For any number of masses, expressed generally by m at the 
extremity of the vector a, we have the vector of the centre of 
inertia ^r^ \ 

This may be written 

-Zmia—^) = 0. 

Now ttj— )3 is the vector of m^ with respect to the centre of 
inertia. Hence the theorem. If the vector of each element of a 
mass, drawn from the centre of inertia, be increased in length in 
joroportion to the mass of the element, the sum of all these vectors 
is zero, 

(f.) We see at once 
that the equation 

/> = o.t+ — , 

where t is an indeter- 
minate number, and a, )3 
given vectors, represents 
a parabola. The origin, 
0, is a point on the 
curve, j3 is parallel to the 
axis, i. e. is the diameter 

OB drawn from the origin, and a is 0^ the tangent at the 

origfin. In the figure 

QP=^at, 0Q = ^. 
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The secant joining the points where t has the values t and t^ 
is represented by the equation 

p = a^+-^ + ^(ar + ^-a^~-^) (§30) 

Put ^= ^, and write ar for ^(^— ^ [which may have any value] 
and the equation of the tangent at the point (t) is 

p = at + ^-^x{a-\-pt). 

Put ar=— ^, p=— ii--, 

or the intercept of the tangpent on the diameter is — the abscissa 
of the point of contact. 

Otherwise: the tangent is parallel to the vector a + pt or 

at + 0t^ or ajJ4-^ + -^or OQ+ftP. But TP = TO -h OPy 
hence TO ^ OQ,, 

(^.) Since the equation of any tangent to the parabola is 

let us find the tangents which can be drawn from a given point. 
Let the vector of the point be 

p z=pa-hq0 (§ 24). 

Since the tangent is to pass through this point, we have, as 
conditions to determine t and a?, 

« 

— ^xt^qi 

by equating respectively the coeflScients of a and 0, 
Hence ^ = j» + >n/j»' — 2^'. 
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Thus, in general, two tangents can be drawn from a given 
point. These coincide if 

P' = 2?; 
that is, if the vector of the point from which they are to be 
drawn is ^ ;»" ^ 

i. e. if the *point Kes on the parabola. They are imaginary if 
2q>p^, i. e. if the point be 

/>=i'a+(Y+r)/3, 

r heing positive. Such a point is evidently within the curve, as 
at Ry where OQ = ^)8, QP = joa, PR = f/3. 

(A.) Calling the values of t for the two tangents found in 
{ff) ti and ^2 respectively, it is obvious that the vector 
joining the points of contact is 



2 '2 

which is parallel to t -\-t 

or, by the values of t^ and t^ in (^), 

Its direction, therefore, does not depend on q. In words. If 
pairs of tangents he drawn to a parabola from points of a diameter 
produced, the chords of contact are parallel to the tangent at the 
vertex of the diameter. This is also proved by a former result, for 
we must have OT {or each tangent equal to QO. 

(i.) The equation of the chord of contact, for the point 
whose vector is 

p=pa+qpy 

6t ^ 
is thus p = a^i + ^+j^(a+i?i3). 

D Z 
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Suppose this to pass always through the point whose vector is 

p = aa + bfi. 
Then we must have 

or ti =jt? -f -y/jja — 2j»fl + 2i. 

Comparing this with the expression in (^), we have 

that is^ the point from which the tangents are drawn has the 
vector 

p = joaH- {pa— 6)13 
= — i/3+J»(a+«/3), a straight line (§28(1)). 

The mere form of this expression contains the proof of the usual 
properties of the pole and polar in the parabola; but, for the 
sake of the beginner, we adopt a simpler, though equally general, 
process. 

Suppose a = 0. This merely restricts the pole to the par- 
ticular diameter to which we have referred the parabola. Then 
the pole is Q, where p =: 63' 

and the polar is the line TU, for which 

p =— J)8+jt?a. 

Hence tAe polar of any point is parallel to the tangent at the 
extremity of the diameter on which the point lies, and its inter- 
section with that diameter is as Jar beyond the vertex as the pole is 
within, and vice versa, 

(J,) As another example let us prove the following theorem. 
I/* a triangle he inscribed in a parabola, the three points 
in which the sides are met by tangents at the angles Ue 
in a straight line. 

Since is any point of the curve, we may take it as one 
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corner of the triangle. Let t and t^ determine the others. 
Then, if Wi, tj^, at, represent the vectors of the points of inter- 
section of the tangents with the sides, we easily find 



{a + -0), 



These values give 



«j_ = 01, 



Also -~- 7-^ St" ~ ^ identically. 

Hence, by § 30, the proposition is proved. 

(^.) Other interesting examples of this method of treating 
curves will, of course, suggest themselves to the 
student. Thus 

p = acos^H-)3sin^ 

or /) = aar-fjSVl— a?* 

represents an ellipse, of which the given vectors a and )3 are 
semi-conjugate diameters. 
Again, 

p=:at-^^ or p = atan;r + /3cota? 

evidently represents a hyperbola referred to its asymptotes. 

But, so far as we have yet gone, as we are not prepared 
to determine the lengths or inclinations of vectors, we can only 
investigate a very small class of the properties of curves, re- 
presented by such equations as those above written. 

(L) We may now, in extension of the statement in § 29, 
make the obvious remark that 

p = 2j9a 
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is the equation of a curve in space, if the numbers jOi, j»3, &c. 
are functions of one indeterminate. In such a case the equation 
is sometimes written p ^ a^n\^ 

But, ifj!?i, jOa, &c. be functions of two indeterminates, the locus 
of the extremity of p is a surface ; whose equation is sometimes 
written p^^(^^^) 

{m,) Thus the equation 

p = aQO& t -\- ^ smt-\-yt 

belongs to a helix. 

Again, p = pa^-qp-\-ry 

with a condition of the form 

ap''+bq'''Ycr'' = 1 

belongs to a central surface of the second order, of which a, j8, y 
are the directions of conjugate diameters. If a, b, c be all 
positive, the surface is an ellipsoid. 

32. In Example ( /) above we performed an operation equi- 
valent to the differentiation of a vector with reference to a single 
numerical variable of which it was given as an explicit function. 
As this process is of very great use, especially in quaternion 
investigations connected with the motion of a particle or point ; 
and as it will afford us an opportunity of making a preliminary 
step towards overcoming the novel difficulties which arise in 
quaternion differentiation; we will devote a few sections to a 
more careful exposition of it. 

33. It is a striking circumstance, when we consider the way 
in which Newton^s original methods in the Differential Calculus 
have been decried, to find that Hamilton was obliged to employ 
them, and not the more modem forms, in order to overcome the 
characteristic difficulties of quaternion differentiation. Such 
a thing as a differential coefficient has absolutely no meaning in 
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quaternions, except in those special cases in which we are dealing 
with degraded quaternions, such as numbers, Cartesian coor- 
dinates, &c. But a quaternion expression has always a differ^ 
entialy which is, simply, what Newton called n. fluxion. 

As with the Laws of Motion, the basis of Dynamics, so with 
the foundations of the Differential Calculus ; we are gradually 
coming to the conclusion that Newton^s system is the best 
after all. 

34. Suppose p to be the vector of a curve in space. Then, 
generally, p may be expressed as the sum of a number of 
terms, each of which is a multiple of a given vector by a function 
of some one indeterminate ; or, as in § 3 1 (/), if P be a point on 
the curve, OP = p = <t> {t). 

And, similarly, if Q be any other point on the curve, 

oq^p,^<i>{t,)^<i>{t+u\ 

where ht is anT/ number whatever. 

The vector-chord PQ is therefore, rigorously, 

hp = pi — p = <^{t-^hf)—^t, 

35. It is obvious that, in the present case, because the vectors 
involved in <(> are constant, and their numerical multipliers alone 
vary, the expression <^(t-\- ht) is, by Taylor^s Theorem, equivalent to 

Hence, #(^),, . d^m IP , ^„ 

And we are thus entitled to write, when It has been made in- 
definitely small, 

T ™;4 (^^\ - ^^ - ^^(^) _ ^'(i\ 



In such a case as this, then, we are permitted to differentiate. 
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or to form the diflferential coefficient of, a vector accordmg to 
the ordinary rules of the Differential Calculus. But great ad- 
ditional insight into the process is gained by applying Newton^s 
method. 




36. Let OP be 

and OQi 

where dt is any number what- 
ever. 

The number t may here be 
taken as representing time, i. e. 
we may suppose a point to move 
along the curve in such a way 
that the value of t for the vector of point P of the curve de- 
notes the interval which has elapsed (since a fixed epoch) when 
the moving point has reached the extremity of that vector. If, 
then, dt represent any interval, finite or not, we see that 

6q, = <i>{t+dt) 

will be the vector of the point, affcer the additional interval dt. 

But this, in general, gives us little or no information as to 
the velocity of the point at P. We shall get a better approxi- 
mation by halving the interval dt, and finding Q^, where 
OQi-=<t>{t-\'\d{), as the position of the moving point at that 
time. Here the vector virtually described in \dt is PQa* To 
find, on this supposition, the vector described in dt, we must 
double this, and we find, as a second approximation to the vector 
which the moving point would have described in time dt, if it 
had moved for that period in the direction and with the velocity 
it had at P, 

P^. = 2PQ3 = 2(0«,-OP) 

= 2{ip{t^\dt)^t}. 



SECT. 38.] VECTORS, AND THEIR COMPOSITION. 25 

The next approximation gives 



Pj3 = 3P(23 = 3(OQ3-OP) 

And so on, each step evidently leading us nearer the sought truth. 
Hence, to find the vector which would have been described in 
time dl had the circumstances of the motion at P remained 
undisturbed, we must find the value of 

dp = Tq = J^^=o.x{(t>{t-^^dt)^<f>t}. 

We have seen that in this particular case we may use Taylor's 
Theorem. We have, therefore, 

dp = J^.=..a^{cl>Xt)ldt+<l>'\t)^ -^ +*^^-} 
= (t>X^dt. 
And, if we choose, we may now write 

s = *'»• 

37. But it is to be most particularly remarked that in the 
whole of this investigation no regard whatever has been paid to 
the magnitude of dt The question which we have now answered 
may be put in the form — A point describes a given curve in a 
given manner. At any point oj^ its path its motion suddenly ceases 
to he accelerated. What space will it describe in a definite interval ? 
As Hamilton well observes, this is, for a planet or comet, the 
case of a ^^ celestial Attwood's machine/' 

38. If we suppose the variable, in terms of which p is ex- 
pressed, to be the arc, s, of the curve measured from some fixed 
point, we find as before 

H 

= <l/{s)ds. 

E 
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From the very nature of the question it is obvious that the 
length of dp must in this ease be da. This remark is of im- 
portance, as we shall see later ; and it may therefore be useful 
to obtain afresh the above result without any reference to time 
or velocity. 

39. Following strictly the process of Newton^s Vllth Lemma, 
let us describe on Pq^ an arc similar to PQ^, and so on. Then 
obviously, as the subdivision of ds is carried farther, the new arc 
(whose length is always ds) more and more nearly coincides with 
the line which expresses the corresponding approximation to dp. 

40. As a final example let us take the hyperbola 

p = at+^. 

Here , . )3v ,. 

dp = {a--^)dt. 

This shews that the tangent is parallel to the vector 

t 
In words, ^the vector {from the centre) of a point in a hyperbola 
he one diagonal of a parallelogram, two of whose sides coincide 
with the asymptotes, the other diagonal is parallel to the tangent 
at the point. 

4L Let us reverse this question, and seek the envelop of a 
line which cuts off from two fixed axes a triangle of constant area. 
K the axes be in the directions of a and fi, the intercepts 

may evidently be written at and - . Hence the equation of the 
line is (§ 30) 

.a \ 

p = at-^-xy^—ai^y 

The condition of envelopment is, obviously, 

dp = 0. 
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This gives 

\_We are not here to equate to zero the coefficients of dt and dx ; 
for we must remember that this equation is of the form 

=zpa+qP, 

where ji? and q are numbers ; and that^ so long as a and ft are 
actual and non-parallel vectors^ the existence of such an equation 
requires i? = 0, ? = 0.] 

Hence {l~'a!)dt-^tdx = 0, 

and .-^dt+^=0. 

From these, at once, ^ = 7, since dx and dt are indeterminate. 
Thus the equation of the envelop is 

p = at + \(^^-at) 

= i(«^+ 1)' 

the hyperbola as before ; a, j8 being portions of its asymptotes. 

42. It may assist the student to a thorough comprehension 
of the above process, if we put it in a slightly different form. 
Thus the equation of the enveloping line may be written 

p^at{l^x) + Pj, 

which gives rfp = = arf(^(l— ip))+)3rf(y). 
Hence, as a is not parallel to fi, we must have 

and these are, when expanded, the equations we obtained in the 
preceding section. 

E 2 
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43. For farther illustration we give a solution not directly 
employing the differential calculus. The equations of any two 
of the enveloping lines are 

t and t^ being given, while x and y are indeterminate. 
At the point of intersection of these lines we have (§ 26), 

^(l-^) = ^i(l-y)n 
These give, by eliminating y, 



or a? = 



Hence the vector of the point of intersection is 

and thus, for the ultimate intersections, where j(^ -^ = 1, 



p = ^(^t-^^ as before. 



t 
Cob. (1). If tt^-\, 



P = 



or the intersection lies in the diagonal of the parallelogram on 

CoE. (2). If ^1 = mi, where m is constant, 

mta-\- - 
^~ m+1 
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But we have also x = . 

Hence the locus of a point which divides in a given ratio a line 
cutting off a given area from two fixed axes, is a hyperbola of which 
these axes are the asymptotes. 

Cob. (3). If we take 

tt^{t'\-t^) = constant 
the locus is a parabola ; and so on. 

44. The reader who is fond of Anharmonic Ratios and Trans- 
versals will find in the early chapters of Hamilton's Elements 
of Quaternions an admirable application of the composition of 
vectors to these subjects. The Theory of Geometrical Nets, in 
a plane, and in space, is there very fully developed; and the 
method is shewn to include, as particular cases, the processes of 
Grassmann's Ausdehnungslehre and Mobius' Barycentrische CalcuL 
Some very curious investigations connected with curves and 
surfaces of the second and third orders are also there founded 
upon the composition of vectors. 



EXAMPLES TO CHAPTER I. 

1. The lines which join, towards the same parts, the ex- 
tremities of two equal and parallel lines are themselves equal 
and parallel. {Euclid, I. xxxiii.) 

2. Find the vector of the middle point of the line which joins 
the middle points of the diagonals of any quadrilateral, plane 
or gauche, the vectors of the corners being given ; and so prove 
that this point is the mean point of the quadrilateral. 
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If two opposite sides be divided proportionally, and two new 
quadrilaterals be formed by joining the points of division, the 
mean points of the three quadrilaterals lie in a straight line. 

Shew that the mean point may also be found by bisecting 
the line joining the middle points of a pair of opposite sides. 

3. Verify that the property of the coefficients of three vectors 
whose extremities are in a line (§ 30) is not interfered with by 
altering the origin. 

4. If two triangles ABC, abc, be so situated in space that 
Aa, Bb, Cc meet in a point, the intersections of AB, ab, of BC, 
be, and of CA, ca, lie in a straight line. 

5. Prove the converse of 4, i. e. if lines be drawn, one in 
each of two planes, from any three points in the straight line 
in which these planes meet, the two triangles thus formed are 
sections of a common pyramid. 

6. If five quadrilaterals be formed by omitting in succession 
each of the sides of any pentagon, the lines bisecting the 
diagonals of these quadrilaterals meet in a point. (H. Fox 
Talbot.) 

7. Assuming, as in § 7, that the operator 

cosdH-\/— 1 Aq.0 

turns any radius of a given circle through an angle 6 in the 
positive direction of rotation, without altering its length, deduce 
the ordinary formulae for cos(^ + ^, cos (^—5), sin {A-\-B), and 
sin {A—B)j in terms of sines and cosines of A and B. 

8. If two tangents be drawn to a hyperbola, the line joining 
the centre with their point of intersection bisects the lines join- 
ing the points where the tangents meet the asymptotes : and 
the tangent at the point where it meets the curves bisects the 
intercepts of the asymptotes. 

9. Any two tangents, limited by the asymptotes, divide each 
other proportionally. 
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10. If a chord of a hyperbola be one diagonal of a parallel- 
ogram whose sides are parallel to the asymptotes, the other 
diagonal passes through the centre. 

11. Show that 

is the equation of a cone of the second degree, and that its 
section by the plane 

^^ P + i+r 
is an ellipse which touches, at their middle points, the sides of 
the triangle of whose corners o, p, y are the vectors. (Hamilton, 
Elements, p. 96.) 

12. The lines which divide, proportionally, the pairs of opposite 
sides of a gauche quadrilateral, are the generating lines of a 
hyperbolic paraboloid. (Ibid, p. 97.) 

13. Show that 

where x -i-y -j- ^ = 0, 

represents a cone of the third order, and that its section by 

the plane 

_ pa-\-qp-\-ry 

is a cubic curve, of which the lines 

« 

are the asymptotes and the three (real) tangents of inflexion. 
Also that the mean point of the triangle formed by these lines 
is a conjugate point of the curve. Hence that the vector 
a + jS-j-y is a conjugate ray of the cone. {Ibid. p. 96.) 



CHAPTER IL 

PRODUCTS AND QUOTIENTS OF VECTORS. 

45. \Tl/E ^^^ come to the consideration of points in 

^ ▼ which the Calculus of Quaternions differs entirely 
from any previous mathematical method ; and here we shall get 
an idea of what a Quaternion is, and whence it derives its name. 
These points are fundamentally involved in the novel use of the 
symbols of multiplication and division. And the simplest in- 
troduction to the subject seems to be the consideration of the 
quotient, or ratio, of two vectors. 

46. If the given vectors be parallel to each other, we have 
already seen (§ 22) that either may be expressed as a numerical 
multiple of the other; the multiplier being simply the ratio 
of their lengths, taken positively if they are similarly directed, 
negatively if they run opposite ways. 

47. If they be not parallel, let OA and OB be drawn parallel 
and equal to them from any point ; and the question is re- 
duced to finding the value of the ratio of two vectors drawn 
from the same point. Let us try to find ujoon how many distinct 
numbers this ratio depends. 

We may suppose OA to be changed into OB by the following 
processes. 

1st. Increase or diminish the length of OA till it becomes 
equal to that of OB, For this only one number is 
required, viz. the ratio of the lengths of the two 
vectors. As Hamilton remarks, this is a positive, or 
rather a signless, number. 

2nd. Turn OA about until its direction coincides with 
that of OB, and (remembering the effect of the first 
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operation) we see that the two vectors now coincide 

or become identical. To specify this operation three 

more numbers are required, viz. two angles (such as 

node and inclination in the case of a planet's orbit) 

to fix the plane in which the rotation takes place^ 

and one angle for the amount of this rotation. 

Thus it appears that the ratio of two vectors, or the multiplier 

required to change one vector into another, in general depends 

uponyJwf distinct numbers, whence the name quaternion. 

48. It is obvious that the operations just described may be 
performed, with the same result, in the opposite order, being 
perfectly independent of each o^her. Thus it appears that a 
quaternion, considered as the factor or agent which changes one 
definite vector into another, may itself be decomposed into two 
factors of which the order is immaterial. 

The stretching factor, or that which performs the first opera- 
tion in § 47, is called the Tensor, and is denoted by prefixing 
T to the quaternion considered. 

The turning &ctor, or that corresponding to the second opera- 
tion in § 47, is called the Versor, and is denoted by the letter TJ 
prefixed to the quaternion. 

49. Thus, if OA = a, OB = )3, and if j^ be the quaternion 
which changes a to )3, we have 

^ = g'a, 
which we may write in the form 

Q 

- - q, or ^a-' = q, 

a. 

if we agree to define that 

a 
Here it is to be particularly noticed that we write q before a to 
signify that a is multiplied by q, not q mxdtiplied by a. 

[This remark is of extreme importance in quaternions, for. 
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as we shall soon see, the Commutative Law does not generally 
apply to the factors of a product.] 
We have also, by § 47, 

q-TqUq- UqTq, 

where, as before, Tq depends merely on the relative lengths of 
a and )3, and Uq depends'solely on their directions. 

Thus, if ai and )3i be vectors of unit length parallel to a and 
/3 respectively, ^ . 

tti Qi a 

50. We must now carefully notice that the quaternion which 
is the quotient when p is divided by a in no way depends upon 
the absolute lengths, or directions, of these vectors. Its value 
will remain unchanged if we substitute for them any other pair 
of vectors which 

(1) have their lengths in the same ratio, 

(2) have their common plane the same or parallel, 
and (3) make the same angle with each other. 

Thus in the annexed figure 

if, and only if, 

n\ 0^^0B_ 
^ ^ OUi ~ OA ' 

(2) plane A OB parallel to plane 
A,0,B,, 

(3) lAOB^LA^O^B,. 

pEquality of angles is understood to in- 
clude similarity in direction. Thus the ro- 
tation about an upward axis is negative (or right-handed) from 
OA to OB, and also from OUi to 0,5^.] 
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5L The Reciprocal of a quaternion q is defined by the equation. 



Hence if 



we must have 



For this gives 



- = jr, or 
a 

a 1 



and each side is evidently equal to a. 

Or, we may reason thus, q changes OA to OB, q-^ must there- 
fore change OB to OA, and is therefore expressed by - (§ 49). 

The tensor of the reciprocal of a quaternion is therefore the 
reciprocal of the tensor ; and the versor differs merely by the 
reversal of its representative angle. 

52. The Conjugate of a quaternion q, written Kq, has the same 
tensor, plane, and angle, only the angle is taken the reverse 
way. Thus, if 

OA'^OA, and lA'OB = LAOB, 



OB 



OB 



OA 



r = conjugate of q-=-Kq. 




By last section we see that 

Kq^(Tq)^r\ 
Hence qKq = Kq.q = {Tq)\ 

This proposition is obvious, if we recollect 

that the tensors of q and Kq are equal, and 

that the versors are such that either reverses the eflfect of the 

other. The joint effect of these factors is therefore merely to 

multiply twice over by the common tensor. 

53. It is evident from the results of § 50 that, if a and /3 

F % 
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be of equal length, their quaternion quotient becomes a versor 
(the tensor being unity) and may be represented indifferently 
hj any one of an infinite number of arcs of given length lying 
on the circumference of a circle, of which the two vectors are 
radii. This is of considerable importance in the proofs which 
follow. 

Thus the versor -^=r may be repre- 
sented by the arc AB, which may be 
written AB. 




And, similarly, the versor 



OB, 
61, 



IS 



represented by A,B, which is equal to 

(and measured in the same direction as) AB if 

/.A,OB,= lAOBy 
i. e. if the versors are equal. 

54. By the aid of this process, when a versor is represented 
by an arc of a great circle on the unit-sphere, we can easily 
prove that quaternion multiplication is not generally commutative. 

Thus let q be the versor AB or 

r=T, Make BC=- AB, then q may 




OA 

also be represented by 



OC 



OB 



In the same way any other versor 
r may be represented by I)B or BII 

^. OB 6E 

and by ~=r or -^=- . 

OB OB 
The line ^^ ^^ the figure is definite, and is given by the 
intersection of the planes of the two versors ; being the centife 
of the unit-sphere. 

Now rOB = OB, and qOB = OC, 

Hence qrOD^OC, 
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OC ^-^ 

or qr = -z=- , and may therefore be represented by the arc DC 

of a great circle. 

But rq is easily seen to be represented by the arc AE, 

For qOA=^ OB, and rOB= OE, 

whence rq OA = OE, and rq = . 

OA 

Thus the versors rq and qr, though represented by arcs of equal 

length, are not generally in the same plane and are therefore 

unequal : unless the planes of q and r coincide. 

Calling OA a, we see that we have assumed, or defined, in 

the above proof, that q,ra = qr.a and r,qa = rq.a when ja, ra, 

qra, and rqa are all vectors, 

55, Obviously CB is Kq, BD is Kr, and CD is K{qr). But 
CD=iBD.CBy which gives us the very important theorem 

K{qr) = Kr.Kq. 

56, The propositions just proved are, of course, true of 
quaternions as well as of versors ; for the former involve only 
an additional numerical factor which has reference to the length 
merely, and not the direction, of a vector (§ 48). 

57. Seeing thus that the commutative law does not in general 
hold in the multiplication of quaternions, let us enquire whether 
the Associative Law holds. That is, if jo, q, r be three quaternions, 
have we p,qr=pq.rf 

This is, of course, obviously true if jo, q, r be numerical quantities, 
or even any of the imaginaries of algebra. But it cannot be 
considered as a truism for symbols which do not in general give 

M = iP- 

58. In the first place we remark that p, q, and r may be 
considered as versors only, and therefore represented by arcs of 
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great circles, for their tensors may obviously (§48) be divided 
out from both sides, being commutative with the versors. 

Let AB=p,£I)= CA = q,BndFE=r. 

Join BC and produce the great circle till it meets EF in ff, 
SLndmake KH=FE=r,&ndHG = CB=j)q (§54). 

Join G£. Then 

^^Jt-A-^^^ ^ KG^HG.KU^M'T' 

Join FD and pro- 
duce it to meet AB 
in M, Make 

LM^FBy 

and MN = AB, 

^^ and join NL, Then 

LN^MN.LM^p.qr. 

Hence to shew that p.qr ^jftq.r 
all that is requisite is to prove that LN, and KG, described as 
above, are equal arcs of the same great circle, since, by the figure, 
thej'^ are evidently measured in the same direction. This is 
perhaps most easily effected by the help of the fundamental 
properties of the curves known as Spherical Conies, As they are 
not usually familiar to students, we make a slight digression for 
the purpose of proving these fundamental properties; after 
Chasles, by whom and Magnus they were discovered. An 
independent proof of the associative principle will presently be 
indicated, and in Chapter VII we shall employ quaternions to 
give an independent proof of the theorems now to be established. 

59.* Def. a spherical conic is the curve of intersection of a 
cone of the second degree with a sphere, the vertex of the cone being 
the centre of the sphere. 

If a cone have one series of circular sections, it has another 
series, and any two circles belonging to different series lie on a 
sphere. This is easily proved as follows. 

Describe a sphere. A, cutting the cone in one circular section. 
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C, and in any other point whatever, and let the side OpP of the 
cone meet A ia p, P ; P being a point in C. Then PO*Op is 
constant, and, therefore, since P lies in a plane, p lies on a 
sphere, a, passing through 0. Hence the locus, c, of jo is a 
circle, being the intersection of the two spheres A and a. 

Let OqQ be any other side of the cone, q and Q being points 
in c, C, respectively. Then the quadrilateral qQPp is inscribed 
in a circle (that in which its plane cuts the sphere A) and the 
exterior angle at j» is equal to the interior angle at "Q. If OZ, 
OM be the lines in which the plane POQ cuts the cyclic planes 
(planes through parallel to the two series of circular sections) 
they are obviously parallel to joj, QP, respectively ; and therefore 

Z LOp ^LOpq^ Loqp = LMOq. 

Let any third 

side, OrR^ of 
the cone be 
drawn, and let 
the plane OPR 
cut the cyclic 
planes in 0/, 
Om respective- 
ly. Then, evi- 
dently, L10L= L qpr, L MOm = Z QPR, 

and these angles are independent of the position of the points 

p and P, if Q and R be fixed points. 

In a section of the above diagram by a sphere whose centre 

is 0, IZ, Mm are the 
great circles which re- 
present the cyclic planes, 
PQR is the spherical 
conic which represents 
the cone. The point P 
represents the line OpP, 
and so with the others. 
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The propositions above may now be stated thus 

Arc PL = arc MQ ; 

and, if Q and R be fixed. Mm and IL are constant arcs whatever 
be the position of P. 

60. The application to § 58 is now obvious. In the figure 
of that article we have 

Hence Ly C, G, B are points of a spherical conic whose cyclic 
planes are those of AB^ FE, Hence also KG passes through L, 
and with LM intercepts on AB an arc equal to AB, That is, 
it passes through iV", or KG and LN are arcs of the same great 
circle : and they a^ e equal, for G and L are points in the spherical 
conic. 

Also, the associative principle holds for any number of quater- 
nion factors. For, obviously, 

qrM=qr8,t, &c., &c., 

since we may consider ^r as a single quaternion, and the above 
proof applies directly. 

6L That quaternion addition, and therefore also subtraction, 
is commutative, it is easy to shew. 

For if the planes of two qua- 
ternions, q and r, intersect in the 
line OAy we may take any vector 
OA in that Kne, and at once find 




two others, 05 and OC, such that 

0B=zq6A, 
and 00 = rOA. 

And {q+r)6A = 03+00= 00+ OB = {r+q)6A, 

since vector addition is commutative (§ 27). 

Here it is obvious that {q + r) OA, being the diagonal of the 
parallelogram on 05, 00, divides the angle between OB and 00 



i 
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in a ratio depending solely on the ratio of the lengths of these 
lines^ i. e. on the ratio of the tensors of q and r. This will be 
usefiil to US in the proof of the distributive law, to which we 
proceed. 




b^ f' 



62. Quaternion multiplication, and therefore division, is dis- 
tributive. One simple proof of this depends on the possibility, 
shortly to be proved, of representing any quaternion as a linear 
function of three given rectangular unit-vectors. And when 

the proposition is thus 
established, the asso- 
ciative principle may 
readily be deduced from 
it. 

But we may employ 
for its proof* the proper- 
ties of Spherical Conies 
already employed in de- 
monstrating the truth of 
the associative principle. 
For continui^ we give an outline of the proof by this process. 

Let BA, CA represent the versors of q and r, and be the great 
circle whose plane is that of j». 

Then, if we take as operand the vector OA, it is obvious that 
U(q+r) will be represented by some such arc as 1)A where 
£, Dy C are in one great circle; for {q-^-rjOA is in the same 
plane as qOA and rOAy and the relative magnitudes of the arcs 
BB and DC depend solely on the tensors of q and r. Produce 
£Aj DA, CA to meet be in i, d, c respectively, and make 

M = RA, Fd = DA, Gi: = CA. 

Also make bp=zdb=cy=p. Then £, jP, G, ^ lie on a spherical 
conic of which BC and be are the cyclic arcs. And, because 
bp=db:s:cy, pB, bl^, yG, when produced, meet in a point H 

G 
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which is also on the spherical conic (§ 59^). Let these arcs meet 
BC in Jy Ly K respectively. Then we have 

JH=Ffi=pUqy 
LH=Fb =:pU{q-\'r)y 

Also D = Shy 

and KL^CD. 

And, on comparing the portions of the figure bounded respect- 
ively by HKJ and by ACB we see that (when considered with 
reference to their effects as factors multiplying OH and OA 
respectively) 

pU{q-\-r) bears the same relation to p Uq and p JJr 

that U{q-^r) bears to Uq and f7r. 

But T{q^r) Uiq-^-r) = q-\-r = TqUq + TrUr. 

Hence T{q + r),p U{q + r) = Tq.p Uq-^-Tir.pTJr; 

or, since the tensors are mere numbers and commutative with 

all other factors, 

piq-^r) =pq-{-pr. 

In a similar manner it may be proved that 

{q + r)p =:qp-\-rp. 
And then it follows at once that 

( jo + j) (r -f *) =pr-\-p8-\-qr^q8. 

63, By similar processes to those of § 53 we see that 
versors, and therefore also quaternions, are subject to the index- 
law ^m^n^^m+n^ 

at least so long as m and n are positive integers. 

The extension of this property to negative and fractional 
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exponents must be deferred until we have defined a negative 
or fractional power of a quaternion. 

64. We now proceed to the special case of quadrantal versors, 
from whose properties it is easy to deduce all the foregoing 
results of this chapter. These properties were indeed those 
whose discovery by Hamilton in 1843 led almost intuitively 
to the establishment of the Quaternion Calculus. We shall 
content ourselves at present with an assumption, which will 
be shewn to lead to consistent results ; but at the end of the 
chapter we shall shew that no other assumption is possible, 
following for this purpose a very curious quasi-metaphysical 
speculation of Hamilton's. 

65. Suppose we have a system of three mutually perpen- 
dicular unit-vectors, drawn from one point, which we may call 
for shortness /, e/", K, Suppose also that these are so situated 
that a positive (i. e. left-handed) rotation through a right angle 
about / as an axis brings / to coincide with K, Then it is 
obvious that positive quadrantal rotation about / will make K 
coincide with / ; and, about X, will make / coincide with J, 

For definiteness we may suppose / to be drawn eastwards, 
J northwards y and K upwards. Then it is obvious that a positive 
(left-handed) rotation about the eastward line (/) brings the 
northward line (/) into a vertically upward position (JT) ; and 
so of the others. 

66. Now the operator which turns J into iT is a quadrantal 
versor (§ 63) ; and, as its axis is the vector /, we may call it i. 

Thus ^ = h or Z=^/. (1) 

Similarly we may put 

i:=y, or I^jK, (2) 

and ^ = k, or J = kl. (3) 

G 2 
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[It may here be noticed, merely to shew the symmetry of 
the system we are explaining, that if the three mutually per- 
pendicular vectors /, J, K be made to revolve about a line 
equally inclined to all, so that / is brought to coincide with /, 
J will then coincide with K, and K with /: and the above 
equations will still hold good, only (1) will become (2), (2) will 
become (3), and (3) will become (1).] 

67. By the results of § 50 we see that 

-/_ K 
K ^ J' 

i. e. a southward unit- vector bears the same ratio to an upward 
unit- vector that the latter does to a northward one ; and there- 
fore we have 

-— -=i, or — /= iiT. (4) 

A 

jr 

Similarly — =- =y, or --K^jl; (5) 

and — =r- =r ^, or ^I=ikJ. (6) 

68, By (4) and (1) we have 

^ — e7"= iir= i{iJ) = i^J, 

Hence i^ = — 1 (7) 

And, in the same way, (5) and (2) give 

y'=-i, (8) 

and (6) and (3) ^__^^ ^ ^^^ 

Thus, as the directions of /, e/", K are perfectly arbitrary, we 
see that the square of every quadrantal versor is negative unity. 

[Though the following proof is in principle exactly the same 
as the foregoing, it may -perhaps be of use to the student, in 
shewing him precisely the nature as well as the simplicity of 
the step we have taken. 
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Let ABJl be a semicircle, whose 
centre is 0, and let OB be perpen- 
dicular to AOA, 



Then 



OB 



OA 



, = ^ suppose, IS a qua- 



A' -cc 



drantal versor, and is evidently equal 

OA 
to ^=-; §6 50, 63. 

OB 



Hence 



,_a^ OB _0I _^ 
^ " 6b' 62" 02" 



69. Having thus found that the squares of i,j, h are each 
equal to negative unity ; it only remains that we find the values 
of their products two and two. For, as we shall see, the result 
is such as to shew that the value of any other combination what- 
ever of i, y, h (as factors of a product) may be deduced from the 
values of these squares and products. 

Now it is obvious that 

K _I__ . 

(i. e. the versor which turns a westward unit- vector into an 
upward one will turn the upward into an eastward unit) ; 

or jr=y(~/) = -y/. (lo) 

[The negative sign, being a mere numerical factor, is evidently 
commutative with/; indeed we may, if necessary, easily assure 
ourselves of the fact that to turn the negative (or reverse) of 
a vector through a right (or indeed any) angle, is the same 
thing as to turn the vector through that Angle and then re- 
verse it.] 

Now let us operate on the two equal vectors in (10) by the 
same versor, i, and we have 

iir=i(-y/) = -y/. 

But by (4) and (3) 



46 



QUATERNIONS. 
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Comparing these equations we have 

or, by § 54 (end), ij = k, "" 

and symmetry gives jk = t, I (11) 

ki=:j. ^ 

The meaning of these important equations is very simple; 
and is, in fact, obvious from our construction in § 54 for the 
multiplication of versorsj as we see by the annexed figure, 
where we must remember that i, J, k are quadrantal versors 
whose planes are at right angles, so that the figure represents a , 

hemisphere divided into quadrantal 
triangles. 

Thus, to show that ij = k, we 
have, being the centre of the 
sphere, iV", E, Sy W the north, east, 
south, and west, and Z the zenith 
(as in § 65) ; 

jOW^OZ, 
whence 

iJOW=iOZ=: dS=zkOW. 

70. But, by the same figure, 
i6N=0Z, 
whence ji 6^= jOZ^OE = ^6W=z ^kON. 

7L From this it appears that 

and similarly kj = — 1, * (12) 

and thus, by comparing (11), 

V = — y^ = ^y ^ 

jk=^kj= i, I. ((11), (12)), 
ki 




= ^kj = i, . 
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These equations, along with 

i^=f=.P=-l ((7), (8), (9)), 

contain essentially the whole of Quaternions. But it is easy 
to see that, for the first group, we may substitute the single 

equation ijik=-l, (13) 

since from it, by the help of the values of the squares of i,y, i, 
all the other expressions may be deduced. We may consider 
it proved in this way, or deduce it afresh from the figure above, 
thus 

jJcON^ j6W= OZ, 
ijkON^ijOW^iOZ^OS^^ON. ' 

72. One most important step remains to be made, to wit the 
assumption referred to in § 64. We have treated i,j, h simply 
as quadrantal versors; and /, /, JT as unit- vectors at right 
angles to each other, and coinciding with the axes of rotation 
of these versors. But if we collate and compare the equations 
just proved we have 

<V= >^, (11) 

\iJ= K, (1) 

.ai=-^, (12) 

\jI=-K, (10) 

with the other similar groups symmetrically derived from 
them. Now the meanings we have assigned to i,/, k are 
quite independent of, and not inconsistent with, those assigned 
to /, e/", K, And it is superfluous to use two sets of characters 
when one will suffice. Hence it appears that i,j, h may be 
substituted for 7, /, K) in other words, a unit-vector when em- 
ployed as a factor may be considered as a quadrantal versor whose 
plane is perpendictdar to the vector. This is one of the main 
elements of the singular simplicity of the quaternion calculus. 
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73. Thus the product y and therefore the quotienty of two per- 
pendicular vectors is a third vector perpendicular to both. 

Hence the reciprocal (§ 51) of a vector is a vector which has 
the opposite direction to that of the vector, and its length is the 
reciprocal of the length of the vector. 

The conjugate (§ 52) of a vector is simply the vector reversed. 

Hence, by § 52, if a be a vector 

(Tq)^ = aiTa = a(— a) = —a'. 

74. We may now see that every versor may he represented by 
a power of a unit-vector. 

For, if a be any vector perpendicular to i (which is any definite 
unit-vector), 

ia , = /3, is a vector equal in length to a, but perpendicular 
to both i and a ; 

i* a = — a, 

i^a = — ia = — )8, 

i* a = — i)3 = — i' a = a. 

Thus, by successive applications of i, a is turned round e as an 
axis through successive right angles. Hence it is natural to 
define i^ as a versor which turns any vector perpendicular to i 
through m right angles in the positive direction of rotation about 
i as an axis. Here m may have any rSal value whatever, for 
it is easily seen that analogy leads us to interpret a negative 
value of m as corresponding to rotation in the negative direction. 

75. From this again it follows that any quaternion may be 
exmessed as a power of a vector. For the tensor and versor 
elements of the vector may be so chosen that, when raised to 
the same power, the one may be the tensor and the other the 
versor of the given quaternion. The vector must be, of course, 
perpendicular to the plane of the quaternion. 

76. And we now see, as an immediate result of the last two 



SECT. 78.] PRODUCTS AND QUOTIENTS OP VECTORS. 



49 



sections, that the index-law holds with regard to powers of a 
quaternion (§ 63). 

77. So far as we have yet considered it, a quaternion has 
been regarded as the product of a tensor and a versor : we are 
now to consider it as a sum. The easiest method of so analysing 
it seems to be the following. 

Let -=^ represent any quaternion. 

Draw BC perpendicular to OA, pro- 
duced if necessary. 
Then, §19, OB^OC-vCB. 

But, § 22, 0C=x6A 

where ;r is a number, whose sign is 
the same as that of the cosine of 

LAOB, 
Also, § 73, since CB is perpendicular to OA, 




CB^yOA, 

where y is a vector perpendicular to OA and C5, i. e. to the 
plane of the quaternion. 



Hence 



OB _ xOA-^yOA 
62 " 62 



= iP+y. 



Thus a quaternion, in general, may be decomposed into the 
sum of two parts, one numerical, the other a vector. Hamilton 
calls them the scalar, and the vector, and denotes them respect- 
ively by the letters S and V prefixed to the expression for the 
quaternion. 

78. Hence q z=z Sq-\- Fq, and if in the above example 

OB 



OA 



= ?. 



then 



0B=0C+CB=8q.0A+rq.0A. 

H 



■TCT" 
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[The points are inserted to shew that S and F apply only to q, 
and not to q OAJ] 

The equation above gives 

0C=8q,0A, 

CB = Vq.OA, 

79. If^ in the figure of last section^ we produce BC to B, so 
as to double its length, and join OD, we have by § 52, 

^^Kq^SKq+FKq; 

.-. OI) = OC-^CI) :=z SKq.OA^VKq.OA, 

Hence 0C=SKq.62, 

and CS= rKq,OA. 

Comparing this value of OC with that in last section, we find 

8Kq = 8q, (1) 

or the scalar of the conjugate of a quaternion is equal to the scalar 
of the quaternion. 

Again, CD= — CB by the figure, and the substitution of their 

values gives VKq^-^Vq, (2) 

or the vector of the conjugate of a quaternion is the vector of the 
quaternion reversed, , 

[We may remark that the results of this section are simple 
consequences of the fact that the symbols S, F, K are com- 
mutative ^. Thus 

SKq = KSq = 8q, 

since the conjugate of a number is the number itself; and 

FKq = KVq = - r^ (§ 73). 

* It is curious to compare the properties of these quaternion symbols with 
those of the Elective Symbols of Logic, as given in Boole's wonderful treatise 
on the Laws of Thought ; and to think that the same grand science of mathematical 
analysis, by processes remarkably similar to each other, reveals to us truths in 
the science of position far beyond the powers of the geometer, and truths of 
deductive reasoning to which unaided thought could never have led the lo- 
gician. 
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Again, it is obvious that 

and thence I.Kq = Klq,'] 

80. Since any vector whatever may be represented by 

where x, y, z are numbers (or Scalars), and i, j, Jc may be any 
three non-coplanar vectors, §§23, 25 — though they are usually 
understood as representing a rectangular system of unit- vectors — 
and since any scalar may be denoted hy w, we may write, for 
any quaternion q, the expression 

q = w-\^xi■^ryj-{■zk (§ 78). 

Here we have the essential dependence on four distinct 
numbers, from which the quaternion derives its name, exhibited 
in the most simple form. 

And now we see at once that an equation such as 

where /= v/ -\-x'i-{-yj-\-zk, 

involves, of course, i^iQfour equations 

w'rr Wj x' -=. Xy y •=. y, z' = z. 

81. We proceed to indicate another mode of proof of the 
distributive law of multiplication. 

We have already defined, or assumed (§ 61), that 

— I — = i 

a a a 

or fia-'+ya-^ = {fi'\-y)a-\ 

and have thus been able to understand what is meant by adding 
two quaternions. 

But, writing a for a'S we see that this involves the equality 

(/^-f-y)a =: fia + ya; 

from which, by taking the conjugates of both sides, we derive 

aX/i'+/) = a'^'+aV (§55). 

H 2 
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And a combination of these results (putting jS + y for a' in the 
latter, for instance) gives 

(^+y)(^ + /) = (/3+y)^ + (/3+y)/ 

= fip^ + yp^-^ fiY -h yY by the former. 

Hence the distributive principle is true in the multiplication of 
vectors. 

It only remains to show that it is true as to the scalar and 
vector parts of a quaternion, and then we shall easily attain the 
general proof. 

Now, if « be any scalar, a any vector, and q any quaternion, 

{a-\-a)q = aq-^-aq. 

For, if j3 be the vector in which the plane of q is intersected 
by a plane perpendicular to a, we can find other two vectors, 
y and 8, in these planes such that 

y ^ 

And, of course, a may be written — ; so that 

/ . X ^/3-l-y ^ «^ + y 

(a-\-a)q =. ^ . - = ^ 

J ^y J ^y /3 

= aq-^-aq. 

And the conjugate may be written 

^(a' + a') = qW + ^a' (§ 55). 

Hence, generally, 

(« + a)(i-|-j3) = ab + alSi-ba-^-a^: 

or, breaking up a and 5 each into the sum of two scalars, and 
a, /3 each into the sum of two vectors, 

{a,-\-a^-\-a,+a^){bi+b^ +^i +^0 

= {a, + a,){b,-\-b,) + {a,-\-a,){p, _^^^) -)-(^^ + J^)(a, +«,) 
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(by what precedes, all the factors on the right are distributive, 
so that we may easily put it in the form) 

= i^i +a,){b, -h^i) -hK -haO(^2 +^2) -h(«2 -ha.)(^i +i3i) 

Putting «i -htti = JO, a^+a^ = q, h^ +/3i = r, b^ -|-j3, = *, 

we have 

{p + q){r-\-8) =pr-^p8'\-qr + qs, 

82. For variety, we shall now for a time forsake the geo- 
metrical mode of proof we have hitherto adopted, and deduce 
some of our next steps from the analytical expression for a qua- 
ternion given in § 80, and the properties of a rectangular system 
of unit- vectors as in § 7 1 . 

We will commence by proving the result of § 77 anew. 

83. Let 

P = x'i-^/J+z'i. 

Then, because by § 71 every product or quotient of i,y, i is 
reducible to one of them or to a number, we are entitled to 

assume 

3 

q = — = w + ^^ + V + f'^^ 
a 

where w, f, rj, fare numbers. This is the proposition of § 80. 

84. But it may be interesting to find w, (, rj, ( in terms of 

/ / r 

*^y ^y ^y '^ y ^ j ^ * 

We have 

P = qay 
or 

^'i +/J + ^'^ = (w + ^i + V + C>^) {^i +yi + ^^) 

as we easily see by the expressions for the powers and products 
of ^,y, iy given in § 71. But the student must pay particular 
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attention to the order of the factors, else he is certain to make 
mistakes. 
This (§ 80) resolves itself into the four equations 

The three last equations give 

which determines w. 

Also we have, from the same three, 

which, combined with the first, gives 

£ ^ ^ V C . 

y^ — zy' zx' — xz xy — yx' ^ 

and the common value of these three fractions is then easily 
seen to be 



x^'^-y^'-^z^ 

It is easy enough to interpret these expressions by means of 
ordinary coordinate geometry : but a much simpler process will 
be furnished by quaternions themselves in the next chapter, and, 
in giving it, we shall refer back to this section. 

85. The associative law of multiplication is now to be proved 
by means of the distributive (§81). We leave the proof to the 
student. He has merely to multiply together the factors 

w-\'Xi-^yj-\-zhy vf •\'x'i-\'i/j-\-^ky and vf' -\'Sf'i-^jf'j-\-^'hy 

as follows : — 

First, multiply the third factor by the second, and then 
multiply the product by the first ; next, multiply the second 
factor by the first and employ the product to multiply the third : 
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always remembering that the multiplier in any product is placed 
lefore the multiplicand. He will find the scalar parts and the 
coefficients of i^ j, ky in these products, respectively equal, each 
to each; 

86. With the same expressions for a, j8, as in section 83, 
we have 

But we have also 

pa^—{xx'-\-yy''^zz')—{^z''-z/)i—{zx^—xz^j'-{x/—yx')k. 
The only difierence is in the sign of the vector parts. 

Hence Sa0=zSfiay (1) 

rap = -^r^a, (2) 

also a/3-|-/3a = 2 Sap, (3) 

ap—fia = 2Fap, (4) 

and, finally, by § 79, 

al3=Kpa, (5) 

87. If a = j8 we have of course (§ 25) 

x = x% y=/, z = z, 
and the formulae of last section become 

aj8 = j3a = a^=—{x^+y^+z^); 
which was anticipated in § 73, where we proved the formula 

{Tay =-aS 
and also, to a certain extent, in § 25. 

88. Now let q and r be any quaternions, then 

Sqr = 8. (Sq 4- Fq) {Sr -f- Fr), 

= S.{SqSr + SrTq-{-Sq.Fr-^ Fq Fr), 
= 8qSr+S.FqFr, 
since the two middle terms are vectors. 



f 
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Similarly, Srq = SrSq-i- 8. Vr Fq. 

Hence, since by (1) of § 86 we have 

S.FqFr = S.FrFq, 
we see that 

Sqr = Srq, (1) 

a formula of considerable importance. 

It may easily be extended to any number of quaternions, 

because, r being arbitrary, we may put for it rs. Thus we have 

(putting a dot after the S to shew that it refers to the whole 

product that follows it) 

8,qrs = S,rsq 

= S.sqr 

by a second application of the process. In words, we have the 
theorem — the scalar of the product of any number of given qua- 
ternions depends only wpon the cyclical order in which they are 
arranged, 

89. An important case is that of three factors, each a vector. 
The formula then becomes 

/S.a/3y = S,^ya = S.ya^. 

But S. apy = S.a {S^y + Ffiy) 

= S.a Ffiy, since aSfiy is a vector, 
= -S.aFyfi, by (2) of § 86, 

= ^S.a{Sy^-^Fy^) 
= — S.ayP. 

Hence the scalar of the product of three vectors changes sign when 
the cyclical order is altered. 

Other curious propositions connected with this will be given 
later, as we wish to devote this chapter to the production of the 
fundamental formulae in as compact a form as possible. 

90. By (4) of § 86, 

2 F^y = py-yp. 
Hence 2 Fa F^y =Fa {fiy — yfi) 
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(by multiplying both by a, and taking the vector parts of each 

side) ^, 

= F(apy + I3ay — /3ay - ayp) 

(by introducing the null term /Say— )3ay). 
That is 
2 F.aF^y = r. (ai3 + /3a)y- V. {pSay + pFay+Say.p-i- Fay.p) 
= F.{2SaP)y-^2F.^Say 
(if we notice that F.Fay^fi = — F^Fay, by (2) of § 86). 

Hence F.aFfiy = ySap—fiSya, (1) 

a formula of constant occurrence. 

Adding aSfiy to both sides we get another most valuable 

formula 

Fapy = aS^y-pSya + ySap; (2) 

and the form of this shews that we may interchange y and a 
without altering the right-hand member. This gives 

r.a^y = r.y/3a, 

a formula which may be greatly extended. 

9L We have also 

FFapFyb = - FFybFa^ by (2) of § 86 : 

= bS.yFafi^yS.bFaP = b S.apy-yS.afib, 

= ''pS.aFyb-{-aS.pFyb= -jQ/S.ayS + a/S.iSyS, 

all of these being arrived at by the help of § 90 (1) and of § 89 ; 
and by treating alternately FajS and Fyb as simple vectors. 
Equating two of these values, we have 

bS.afiy =z aS.pyb + ^S.yab-^yS.apb, (3) 

a very useful formula, expressing any vector whatever in terms 
of three given vectors. . 

92. That such an expression is possible we knew already by 
§23. For variety we may seek another expression of a similar 
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character, by a process which differs entirely from that employed 
in last section. 

a, Pf y being any three vectors, we may derive from them 
three others Fafi, Ffiy, Vya\ and, as these will not generally 
be coplanar, any other vector b may be expressed as the sum 
of the three, each multiplied by some scalar (§23). It is re- 
quired to find this expression for h. 

Let h = xVafi+yV^y + zVya. 

Then Syh = xS.yafi = a^Sa^y, 

the terms in y and z going out, because 

S.yVlSy = S.yfiy = 8Py^ = y^Sp = 0, 

for y2 is (§ 73) a number. 

Similarly Sfib = zS.pya = zS.afiy, 
and Sab = y8.apy. 
Thus b8.apy=z FapSyb+FpySab^ VyaSfib (4) 

93. We conclude the chapter by showing (as promised in 
§ 64) that the assumption that the product of two parallel 
vectors is a number, and that of two perpendicular vectors a 
third vector perpendicular to both, is not only useful and 
convenient but absolutely inevitable if our system is to deal 
indifferently with all directions in space. We abridge Hamil- 
ton's reasoning. 

Suppose that there is no direction in space pre-eminent, 
and that the product of two vectors is something which has 
quantity, so as to vary in amount if the factors are changed, 
and to have its sign changed if that of one of them is reversed ; 
if the vectors be parallel, their product cannot be, in whole 
or in part, a vector inclined to them, for there is nothing to 
determine the direction in which it must lie. It cannot be 
a vector parallel to them ; for by changing the sign of both 
factors the product is unchanged, whereas, as the whole system 
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has been reversed, the product vector ought to have been 
reversed. Hence it must be a number. Again, the product 
of two perpendicular vectors cannot be wholly or partly a 
number, because on inverting one of them the sign of that 
number ought to change ; but inverting one of them is simply 
equivalent to a rotation through two right angles about the 
other, and (from the symmetry of space) ought to leave the 
number unchanged. Hence the product of two perpendicular 
vectors must be a vector, and an easy extension of the same 
reasoning shows that it must be perpendicular to each of the 
factors. It is easy to carry this farther, but enough has been 
said to show the character of the reasoning. 



EXAMPLES TO CHAPTER II. 

1. It is obvious from the properties of polar triangles that 
any mode of representing versors by the sides of a triangle must 
have an equivalent statement in which they are represented by 
angles in the polar triangle. 

Show directly that the product of two versors represented 
by two angles of a spherical triangle is a third versor repre- 
sented by the sv/pplement of the remaining angle of the triangle ; 
and determine the rule which connects the directions in which 
these angles are to be measured. 

2. Hence derive another proof that we have not generally 

3. Hence show that the proof of the associative principle, 
§ 57, may be made to depend upon the fact that if from any 
point of the sphere tangent arcs be drawn to a spherical conic, 

I 1 
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and also arcs to the foci^ the inclination of either tangent arc 
to one of the focal arcs is equal to that of the other tangent arc 
to the other focal arc. 

4. Prove the formulae 

2 S.apy = apy—ypa, 
2F.afiy= afiy + y^a. 

5. Show that^ whatever odd number of vectors be represented 
t^y ^} P) y* &c-> we have always 

F.afiybe = F.cbypa, 
F.apybcCrj = F.rjCcbyfia, &c. 

6. Show that 

S.FapFpyFya =-(/S.ai3y)% 

F.FafiFpyFya=Fap{y^Sap''SpySya)+ , 

and F. ( Fafi F. Fpy Fya) = (fiSay -aSlSy) S.afiy. 

7. If a, j3, y be any vectors at right angles to each other, 
show that 

(a»+i3' + y')^.ai8y = a'Fpy-{-p'Fya+y*Fap. 

8. If o, /8, y be non-coplanar vectors, find the relations among 

the six scalars, x, y, z and f, ?;, f, which are implied in the 

equation 

xa^-y^^-zy = £Fpy-i-rjFya-^CFap. 

9. H a,p,y be any three non-coplanar vectors, express any 
fourth vector, d, as a linear function of each of the following 
sets of three derived vectors, 

F.yap, F.apy, F.fiya, 
and FFapFpyFya, F.F^yFyaFap, FFyaFafiF^y. 

10. Eliminate p from the equations 

Sap = a, Spp = i, Syp = c, Sbp = d, 
where a, j3, y, b are vectors, and a, b, c, d scalars. 



CHAPTEK III. 

INTERPRETATIONS AND TRANSFORMATIONS OF 
QUATERNION EXPRESSIONS. 

94. 4 MONG the most useful characteristics of the Calculus 
■^ -^ of Quaternions the ease of interpreting its formulae 

geometrically, and the extraordinary variety of transformations 
of which the simplest expressions are susceptible, deserve a 
prominent place. We devote this Chapter to the more simple 
of these, together with a few of somewhat more complex 
character but of constant occurrence in geometrical and physical 
investigations. Others will appear in every succeeding Chapter. 
It is here, perhaps, that the student is likely to feel most 
strongly the peculiar difficulties of the new Calculus. But on 
that very account he should endeavour to master them, for the 
variety of forms which any one formula may assume, though 
puzzling to the beginner, is of the most extraordinary advantage 
to the advanced student, not alone as aiding him in the solution 
of complex questions, but as affi)rding an invaluable mental 
discipline. 

95. If we refer again to the figure of § 77 we see that 

0C= OB cos JOB, 
CB = OB sin AOB. 

Hence, if OA = a, OB = )8, and Z AOB = 0, we have 

OB = T^, OA = Ta, 

OC = T^ cos^, CB = T^ sin(9. 
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Hence S- =z -^-r = -^ eos^. 

a UA la 

Similarly TF^ = -^ = -^sin^. 
^ a OA Ta 

Hence, if c be a unit-vector perpendicular to a and fi, or 

UOA o,' 

we nave f^ - = -=p sm^ c. 

a j[ a 

06. In the same way we may shew that 

Sa^=-TaTl3coQ0, 

TFalS = Ta Tfi sind, 

and Fap = Ta 2)3 sin^ rj 

where ?^ = UFap = ^UF^' 

a 

Thus ^^^ scalar of the product of two vectors is the continued 
product of their tensors and of the cosine of the supplement of the 
contained angle. 

The tensor of the vector of the product of two vectors is the con- 
tinued product of their tensors and the sine of the contained angle; 
and the versor of the same is a unit-vector perpendicular to both, 
and such that the rotation about it from the first vector to the second 
is right-handed or negative. 

Hence TFa^ is double the area of the triangle two of whose sides 
are a, /3. 

97. 

(a.) In any triangle ABC we have 



AC=AB+Ba 



Hence AC = 8 AC AC = S.AC{AB+Bq. 

With the usual notation for a plane triangle the interpretation 
of this formula is 
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—b^ —-^hc cos A— ah cos Cy 
or ^= acos C+^cos^. 

(i.) Again we have, obviously, 



r.ABAC=^V.AB{AB-\-BC) 



\ ^r.ABBCy 

or cb sin A := ca sin By 



whence 



sin A sin B sin C 



a 



These are truths, but not truisms, as we might have been led 
to fancy from the excessive simplicity of the process employed. 

98. From § 96 it follows that, if a and /3 be both actual 
(i. e. non-evanescent) vectors, the equation 

S,ap = 

shews that cos^ = 0, or that a is perpendicular to p. And, in 
fact, we know already that the product of two perpendicular 
vectors is a vector. 

we must have sin ^ = 0, or a is parallel to )8. We know already 

that the product of two parallel vectors is a scalar. 

Hence we see that « ^ ^ 

oap = 

is equivalent to a = Vy^y 

where y is an imdetermined vector ; and that 

is equivalent to a = xfi, 

where x is an undetermined scalar. 

00. If we write, as in § 83, 

a = ix + jy •}- iz , 
/3 = ix'+J/+k/y 
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we have, at once, by § 86, 

Sap = --xJ — yy ^ zz 



/ ./ 






T r r r r r 
where r = ^/ x^ -{- y^ + z* , /= \//^ +/* + z^. 



rr 



r/ r/ 



These express in Cartesian coordinates the propositions we have 
just proved. In commencing the subject it may perhaps assist 
the student to see these more familiar forms for the quaternion 
expressions ; and he will doubtless be induced by their appear- 
ance to prosecute the subject, since he cannot fail even at this 
stage to see how much more simple the quaternion expressions 
are than those to which he has been accustomed. 

100. The expression ^ ^^ 

may be written 8,{Fa0)y 

because the quaternion a^y may be broken up into 

of which the first term is a vector. 
But, by § 96, 

8.{FaP)Y = TaTl3 sin eSrjy. 

Here Trj = 1, let <^ be the angle between rj and y, then finally 

S.apy ^-TaT^Ty sin cos </>. 

But as t; is perpendicular to a and /3, Ty cos cf) is the length of 
the perpendicular from the extremity of y upon the plane of 
a, j3. And as the product of the other three factors is (§ 96) the 
area of the parallelogram two of whose sides are a, ^, we see that 
the magnitude of 8,al3y, independent of its sign, is the volume of 
the parallelepiped of which three coordinate edges are a, j3, y; or 
six times the volume of the pyramid which has a, /3, y for 
edges. 



mmm 
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lOL Hence the equation 

S.afiy = 0, 
if we suppose a, ft, y to be actual vectors, shews either that 

sin ^ = 0, 

or cos <^ = 0, 

i. e. two of the three vectors are jparallel, or all three lie in one 
plane. 

This is consistent with previous results, for if y = pfi we have 

and, if y be coplanar with o, fi, we have y = pa-^q^, and 

S.a^y = S.ap{pa-\'qp) = 0. 

102. This property of the expression S.afiy prepares us to find 

that it is a determinant. And, in fact, if we take a, j3 as in 

§ 83, and in addition 

y^ix''+jy+i/\ 
we have at once 



X 



X 



X 



jf 



y 
/ 



/' 



The determinant changes sign if we make any two rows change 

places. This is the proposition we met with before (§ 89) in 

the form 

S.a^y = ^S.pay = S.fiya, &c. 

If we take three new vectors 

aj = ix+jV+iaf^ 

Yi = i^ +y/ + */', 

we thus see that they are coplanar if a, j3, y are so. That is, if 

JS.apy = 0, 
then S.aifiiyi = 0, 
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103. We have, by § 62, 

{Tqy = qKq = (Sq+FqXSq.^Fq) (§ 79), 
= (SqY-iFqy by algebra, 
= {SqYHTVqy (§ 73). 
If J' =s oft we have Kq = /8o, and the formula becomes 
a^.pa = a'iS* = {Sapy-iFafiy. 

In Cartesian coordinates this is 

More generally we have 

(T{qr)Y = ?rjr(jr) 

^qrKrKq (§ 56) = (^j)' (7V)« (§ 52). 
If we write 

q = w +a = w +ix •\' jy +kz, 

r = w^+p = vf -\'%x •\- jy' •\-hz \ 
this becomes 

(«;a _|.^a j^yi j^^i-s^i^yf^ ^^a _|.^'2 ^/a) 

= {wv/'~xx''~y/^z/y-^{wx''\-w'x-\-yz'—zy'y 
+ (^y + ^y •\'Zx' — xz'y + (w/ + vfz -h ir/ —yxYy 
a formula of algebra due to Euler. 

104. We have, of course, by multiplication, 

(a+^)« = o> + a)8+^a + i8» = a» + 25ai8+/3» (§ 86 (3)). 
Translating into the usual notation of plane trigonometry, this 
becomes c» = a« - 2 a5 cos C+ h\ 

the common formula. 

Again, r(a+/3)(a-^) = - ra^+ FjSa ^ ^2Fo.p (§ 86 (2)). 

Taking tensors of both sides we have the theorem, the paral- 
lelogram whose sides are parallel and equal to the diagonals of a 
given parallelogram, has double its area (§ 96). 



'*.i ■ 
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Also iS(a+/3)(a-)3) = a»-i8% 

and vanishes only when a^ = j3% or Ta = T^; that is, tAe 
didgonaU of a parallelogram are at right angles to one another y 
when, and only when, it is a rhombus. 

Later it will be shewn that this contains a proof that the 
angle in a semicircle is a right angle. 

105. The expression 

obviously denotes a vector whose tensor is equal to that of )3. 
But we have ^^^^ ^ ^^ 

SO that p is in the plane of a, )3. 

Also we have 

iSap = 8a^y 

so that )3 and p make equal angles with a, evidently on opposite 
sides of it. Thus if a be the perpendicular to a reflecting surface 
and j8 the path of an incident ray, p will be the path of the 
reflected ray. 

Another mode of obtaining these results is to expand the 
above expression, thus, § 90 (2) 

p = 2a-^/Saj3— jS 

= 2a-^iSai8-a-'^(/Sai8-hra/3) 

= a-^{Sa^-rafi), 

so that in the figure of § 77 we see that if OA=za, and OB=:p, 
we have OD = p = aj8a~^ • 

106. For any three coplanar vectors the expression 

is (§101) a vector. It is interesting to determine what this 
vector is. The reader will easily see that if a circle be described 
about the triangle, two of whose sides are (in order) a and j3, 
and if from the extremity of j3 a line parallel to y be drawn 

K 2 
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again cutting the circle, the vector joining the point of inter- 
section with the origin of a is the direction of the vector afiy. 
For we may write it in the fona 

which shows that the versor which turns p into a direction 
parallel to a, turns y into a direction parallel to p. And this 
is the long known property of opposite angles of a quadrilateral 
inscribed in a circle. 

Hence if a, jS, y be the sides of a triangle taken in order, the 
tangents to the circumscribing circle at the angles of the 
triangle are parallel respectively to 

aj3y, jBya, and yafl. 

Suppose two of these to be parallel, i. e. let 

aPy=xfiya=zxayP (§ 90), 

since the expression is a vector. Hence 

Py=ixyp, 
which requires either 

a?=l, ry/3=0, or y || ft 

a case not contemplated in the problem; 

or ar= — 1, iS13y=0, 

i. e. the triangle is right-angled. And geometry shewe us at 
once that this is correct. 

Again, if the triangle be isosceles, the tangent at the vertex 
is parallel to the base. Here we have 

xp=aPy, 

or x{a-^y)=za(a-^y)y; 

whence ip=y*=a*, or I^zzzTa, as required. 

As an elegant extension of this proposition the reader may 
prove that the vector of the continued product apyb of the 
vector-sides of a quadrilateral inscribed in a sphere is parallel to 
the radius drawn to the comer (a, b). 
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107. To exemplify the variety of possible transformations 
even of simple expressions^ we will take two cases which are 
of frequent occurrence in applications to geometry. 

Thus T(p-ha)=T(p-a), 

[which expresses that if 

OA=a, djf=:-a, and QP=p, 
we have AP^=.AP 

and thus that P is any point equidistant from two fixed points^] 

may be written 

0) + a)«=(p-a)% 

or p» + 2i&p+a« = p«— 2-Sap + a» (§104), 

whence /8iip=0. 

This may be changed to 

a^'\' pa=0, 

or ap + ifapsO, 

a 

or finally, TFUE^i^ 

a 
all of which express properties of a plane. 

Again, Tp^Ta 

may be written ^p _ 



(«f)"- C^' = ■' 



(p + a)«-2iSaO)4-a) = 0, 

p = (pH-a)-^a(p + a), 

^(pH-a)(p— «)=0, or finally, 

y.(p+o)(p-a) = 22Tap. 

All of these express properties of a sphere. They will be 
interpreted when we come to geometrical applications. 
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108. We have seen in § 95 that a quaternion may be 
divided into its scalar and vector parts as follows : — 

^ = 5^+ F^ = -^ (cos^+€sin^); 
a a a. la 

where 6 is the angle between the directions of a and ^, and 

€ = UV- is the unit- vector perpendicular to the plane of a 
a 

and )3 so situated that positive (i. e* left-handed) rotation about 

it turns a towards fi. 

Similarly we have (§ 96) 

afi=zSafi+VaP 

= TaTfi{-^coa0-^€8me), 

$ and € having the same signification as before. 

109. Hence^ considering the versor parts alone^ we have 

[/"c =5 «. UaB = cos ^ + € sin $. 
a 

Similarly t/"^ = cos^+€sin^; 

</) being the positive angle between the directions of y and )3, 
and € the same vector as before^ i£ a^ fiy y be coplanar. 
Also we have 

U- = cos (^-1- <^) + € sin (6 + </>). 
a 

But we have always 

■?.- = -, and therefore 

pa a 

or cos(^+^)+€sin(^+^) = (cos<^+€sin^)(cos^+esin^) 

= cos ^ cos ^— sin ^ sin ^+ € (sin </> cos ^+ cos ^ sin 6), 
from which we have at once the fundamental formulae for the 



^ri>P"*^^^r< 
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cosine and sine of the sum of two arcs^ by equating separately 
the scalar and vector parts of these quaternions. 

And we see^ as an immediate consequence of the expressions 
above^ that 

cos m$-{-€8mm$ =z (cos ^+ € sin 0)^ 

if ^ be a positive whole number. For the left-hand side is a 
versor which turns through the angle mO at once, while the 
right-hand side is a versor which effects the same object by m 
successive turnings each through an angle 0. See § 8. 

110. To extend this proposition to fractional indices we have 
only to write ~ for 0^ when we obtain the results as in ordinary 

trigonometry. 

From De Moivre's Theorem, thus proved, we may of course 
deduce the rest of Analytical Trigonometry. And as we have 
already deduced, as interpretations of self-evident quaternion 
transformations (§§ 97, 104), the Amdamental formulse for the 
solution of plane triangles, we will now pass to the consideration 
of spherical trigonometry, a subject specially adapted for treat- 
ment by quaternions ; but to which we cannot afford more than 
a very few sections. The reader is referred to Hamilton's works 
for the treatment of this subject by quaternion exponentials. 

111^ Let a, j3, y be unit- vectors drawn from the centre to the 
comers A, B, C ot 2l triangle on the unit-sphere. Then it is 
evident that, with the usual notation, we have (§ 96), 

Safi ss — cos (?, Sfiy = —cos a, Sya = — cos i, 

IVafi= sine, TVfiy =z sin a, TVya= sin*. 

Also UVaP^ UVPy, UVya are evidently the vectors of the corners 
of the polar triangle. 

Hence S. UFaP UVfiy = cos JB, &c., 

TV. UVafi UVPy = sin B, &c. 
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Now (§ 90 (1)) we have 

S Vafi VPy = S.a V.fi Vpy 

Remembering that we have 

SFa^rpy = TFafiTrpyS.UrafiUrfiy, 
we see that the fonnula just written is equivalent to 
sin a sin c cos JS = — cos ^ cos c + cos i, 
or cosd = cosacos(;+sinasinccos^. 

112. Again, 

r.FafiFfiy^-pSapy 
which gives 

W.Va^r^y = 8,a^y = 8.a7fiy = S.^Vya = S.yVafi, 
or sinasin(?sin^ = sinasinjE?^ = sindsinj?^ = sincsinj^^; 
where j^a ^ ^^^ ^^ ^drawn from A perpendicular to BCy &c. 

Hence sinjo^ = sin c sin -B, 

sinasin^; . ^ 

sin j0b = — ! — ir^ sm B, 
^^ smd 

sinj^o =: sin a sin ^. 

113. Combining the results of the last two sections, we have 
Fa)3. ^y = sin a sin c cos -B— j3 sin ^ sin c sin -B 

= sinasinc(cos^— jSsin^). 
Hence U. FaB Ffiy = (cos 5 — j3 sin 5), ^ 

and U.Fyprpa = (cos5+j3sin-B). ) 

These are therefore versors which turn the system negatively or 
positively about OB through the angle B. 
As another instance, we have 



sin S TF.rapr^ , . KFapFfiy 

cob£~ S.Vaprpy ~ '^ S.Fa^rfiy 



'"^y =&c. 



Say + Saps py 
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The interpretation of each of these forms gives a diflTerent 
theorem in spherical trigonometry. 

114. A curious proposition^ due to Hamilton^ gives us a qua- 
ternion expression for the spierical excess in any triangle. The 
following proof, which is very nearly the same as one of his, 
though by no means the simplest that can be given, is chosen 
here because it incidentally gives a good deal of other in- 
formation. We leave the quaternion proof as an exercise. 

Let the unit-vectors drawn from the centre of the sphere 
to A, -B, C, respectively, be a, )3, y. It is required to express, 
as an arc and as an angle on the sphere, the quaternion 




The figure represents an orthographic projection made on a 
plane perpendicular to y. Hence C is the centre of the circle 
Dlle. Let the great circle through -4, B meet DEe in £, e, 
and let BE be a quadrant. Thus BE represents y (§ 72). Also 
make EF=AB=z ^a-K Then, evidently, 

BF=pa-'y, 
which gives the arcual representation required. 
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Let DF cut Ee in G. Make Ca = EOy and join 2>, a, and 
a, F. Obviously, as i> is the pole of Eey Da is a quadrant ; and 
since EG = Ca, 6a = j&(7, a quadrant also. Hence iz is the 
pole of DGf and therefore the quaternion may be represented 
by the angle DaF, 

Make Cb^ Ca, and draw the arcs Pafi, Pba from P, the pole 
of AB. Comparing the triangles Eba and eafi, we see that 
Ea = efi. But, since P is the pole of AB, Ffia is a right angle : 
and therefore as Pa is a quadrant, so is Ffi, Thus AB is the 
complement of Ea or pe^ and therefore 

aP=2AB. 

Join i-4 and produce it to c so that Ac = bA; join (?, P, 
cutting .4P in o. Also join ^, P, and B, a. 

Since P is the pole of AB, the angles at o are right angles ; 
and therefore, by the equal triangles baA, coA, we have 

aA = Ao. 

But a^ = 2 JP, 

whence oB = P)3, 

and therefore the triangles coB and Baft are equal, and c, P, a 
lie on the same great circle. 

Produce cA and cB to meet in H (on the opposite side of the 
sphere). H and c are diametrically opposite, and therefore cP, 
produced, passes through H. 

Now Pa = Pb — PH, for they differ from quadrants by the 
equal arcs afi, ba, oc. Hence these arcs divide the triangle Hab 
into three isosceles triangles. 

But IPHb^APHa = Z.aHb = Lbca. 

Also Z.Pab = TT—Acab-^lPaH, 

APba=: LPab ^ -n-Lcba- LPbH. 

Adding, 2 LPab = ln—Lcab — Lcba—Lbca 

= w— (spherical excess of adt?). 
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But, as Z Fa^ and Z Dae are right angles, we have 
angle of )3a-»y = LFaB = Z.^ae = LPab 

= - — i (spherical excess of abc). 

[Numerous singular geometrical theorems, easily proved ab 
initio by quaternions, follow from this : e. g. The arc AB, 
which bisects two sides of a spherical triangle abCy intersects 
the base at the distance of a quadrant from its middle point. 
All spherical triangles, with a common side, and having their 
other sides bisected by the same great circle (i. e. having their 
vertices in a small circle parallel to this great circle) have equal 
areas, &c., &c.] 

115. Let Oa = a', Ob = ^^ Oc — y, and we have 

= Ca.BA 

= M.FE=FQ. 
But FG is the complement of J)F. Hence the angle of the 
quaternion ,a\i.^.i.y\i 



(in^ray 



is half the spherical excess of the triangle whose angular points are 
at the eictremities of the unit-vectors a', ^^ y\ 

[In seeking a purely quaternion proof of the preceding pro- 
positions, the student may commence by showing that for any 
three unit- vectors we have 

^|^ = «(^a-y).. 

The angle of the first of these quaternions can be easily assigned ; 
and the equation shows how to find that of fia-^y. But a still 
simpler method of proof is easily derived from the composition 
of rotations.] 

L 2 
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116. A scalar equation in p, the vector of an undetermined 
point, is generally the equation of a surface; since we may 
substitute for p the expression 

where x is an unknown scalar, and a any assumed unit- vector. 
The result is an equation to determine x. Thus one or more 
points are found on the vector xa whose coordinates satisfy the 
equation ; and the locus is a surface whose degree is determined 
by that of the equation which gives the values of x. 

But a vector equation in p, as we have seen, generally leads 
to three scalar equations, from which the three rectangular or 
other components of the sought vector are to be derived. Such 
a vector equation, then, usually belongs to a definite number of 
points in space. But in certain cases these may form a linCy and 
even a surface, the vector equation losing as it were one or two 
of the three scalar equations to which it is usually equivalent. 

Thus while the equation 

op=0 
gives at once 

p=a-*ft 

which is the vector of a definite point (since we have evidently 

the closely allied equation 

Fap=p 

is easily seen to involve 

iSa)3=0, 

and to be satisfied by 

p=o~^j3-|-;ra, 

whatever be x. Hence the vector of any point whatever in the 
line drawn parallel to a from the extremity of o'^fi satisfies the 
given equation. 

117. Again, rap.rp^=(ra/3)« 

is equivalent to but two scalar equations. For it shews that 
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Fop and Ffip are parallel^ i. e. p lies in the same plane as a and )3^ 
and can therefore be written (§ 24) 

where x and y are scalars as yet undetermined. 

We have now 

Vap =yFafi, 

FpP=xFap, 

which, by the given equation, lead to 

iry=l, or y=-, or finally 

1 ^ 

which (§ 40) is the equation of a hjrperbola whose asymptotes 
are in the directions of a and )3. 

118. Again, the equation 

F.FapFap=:0, 

though apparently equivalent to three scalar equations, is really 

equivalent to one only. In fact we see by § 91 that it may 

be written 

— aS,app=0, 

whence, if a be not zero, we have 

8.aPp=0, 

and thus (§ 101) the only condition is that p is coplanar with 
a, /3. Hence the equation represents the plane in which a and 
jSlie. 

119. Some very curious results are obtained when we extend 
these processes of interpretation to Amotions of a quaternion 

3'=ft)H-p 

instead of functions of a mere vector p. 

A scalar equation containing such a quaternion, along with 
quaternion constants, gives, as in last section, the equation of 
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a surface^ if we assign a definite value to a. Hence for succes- 
sive values of <a, we have successive surfaces belonging to a 
system ; and thus when a> is indeterminate the equation repre- 
sents not a 8tir/uce, as before^ but a volume, in the sense that the 
vector of any point within that volume satisfies the equation. 
Thus the equation (T^^— » 

or 0)*— p»=dt% 

or (TpY = a»-ft)% 

represents, for any assigned value of w, not greater than a, a 
sphere whose radius is \/a*— ©^ Hence the equation is satisfied 
by the vector of any point whatever in the volume of a sphere 
of radius a, whose centre is origin. 

Again, by the same kind of investigation, 

where 3'=ft)+p is easily seen to represent the volume of a sphere 
of radius a described about the extremity of )3 as centre. 

Also S(q')= —a* is the equation of infinite space less the space 
contained in a sphere of radius a about the origin. 

Similar consequences as to the interpretation of vector equa- 
tions in quaternions may be readily deduced by the reader. 

120. The following transformation is enunciated by Hamilton 
{Lectures, p. 687, and UlemenU, p. 299). 

r-»(r»3'»)*j-^ = U(rq-\-KrKq). 

Let r-^(r»^«)*3^^ = t, then 

Ii= 1, and therefore 

But (r»^»)* = rtq, 

or r*q^ = rtqrtq, 

or rq = tqrU 

Hence KqKr = ir^KrKqt-', 

or KrKq = tKqKrt, 
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Thus we have 

U{rq±KrKq) = tU{qr±KqKr)l, 
or, if we put s = U{qr± KqKr), 

K8=z± tst. 

Hence sKs = {TsY = l = ±stst, 

which, if we take the positive sign, requires 

^^ = ± 1, 

or t=z ±s-^ = ± UKsy 

which is the required transformation. 

[It is to be noticed that there are other results which might 
have been arrived at by using the negative sign above ; some 
involving an arbitrary unit-vector, others involving the ima- 
ginary of ordinary algebra.] 

12L As a final example, we take a transformation of Hamil- 
ton's, of great importance in the theory of surfaces of the 
second order. 

Transform the expression 

{Sapy^isppYMSypy 

in which a, j3, y are any three mutually rectangular vectors, 
into the form 

which involves only two vector-constants, t, k. 

{r(tp+pK)}« = (tp + pic)(pt + /cp) (§§ 52, 55) 

= {l^-^K^)p'+{ipKp-^pKpi) 

= (t« + ic*)p* + 2/S'.tpicp 

= (t— K)V + 4/StpiSKp. 

Hence (5ap)» + (5^p)« + (%)« = i^p«+ 4^^^ 
But a-^{Sapy + p-^{8fipy + y-^{Sypy = p« (§§ 25, 73). 
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Multiply by jS* and subtract, we get 

(. - f )(«-(f;-o(%)- = {^a%-^}^^'^y ■ 

The left side breaks up into two real factors if )3* be intermediate 
in value to a* and y' : and that the right side may do so the 
term in p^ must vanish. This condition gives 

3^ = -^ ^-—- : and the identity becomes 



SlpSKp 



«(ax/(i-^) + rv/(7-i)MV(i-f^)-yv/(f;--i))p 



= 4 



Hence we must have 

-5_j = -(av/(l-^)-yv/(^-l)> 

where jP is an undetermined scalar. 

To determine JO, substitute in the expression for /3% and we find 

= (i''+i)(«'-y')-2(a'+y')+4/3'. 

Jr 

Thus the transformation succeeds if 

^ ^jo» a«-y^ 
which gives i' + " = ± ^ >/^r3^2^ 



j9 — ^ a* — y' 



Hence ^^ = (^ -i'') («' ->') = ± ^ ^a'r, 

or (k»_i»)-'= +raIV- 
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Again, p=: L , -= . L , 

and therefore 

Thus we have proved the possibility of the transformation, and 
determined the transforming vectors t, k. 

122. By differentiating the equation 

(5;v)'+(W+(W = (^S5f)' 

we obtain, as will be seen in Chapter IV, the following, 
SapSap' + 8ppSpp'+8yp8yp'= 'J^E+£^^^±^, 

where p' also may be any vector whatever. 

This is another very important formula of transformation; 
and it will be a good exercise for the student to prove its truth 
by processes analogous to those in last section. We may merely 
observe, what indeed is obvious, that by putting p'= p it be- 
comes the formula of last section. And we see that we may 
write, with the recent values of i and k in terms of a, j3, y, the 
identity 

aSap + fiSfip+ySyp = (^J^,y 

_ (t — kYp + 2(iSkp + kSip) 

123. In various quaternion investigations, especially in such 
as involve imaginary intersections of curves and surfaces, the old 
imaginary of algebra of course appears. But it is to be par- 
ticularly noticed that this expression is analogous to a scalar 
and not to a vector, and that like real scalars it is commutative 
in multiplication with all other factors. Thus it appears, by the 

M 
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same proof as in algebra^ that any quaternion expression which 
contains this imaginary can always be broken up into the sum 
of two parts^ one real^ the other multiplied by the first power 
of \/— 1. Such an expression^ viz. 

where / and /^ are real quaternions^ is called a biquatebnion. 
Some little care is requisite in the management of these ex- 
pressions^ but there is no new difficulty. The points to be 
observed are : firsts that any biquatemion can be divided into 
a real and imaginary part^ the latter being the product of 
\/— 1 by a real quaternion; second^ that this \/— 1 is com- 
mutative with all other quantities in multiplication; thirds that 
if two biquatemions be equals as 

we have, as in algebra, 

/=/, ^'=/'; 

so that an equation between biquatemions involves in general 
ei^At equations between scalars. Compare § 80. 

124. We have, obviously, since V— I is a scalar. 
Hence (§ 103) 

The only remark which need be made on such formulsB is this, 
that tke tensor of a biqtmternion may vanish while both of the 
component quaternions are finite. 

Thus, if 7/= Tf, 

and 8.^Kf= 0, 
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the above formula gives 

The condition 8.^Kf=: 

may be written 



Kf^^-\a, or /'=-oJr/-»=- 



04 



where a is an indeterminate vector. 

Hence T^^Tfz^TKf=z ^, 

and therefore 

is the general form of a biquaternion whose tensor is zero. 

125. More generally we have, q, r, /, / being any four real 
and non-evanescent quaternions. 

That this product may vanish we must have 

qr = qy, 

and q/^'-^r. 

Eliminating / we have , 

which gives (/"*?)* = — 1* 

i. e. J = /a 
where a is some unit- vector. 

And the two equations now agree in giving 

— r = a/, 
so that we have the biquaternion factors in the form 
/(a4-'/^) and — (a— //^)/j 

^d their product is 

-/(a+ \/^)(a-^/^)/, 

which, of course, vanishes. 

[A somewhat simpler investigation of the same proposition 
may be obtained by writing the biquatemions as 

M % 
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or /(/'+>/ZT) and (Z'+^/^T)/, 

and showing that 

3"= -/'=f a, where TU = 1.] 

"Prom this it appears that if the product of two Uvectors 

p+<r\A— 1 and p'+ </>/— 1 

is zero^ we must have 

<r~*p = — pV~^ = ?7a, 
where a may be any vector whatever. But this result is still 
more easily obtained by means of a direct process. 

126. It may be well to observe here (as we intend to avail 
ourselves of it in the succeeding Chapters) that certain ab- 
breviated forms of expression may be used when they are not 
liable to conAise^ or lead to error. Thus we may write 

T^q for (Tq)\ 
just as we write 

cos»^ fpr (cos^)% 

although the true meanings of these expressions are 

T{Ta) and cos (cos ^). 

The former is justifiable, as T{Ta) = Ta, and therefore T*a is 
not required to signify the second tensor (or tensor of the 
tensor) of a. But the trigonometrical usage is quite inde- 
fensible. 

Similarly we may write 

8^q for {8q)\ &c. 

but it may be advisable not to use 

8q^ 

as the equivalent of either of those just written ; inasmuch as 
it might be confounded with the (generally) diflferent quantity 

8.q^ or 8{q% 
although this is rarely written without the point or the brackets. 
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127. The begiimer may expect to be a little puzzled with 
this aspect of the notation at first; but^ as he learns more of 
the subject, he will soon see clearly the distinction between such 

an expression as 

S.VapFfiy, 

where we may omit at pleasure either the point or the first F 
without altering the value, and the very diflferent one 

which admits of no such changes, without altering its value. 

All these simplifications of notation are, in fact, merely ex- 
amples of the transformations of quaternion expressions to which 
part of this Chapter has been devoted. Thus, to take a very 
simple example, we easily see that 

S.FafiVfiy = SVaprpy = S.apFpy = SaF.pFpy^ SaF.{Ffiy)p 

= SaF{FyP)fi = S.aF(yp)fi = S.F{yp)pa = SFyfiFfia 

= S.ypFpa = &c., &c. 

The above group does not nearly exhaust the list of even the 
simpler ways of expressing the given quantity. We recommend 
it to the carefid study of the reader. 



EXAMPLES TO CHAPTEK III. 

1. Investigate, by quaternions, the requisite formulsB for 
changing from any set of coordinate axes to another; and 
derive from your general result, and also from special investi- 
gations, the common expressions for the following cases : — 

(a.) Rectangular axes turned about z through any angle. 
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(b.) Rectangular axes turned into any new position by 
rotation about a line equally inclined to the three* 

(c) Rectangular turned to oblique^ one of the new axes 
lying in each of the former coordinate planes. 

2. If Tp = Ta = J^= 1, and 8.afip = 0, show by direct trans- 
formations that 

Interpret this theorem geometrically, 

3. It 'Sap = 0, ^a = Jj3 = 1, show that 



4. Put in its simplest form the equation 

pS.rapr^yFya = aF. Vy aVap + bFTapVpy-h cKF^yFy a ; 

and show that q ^ o.^ 

a = o.fiyp, &c. 

5. Prove the following theorems^ and exhibit them as prb-> 
perties of determinants :— 

(a.) iS.(a+)8)(/3+y)(y4-a) = 28.afiy. 

(b.) S. Fap Ffiy Fya = - {S.afiyy. 

{c.) 8.F{a+p)ip + y)F{p+y){y + a)F{y + a){a+p)='^^{S.aPyy. 

{d.) S.FiFafiFpy)F{FfiyFya)F{FyaFafi)=''{8.afiyy. 

(e.) iS.56f= 16 (iS.ai8y)S where 

b^ F{F{a + p)(p + y)F(fi + y){y + a)), 
€= r(r(^+y)(y + a)r(y + a)(a+^)), 
f =r r(r(y+a)(a+^)r(a + )3)(i8+y)). 

6. Prove the common formula for the product of two de- 
terminants of the third order in the form 



8.aPy8.aifiiyi = 



8aai 8pai Syai 
8ap, 8^p, Syfi, 
5ayi Sfiy, 8yy, 



CHAP. III.] EXAMPLES TO CHAPTER III. 8T 

7. The lines bisecting pairs of opposite sides of a quadrilateral 
are perpendicular to each other when the diagonals of the qua- 
drilateral are equal. 

8. Show that 

• {a.) 8.q* = 28^q^T% 
(J.) iS. j» = iS» J - 3 8qT^ Vq, 

{d.) 8{F.apyr.Pyar.yaP) = ^SapSpySyaS.apy, 

{€.) r.q' = (3 S'q--T' Fq) Fq, 

if.) qUFq-' = Sq.UFq^TFq; 

and interpret each as a formula in plane or spherical trigo- 
nometry. 

9. If ^ be ah undetermined quaternion, what loci are repre- 
sented by 

{a.) (ya-')»=-a*, 

(b.) (^a-')* = «S 

(c) 8.(q-ay = a% 

where a is any given scalar and « any given vector? 

10. It q be any quaternion, show that the equation 

«* = ?' 
is satisfied^ not alone by Q=z±q but also^ by 

Q = ± ^/::^{8q.irFq^TFq). 

(Hamilton, Lectures, p. 673.) 

11. Wherein consists the diflference between the two equations 

T'^^l, and (^'==-1? 

What is the ftdl interpretation of each, a being a given, and 
p an undetermined, vector ? 
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12. Find the fiill consequences of each of the following groups 
of equations, both as regards the unknown vector p and the 
given vectors a, j8, y. 

S.Pyp^O, ^^^ ^^^ S.afiyp^O. 

13. From §§ 74, 109, show that, if € be any unit- vector, and 
m any scalar, €** = cos-— + €sm-— • 

Hence show that if a, ^, y be radii drawn to the comers of 
a triangle on the unit-sphere, whose spherical excess is m right 

«^l«s> oHh^ y+a ^+y ^ «» 

)3 + y'a + )3'y4-a "" " ' 

Also that, i£ A,B,C be the angles of the triangle, we have 

^ 2B 2£ 

y»^' a' = — 1. 

14. Show that for any three vectors a, ^, y, we have 

( Ua^y + ( UfiyY + ( K»y)« + ( U.a^yY + 4 Uay.SUa^SUfiy = - 2. 

(Hamilton, Elements j p. 388.) 

15. If d^i, d5,, a,, a?, be any four scalars, and p^, p„ p, any three 
vectors, show that 

{8.p,p,p,y + (2.a, Fp,p,Y + a?«(2 rp,pO»-a?« (2.6^,(p, -p3))» 

+ 2 n(ar« + %p« +«!«,) = 2n(ar» + ai«) + 2na« 
+ 2 {(a:« + a,» +Pi') ((rp,p,)« + 26^,a,(a?« + 5'p,p,)-.a?«(p, -.p3)«)} ; 

where ITa' = a^^a^^a^^. 
Verify this formula by a simple process in the particular case 

flfj = fljj = a, = 0? = 0. 

{Ibid.) 



CHAPTER IV; 

DIFFERENTIATION OF QUATERNIONS. 

128. TN Chapter I we have already considered as a special 
-*" case the differentiation of a vector function of a 

scalar independent variable : and it is easy to see at once that 
a similar process is applicable to a, quaternion functioji of a 
scalar independent variable. The differential, or differential 
coefficient, thus found, is in general another function of the 
same scalar variable ; and can therefore be differentiated anew 
by a second, third, &c. application of the same process. And 
precisely similar remarks apply to partial differentiation of a 
quaternion function of any number of scalar independent vari- 
ables. In fact, this process is identical with ordinary differ- 
entiation. 

129. But when we come to differentiate a function of a 
vector, or of a quaternion, some caution is requisite; there is, 
in general, nothing which can be called a differential coefficient; 
and in fact we require (as already hinted in § 36) to employ 
a definition of a differential, somewhat different from the or- 
dinary one, but coinciding with it when applied to functions 
of mere scalar variables. 



130. If r = F(q) be a function of a quaternion q, 

dqy 
n 

N 



dr^dFq=J^^n{F{q+ %-F{q)}: 
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where w is a scalar which is ultimately to be made infinite, is 
defined to be the diflferential of r or Fq, 

Here dq may be any quaternion whatever, and the right-hand 
member may be written 

where /^ is a new function, depending on the form of ^; homo- 
geneous and of the fir%t degree in dq\ but not, in general, 
capable of being put in the form 

i{q)dq, 

13L To make more clear these last remarks, we may observe 
that the function ^, j . 

thus derived as the diflferential o(F{q), is distributive with respect 

to dq. That is 

Aq>r + s)^f{q,r)+f{q,s\ 

r and s being any quaternions. 

/ + *> 
n 



For /{q, r+s) = J^^n{F{q + ^*) - Fiq)) 



S\ „• *\ ^/ *< 



^'^^^{H^+i+'^-Fiq+l)}+^.n{F(q+i)-Fq} 

= Aq,r)+f{q,s). 
And, as a particular case, it is obvious that if x be any scalar 

132. And if we define in the same way 

dF{q, r,8 ) as being the value of 

•C.«{^(?+?^'-+T'*+?' )-nq.r,., )), 

where q^r^Sy ,.. dq^dr^dsy are any quaternions whatever ; 

we shall obviously arrive at a result which may be written 

f{qyr,s,...dq,dr,dsy ), 
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where y* is homogeneous and linear in the system of quaternions 

dq^dr^dSj and distributive with respect to each of them. 

Thus, in differentiating any power, product, &c. of one or more 
quaternions, each factor is to be differentiated as if it alone 
were variable ; and the terms corresponding to these are to be 
added for the complete differential. This differs from the 
ordinary process of scalar differentiation solely in the fact that, 
on account of the non-commutative property of quaternion mul- 
tiplication, each factor must be differentiated in situ. Thus 

d{qr) = dq,r-\-qdr, but not generally = rdq-\-qdT. 

133. As Examples we take chiefly those which lead to results 
of constant use to us in succeeding Chapters. Some of the 
work will be given at full length as an exercise in quaternion 
transformations. 

(1) {Tpf=-p\ 

The differential of the left-hand side is simply, since Tp'v& z. 
scalar, 2 Tp dTp. 

That of p» is 

•C-MC'+f)"-'-) 

= 2 Spdp, 
Hence Tp dTp = - Spdp, 

or dTp = --S.Updp= s4^, 

Up 

dTp ^ dp 
or —JL = 5 — . 

Tp p 

(2) Again, 

P = TpUp 

dpz=zdTp.Up + TpdUp, 

N 2, 
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whence i" = ^% ^^ 

P Tp^ Up 

_ qdp dUp ,„ ,,, 
Hence dUp _ ^dp 

'W~ p' 

m 

This may be transformed into 

dpp Tpdp 
. p' Tp* ' 

(3) {Tqy = qKq 

2TqdTi = d{qKq) = <„«[(j + ^)K{q+ ^)-9%], 

=:28.qKdq=^28.Kqdq. 
Hence ^Tj = /S. UEqdq = /S. C/'^*^ 

since Tq = r% and &Xj = Uq-K 

l{q = p, a, vector, Kq=Kp= — />, and the formula becomes 

dTp = -^8.Updp asin(l). 

But dq = y^^E/'j + CTjrfTy, 

which ffives -^ = ---^ j l ; 

? Tq Uq' 

whence, as 5 -^ = -^^ 

we have F— = -=t^ . 

q Vq 
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(4) %')=C''((?+f)'-2') 



dq^ 
n 

= qdq + dqq 

= 2S.qdq-^28q.Fdq + 2Sd^,Vq. 

If g be a vector, bs p, 8q and Sdq vanish, and we have 

d{p^) = 2Spdp as in (1). 

(5) Let q = r*. 

This gives dr^ = dq. But 

dr = d{q^) = qdq+dqq. 
This, multiplied 5^ j' and iw^ Zj', gives 

qdr = q^dq+qdqq, 
and ^^Zj' = ^Tg'=» -f qdqKq . 

Adding, we have 

qdr-\'drKq = (j^" + jTj* + 2 S^.?)rfy ; 

whence <^, i. e. dr^, is at once found in terms of dr. This pro- 
cess is given by Hamilton, Lectures, p. 628. 

(6) qr' = 1, 

qdq-^ + dqq-^ = ; 
.'. dq-^ ^—q-^dqq-^. 

If ^ is a vector, = p suppose, 

dp"^ = — p~^dpp~^ 

p^ p p 

\ p p^p 

(7) q = 8q+ Vq, 

dq = d8q-\-dFq. 

But ^ = Sdq+ Vdq. 
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Comparing, we have 

dSq = Sdqy dVq = Fdq. 
Since Kq = Sq-- Fq, we find by a similar process 

dKq = Kdq. 

134. Successive dififerentiation of course presents no new 
difficulty. 

Thus, we have seen that 

d{q^) = dqq-{-qdq. 
Differentiating again, we have 

d^{q^) = d'q.q + 2{dqy+qd'q, 
and so on for higher orders. 

If g' be a vector, as p, we have, § 133 (1), 

d(ji^) = 2Spdp. 
Hence d^{p^) = 2{dpy + 28pd^p, and so on. 

Similarly d'Up :=-^d(-^Vpdp). 

But ^J-=-!|^^ = ^^ 

Tp^ Tp^ Tp* 

and d, Vpdp = V,pd^p» 
Hence 

-d^Up^j^{Vpdpy+—^-^ + ^^ 

=- -^{{Vpdpy^p^rpd^p+2rpdp8pdp). 

[This may be farther simplified; but it may be well to 
caution the student that we cannot, for such a purpose, write 
the above expression as 

-^ V.p {dpVpdp^d^pp^ + 2dpSpdp}.'] 
Ip* 

135. If the first differential of q be considered as a constant 
quaternion, we have, of course, 

d^q = 0, d^q = 0, &c., 

and the preceding formulse become considerably simplified. 
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'. Hamilton has shown that in this case Taylor^d Theorem admits 
of an easy extension to q^aaternions. That is, we may write 

f{q + !,dq) = f{q) + xd/{q) + ^ d^f{q) + 

{{ d^q^O; subject, of course, to particular exceptions and limita- 
tions as in the ordinary applications to functions of scalar 
variables. Thus, let 

f[q) = 5-% and we have 

^fii) = q^dq + qdqq-^-dqq'', 

^y(?) = 2dqqdq+2q{dqy + 2{dqyq, 

and it is easy to verify hj multiplication that we have rigorously 
{q + wdqY = q' + x{q'dq + qdqq + dqq^) + x^ {dqqdq + q {dqY + {dqYq) + ^' {dqY ; 

which is the value given by the application of the above form 
of Taylor^s Theorem. 

As we shall not have occasion to employ this theorem, and 
as the demonstrations which have been found are all too la- 
borious for an elementary treatise, we refer the reader to Hamil- 
ton's works, where he will find several of them. 

136. To difierentiate a function of a function of a quaternion 
we proceed as with scalar variables, attending to the peculiarities 
already pointed out. 

137. A case of considerable importance in geometrical appli- 
cations of quaternions is the diflferentiation of a scalar function 
of p, the vector of any point in space. 

Let F{p) = C, 

where ^ is a scalar function and C an arbitrary constant, be 
the equation of a series of surfaces. Its diflferential, 

/(p, dp) = 0, 
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is^ of course^ a scalar Unction : and^ being homogeneous and 
linear in dp, § 130, may be thus written, 

Svdp = 0, 
where r is a vector, in general a function of p. 

This vector, y, is easily seen to have the direction of the 
normal to the given surface at the extremity of p ; being, in 
fact, perpendicular to every tangent line dp, §§ 36, 98. Its 
length, when ^ is a surface of the second degree, is the re- 
ciprocal of the distance of the tangent-plane from the origin. 
And we will show, later, that if 

p^iX'\-jyJt'kZy 
then '' = Oi+^'|+^i)^W- 



EXAMPLES TO CHAFTEE IV. 

1. Show that 

(5.) d. rUq --r.Uq r{dqg- •) . 

(..) d.TrUq=8^^=8^^8Uq. 

(e.) d\Tq= {8'.dqq-^-S.(dqq-')'}Tq= -TqV^^ 

2. If Fp=z^.SapSpp-^lffp^ 

give dFp = Svdp, 
show that i; = 2 r.ap)3 + (^ + 2 Sap) p. 



CHAPTER V. 

THE SOLUTION OF EQUATIONS OF THE FIRST DEGREK 

138. ^]^TE have seen that the differentiation of any fune- 
▼ ▼ tion whatever of a quaternion^ q, leads to an 
equation of the form 

^ =/(?^ ^)y 

where/* is linear and homogeneous in dq. To complete the pro- 
cess of differentiation^ we must have the means of solving this 
equation so as to be able to exhibit directly the value of dq. 

This general question is not of so much practical importance 
as the particular case in which j is a vector ; and^ besides^ as 
we proceed to show, the solution of the general question may 
easily be made to depend upon that of the particular case ; so 
that we shall commence with the latter. 

The most general expression for the function /* is easily seen 

^ ^ dr =:f{q, dq)=z^ F.adqb + S.cdq, 

where a, b, and c may be any quaternion functions of q what- 
ever. Every possible term of a linear and homogeneous func- 
tion is reducible to this form, as the reader may easily see by 
writing down all the forms he can devise. 
Taking the scalars of both sides, we have 

Sdr = S.cdq = SdqSc -hS.VdqVc. 

But we have also, by taking the vector parts, 

Vdr = l;V.adqb = Sdq.I,rab-\^I,V.a{Vdq)b. 

o 
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Eliminating Sdq between the equations for 8dr and Vdr it is 
obvious that a linear and vector expression in Vdq will remain. 
Such an expression, so far as it contains Vdq, may always be 
reduced to the form of a sum of terms of the type aS.fi Vdq, by 
the help of formulae like those in §§ 90, 91. Solving this, we 
have Vdq, and Sdq is then found firom the preceding equation. 

139. The problem may now be stated thus. 

Find the value of p firom the equation 

aSpp+aiSpip-]-... = 2.aSpp = y, 

where a, p, ai, jSi, ...y are given vectors. [It will be shown 
later that the most general form requires but three terms, 
i. e. six vector constants a, j3, ai, j3i, a^, j3a in aU«] 
If we write, with Hamilton, 

<l>p = ^.aSpp, 

the given equation may be written 

<l>P = y, 

, or p=:(l>-^y, 

and the object of our investigation is to find the value of the 
inverse function <^- 



k— 1 



140. We have seen that any vector whatever may be ex- 
pressed in terms of any three non-coplanar vectors. Hence, 
we should expect a priori that a vector such as 4><i>4>p, or <^*f), for 
instance, should be capable of expression in terms of p, i^p, and 
<f>^p. [This is, of course, on the supposition that p, i^p, and ^*p 
are not generally coplanar. But it may easily be seen to extend 
to this case also. For if these vectors be generally coplanar, 
so are ^p, ^^p, and <p^p, since they may be written <r, ^<r, and 
0*<r. And thus, of course, if>^p can be expressed as above. If 
in a particular case, we should have, for some definite vector p, 
{^p = gp where ^ is a scalar, we shall obviously have <^'p = g^p 
and <^^p = g^p, so that the equation will still subsist. And a 



SECT. 141.] SOLUTION OF EQUATIONS. 99 

similar explanation holds for the particular case when (for some 
de/mite value of p) p, if>py and <^*/) are coplanar. For then we 
have an equation of the form 

<^*p =:Ap+JB(l>p, 

which gives <l>^p = A<l>p + 5^ V 

So that <^^p is in the same plane.] 
If, then, we write 

-<t>'p = ^p-^y<l>p+^(l>'p, (1) 

it is evident that a?, y, z are quantities independent of the vector 
pf and we can determine them at once by processes such as those 
in §§ 91, 92^ 

If any three vectors, as i,/, i, be substituted for p, they will 
in general enable us to assign the values of the three coefficients 
on the right side of the equation, and the solution is complete. 
For by putting <^~ V ^^^ P ^-nd transposing, the equation becomes 

•^a!(l>-'^p = yp+z<l>p+<l>^p; 

that is, the unknown inverse ftmction is expressed in terms of 
direct operations. If a? vanish, while y remains finite, we sub- 
stitute (f>~^p for p, and have 

and if or and y both vanish 

z<l>~^p = p. 

14L To illustrate this process by a simple example we shall 
take the very important case in which <l> belongs to a central 
surface of the second order ; suppose an ellipsoid ; in which case 
it will be shown (in Chap .VIII.) that we may write 

(f>p= '-a^iSip'-b^jSjp-'C^kSkp. 
Here we have 

^i = aHy (f>H = aH, <I>H = a% 

(^k = c^k, (t>^k = c*k, <l>''k= c*k. 

o Q, 
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Hence, putting separately i,/, it for p in the equation (1) of 

last section, we have 

— »• = a?+y a* + £;«*, 

— {?• = x+yc^-^zc*. 
Hence a% b^, c^ are the roots of the cubic 

which involves the conditions 

Thus, with the above value of <^, we have 

<^»p = flf»i«(?v— (^'*'^-**^*+^•^'')<^p+(^"^-^'+^')^V• 
l42. Putting <^~*(r in place of /) (which is any vector what- 
ever) and changing the order of the terms, we have the desired 
inversion of the function ^ in the form 

or the inverse fiinction is expressed in terms of the direct 
function. For this particular case the solution we have given 
is complete, and satisfactory ; and it has the advantage of pre- 
paring the reader to expect a similar form of solution in more 
complex cases. 

143. It may also be useful as a preparation for what follows, 
if we put the equation of § 140 in the form 

= <I>(p) = <^v— («* + ** + ^')0'p + (^''*'H-**^' + ^'^') <^p—^'*"^V 

= {{<l>-^')(<t>-i'){<t>-c^)]p -... (2) 

This last transformation is permitted because <^ is commutative 
with scalars like a', i. e. (p{a^p) = a^<l>p* 
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Here we remark that (by § 140) the equation 
V.p(l>p = 0, or (l>p = ffp, 

where ^ is some undetermined scalar^ is satisfied^ not merely by 
every vector of null-length, but by the definite system of three 
rectangular vectors Ai^ JBj\ Ck whatever be their tensors/ the 
corresponding particukr values of ^ being a\ h\ c\ 

144. We now give Hamilton's admirable investigation. 

Hie most general form of a linear and vector Amction of a 
vector may of course be written as 

where q and r are any constant quaternions. 

Hence, operating by S.fi where a is any other vector, 

Sa<l>p =: 2S.aV.qpr = ^S.pV.r<rq = 8p<l/a, (3) 

if we agree to write 

The functions <f> and (f/ are thus conjugate to one another, and 
on this property the whole investigation depends. 

145. Let X, fi be any two vectors, such that 

<l>p = FXfx. 
Operating by S.\ and S.fx we have 

SK(I>p = 0, Sp^p = 0. 
But, introducing the conjugate function (f/, these become 

Sp<t/K = 0, Spi/p, = 0, 
and give p in the form 

mp = Vif/kif/p,, 

where « is a scalar which, as we shaU presently see, is inde- 
pendent of \, /m, and p. 

But our original assumption gives 

hence we have 

m(l>-'VKp,=:r<l/\<l/p,, (4) 

and the problem of inverting <^ is solved. 
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146- It remains to find the value of the constant m, and 
to express the vector 

as a function of VXfx. 

Operate on (4) by 8.(f>^Vy where v is any vector not coplanar 
with \ and /ut, and we get 

mS.(l/v(l>-^ Vkfi = mS.v<l>(l>-^rXyL (by (3) of § 144) 

= mS.\iiv= S.(f>^X<l/iJL(f/v, or 



^ ^ 8.<f/X<l/iMt/v 
S.Xfxv 



(6) 



[That this quantity is independent of the particular vectors 
X, IJL,viB evident from the fact that if 

y=pX+qti+rVf li'=^PiX-\-q^\i-\'TtVy and 1/^=: PtX-\-'q^ii+T^v 

be any other three vectors (which is possible since \, y., v are 
not coplanar)^ we have 

<^'A'=j»<^'\+y0V+r<^V, &c., &c. ; 

fipom which we deduce 

8,<l/X<l/fji,<l>^v^ 
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so that the numerator and denominator of the fraction which 
expresses m are altered in the same ratio. Each of these quan- 
tities is in fact an Invariant, and the numerical multiplier is the 
same for both when we pass from any one set of three vectors 
to another.] 

147. Let us now change <l> to (f)+Sf> where ff is any scalar. 
It is evident that <f»' becomes <^'+^, and our equation (4) be- 
comes 
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= V(l/k(l/ix+ff V{(f/\iJL + X0V) -t-^« VKfx, 
= («»<^-'+^x+^')l^^M suppose. 
In the above equation 

is what m becomes when (f> is changed into <^+^; ^i and m^ 
being two new scakir constants whose values are 

nil = cTv ' 

Substituting for Mg, and equating the coefficients of the various 
powers of ^ after operating on both sides by <^+^, we have two 
identities and the following two equations, 

^3 = * + X> 

[The first determines x^ and shows that we were justified in 
treating F(<^'A/yt4-\4»V) as a linear and vector function of F.A/yt. 
The result might have been also obtained thus, 

S.fxxVKii = S.ixKij/fji, ^±'~8.yL<l>VKyLj 

= S.v{m^ FA/m; — <f> FA/ut) ; 
and all three are satisfied by 

X = ^a-*.] 

148. Eliminating x from these equations we find 

Ml = ^(«»a — </>) + «^"S 
or m<l>-~* = mi~'Mi(t>-{-(p', 
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which contains the complete solution of linear and vector equa- 
tions. ) 

149. More to satisfy the student of the validity of the above 
investigation^ about whose logic he may at first feel some diffi- 
culties^ than to obtain easy solutions^ we take a few very simple 
examples to begin with: and we append for comparison easy 
solutions obtained by methods specially adapted to each case. 

150. BxampU L 

Let <fp = V.app = y. 
Then <^V = V.ppa = (f)p. 

Hence m = -=- — S{ F.oAjS V.afxfi V.avp). 

Now A, /LI, V are any three non-coplanar vectors; and we may 
therefore put for them a, P^yiftAe latter be non-coplanar* 
With this proviso 

«»i = ^ 8{a%afi\y + a.afi\ V.ayfi + o'jS.jS. V.ayp) 

^a = ■g~S{a'p.p.y + a.apKyhapV.ayP) 

Hence 

which is one form of solution. 

By expanding the vectors of products we may easily reduce 
it to the form 

a^P*8ap.p = -a'p^y-^ap^'Say'^pa^Spy, 

or = <'''S<'Y+P''SPy^y 

Sap 
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151. To verify this solution, we have 

V.apP = ^{pSay^-aSfiy^V.ayfi) = y, 
which is the given equation. 

152. An easier mode of arriving at the same solution, in this 
simple case, is as follows : — 

Operating by S.a and S.fi on the given equation 

V.apfi = yj 
we obtain a^Sfip = Say, 

and therefore aSfip = a"*/8ay, 

fiSap = p-^8py. 
But the given equation may be written 

aSPp'-pSap-^pSap = y. 

Substituting and transposing we get 

pSafi = a-^Say+fi'^Sfiy'-y, 
which agrees with the result of § 150. 

153. If a, j3, y be coplanar, the above mode of solution is 
applicable, but the result may be deduced much more simply. 

For (§ 101) fif.aj8y=0, and the equation then gives /S.o)3/)= 0, 
so that p is also coplanar with a, j3, y. 
Hence the equation may be written 

app = y, 
and at once 

p = a-^yp-^; 

and this, being a vector, may be written 

= a"' Sfi-'y-^p-'Sa-'y-ySa-'fi-K 
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This formula is equivalent to that just given^ but not equal 
to it term by term. [The student will find it a good exercise 
to prove directly that^ if a, p,y are coplanar^ we have 

1 



Safi 



(a-^iSoy-f ^-^/S^y-y) = ar'Sp-'y + fi-^Sa-^y-ySa-^fi-K'] 



154. Example IL 

Let <f)p = V*afip = y. 

Suppose a, fi, y not to be coplanar^ and employ them as X^ /li^ i; 
to calculate the coefficients in the equation for </>-*. We have 

S,a<l>p = S.a-app = S*p KcrojS = fi^.p<^V. 

Hence (f/p = F.pa/3 = V,fiap. 

We have now 

m = g^8{pa\fiap.r.pay) = -|^ S.afiV.fiay 

m^ = ^ ^ >S (o./3oj3 . F. j8oy + /3a^)8. V. fiay + pa\pap.y) 
o.apy 

= 2 ()Sai3)» H- a'jS^ 

m^ = -^-— .>S(a.i3.F.y3ay + a.j3a)8.y4•^a^i3.y) 
o.opy 

= 3 Safi. 
Hence 
a^fi^SaP4'-'y = a«j3»/Saj3.p 

= (2(iSai3)» + a«i8«)y-3/Sli^Fa/3y+ V.afiV.afiy, 

which, by expanding the vectors of products, takes easily the 
simpler form 

a^fi^Sap.p = a'fi'y^aP^8ay+2p8ap8ay''Pa^8l3y. 

155. To verify this, operate by F.o)8 on both sides, and we 
have 
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a^fi^SafiV.app = a*)3« F.a/Sy- r.aPap^8ay'{'2afi^Sap8ay-aa^p^SPy 

= a^fi^ {aSfiy —fiSay + ySafi) — (2 aSafi — fia^)p^Say 

ff 

+ 2ai3»afai3Sfay— aa«)8»i8i3y 

or V.afip = y. 

156. To solve the same equation without employing the 
general method^ we may proceed as follows : — 

y = r.a^p = p8ap+ V. V{afi)p. 

Operating by 8. Vafi we have 

8.afiy = 8.afip8afi. 

Divide this by 8afiy and add it to the given equation. We 
thus obtain 

y + ^ = p8ap+ r.V{afi)p-^8,V{aP)p, 

=:(Sfa/3+Fa/3)p, 
= aPp. 

Hence p = ^-.a-(y + ^), 

a form of solution somewhat simpler than that before obtained. 

To show that they agree, however, let us multiply by a^fi'8ap, 

and we get 

a*/3»/Soj8.p = pay8ap'\-pa8.apy. 

In this form we see at once that the right-hand side is a vector, 
since its scalar is evidently zero (§ 89). Hence we may write 

a^P^8ap.p = V.fiay8ap'- Vafi8.afiy. 

But by (3) of § 91, 

'-y8.apVafi-\-aS.fi(yaP)y + p8.V{aP)ay+ VafiS.aPy = 0. 

Add this to the right-hand side, and we have 

a'fi'SalB.p = y((/Sra/3)»-/S.a/3Fa/3)-a(5lii3/S/3y-/S.)8(rai3)y) 

+ fi {8afl8ay + /». V{aP)ay). 
P 2 
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But {SafiY - S.afi Vafi = (SafiY - ( VafiY = a«j3% 

Sap8ay + 8.F{afi)ay = 8ap8ay + 8afi8ay'-a^8py 

= 28ap8ay-^a^8Py; 

and the substitution of these values renders our equation identical 
with that of § 154. 

[If a, p, y be eoplanar, the simplified forms of the expression 
for p lead to the equation 

8afi.p'^a-'y = y—a-^8ay'^2p8a-'p-^8ay'-fi-^8py, 

which^ as before^ we leave as an exercise to the student.] 

157. Example TIL The solution of the equation 

V€p:=zy 

leads to the vanishing of some of the quantities m. Before^ 

however, treating it by the general method, we shall deduce its 

solution from that of tt a 

V.app = y 

already given. Our reason for so doing is that we thus have 
an opportunity of showing the nature of some of the cases in 
which one or more of m, m^, m^ vanish ; and also of introducing 
an example of the use of vanishing fractions in quaternions. 
Far simpler solutions will be given in the following sections. 

The solution of the last- written equation is, § 154, 

a^p^8afi.p = a^py-'ap^8ay'^^^8py'^2p8afi8ay. 

If we now put 

ap = ^ + € 

where e is a scalar, the solution of the first-written equation 
will evidently be derived firom that of the second by making e 
gradually tend to zero. 

We have, for this purpose, the following necessary trans- 
formations : — 

a^P'' = apK.ap = (^-he)(g— e) = e» — c% 
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afi^&ay + fia^'Sfiy = afi.fiJSay + pa.a8py, 

= {e-\-€)^Say+{e^€)a8fiyy 
= eifiSay + aSfiy) -{-^V.y Vafi, 
= e(fi8ay + aSl3y) + € Vy€. 

Hence the solution becomes 

(e^ — €«)^p = ((?a — €») y -e{p8ay + a/8)3y) - € Fye + 2 <? j3/Say^ 
— (^— c«)y + <?KyFaj3-€ry€, 
= ((?' — c')y+^Fy€H-y€»— 6/Sy6, 
= ^*y 4- ^ Fy€ — €/Sy e. 

Dividing by e, and then putting e = 0, we have 

Now, by the form of the given equation, we see that 

Sy€ = 0. 

Hence the limit is indeterminate, and we may put for it i?> 
where x is any scalar. Our solution is, therefore, 

€ 

or, as it may be written, since 8y€ = 0, 

p = 6-i(y+a?). 

The verification is obvious — ^for we have 

6p = y+a?. 

158. This suggests a very simple mode of solution. For 

we see that 

Fcp = F€(p— a?c-^) = y, 

a constant vector whatever x may be. But the vector sign may 
now be removed as unnecessary, so that we have 

or p = 6-*(y+;r), 

if, and only if, p satisfies the equation 

Fep = y. 
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159. To apply the general method^ we may take 6, y and 6y 
(which is a vector) for A, /yt, r. 

We find <^> = Fp6. 
Hence «» = 0, 

Hence — €*<^+<^* = 0, 



or 



That is, 



p = — F6y+a?6, 



!;»=: 



= €"*y+a?€, as before. 

Our warrant for putting x^ as the equivalent of <^-*0 is this : — 
The equation ^,^ ^ ^ 

may be written 

Hence, unless <r = 0, we have o- 1| 6 = ^6. 

160. Example IV, As a final example let us take the most 
general form of ^, which, as will be soon proved, may be ex- 
pressed as follows : — 

<^p = aSpp + tti^lSip + a^Sp^p = y. 
Here tffp = /3/Sap + fi^Sa^p + PaSa^pf 

and, consequently, taking a, Oi, a,, which are in this case non- 
coplanar vectors, for A, /ut, v, we have 



/S.oaia, 



8.aaia2 



8aa Saia iSaga 
8aai iS^aitti /S^agOi 
8aa2 iSiaitta oaaCia 

{ASaa + Ai8aia + iia^aao), 
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where A = Sa^aiSa^a^— Sa^aiSa^a^ 

= — S. FttiOa FiXiOa 

Ai ^zSa^CLi Saa^ — SaaiSaiO-a 

= — iS'. FajaFixiaa 
Aa^^SaaiSaiai — SaiaiBaa^ 

= — ^. FoOx Faitta. 

Hence the value of the determinant is 

— {SaaS. Foja, FaiOa + SaiaS, Va^a Faittj + SatoS. Vaa^ FaiOa) 

= -5.a(FaiOa5:aaiaa) {by § 92 (4)} = --{B.aa.a^y. 

The interpretation of this result in spherical trigonometry is 
Tery interesting. 

By it we see that 

m =— /S.aoiOa/S^.j3)8i)3a. 
Simikrly, 

o.aaitta 

= -fi (S.a33i(BaaiSaiat^SaiaiSaai)-i- ) 

o.oaiaa 

= -^ (S.afiPiS.aV.aiVa^a^-h ) 

o.aajaa 

'^S.a^{Vpp^S.Vaa^Va»a + . ) 

'^S.a,{VplB,8.Vaa,Vaa, + )]; 

or, taking the terms by columns instead of by rows, 

= — -^ [^.F/3j3i(a/S.FaoiFaiaa+ai5f.FaaiFaaa + aa/S.FaaiFaai) 

o.aaitta 

+ + 1 

= - -K lS.Vfip,iVaa,S.aa,a,) + ], 



M% = 



« 
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Again, 
w, =s ^^ /S[oOi(/3/Soa, -j-fiiSaia^ + ...) + a^alfiSaai + ...) + OiOa(/3/Soa+ ...)1 

or, grouping as before, 

1 



1 



/S[^(a5r.aaia,)H- ] (§92(4)), 



= -/S(a0+a,0i + aa0a). 
And the solution is, therefore, 

[It will be excellent practice for the student to work out in 
detail the blank portions of the above investigation, and also to 
prove directly that the value of p we have just found satisfies 
the given equatioti.] 

16L But it is not necessary to go through such a long 
process to get the solution — ^though it will be advantageous to 
the student to read it carefully — ^for if we operate on the equa- 
tion by /S.aiOa, /S^.a^a, and S.aai we get 

SMia^aSpp = S.aia^y, 

S.a^aaiSPip = S.a^ay, 

S.aaittiSpip = S.aaiy, 
From these, by § 92 (4), we have at once 

S.aa^a^S.pptpt'P = VpptS.aa^y+ V^^^^S.a^a^y '\- VPapS.a^ay. 

The student will find it a useful exercise to prove that this is 
equivalent to the solution in § 160. 
To verify the present solution we have 

S.aaia^S.ppipaiaSpp + a^S^^p + a^Sp^p) 

= aS.pPip^S.aia^y + a^S.pip^pS.a^ay -f a^S.fi^pp^S.aaiy 
= 8.pp,fi,{yS.aa,a,), by § 91 (3). 
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162. It is evident^ from these examples^ that for special cases 
we can usually find modes of solution of the linear and vector 
equation which are simpler in application than the general 
process of § 148. The real value of that process however con- 
sists partly in its enabling us to express inverse functions of ^ 
such as (<^-f^)~* for instance^ in terms of direct operations, a 
property which will be of great use to us later; partly in its 
leading us to the fundamental cubic 

which is an immediate deduction from thd equation of § 148, 
and whose interpretation is of the utmost importance with 
reference to the axes of surfaces of the second order, principal 
axes of inertia, the analysis of strains in a distorted solid, and 
various similar enquiries. 

163. When the function <^ is its own conjugate , that is, when 
for all values of p and cr, the vectors for which 

form in general a real and definite rectioigular system. This, 
of course, may in particular cases degrade into one definite 
vector, and any pair of others perpendicular to it; and cases 
may occur in which the equation is satisfied for every vector. 
Suppose the roots of ;»^=0 (§ 147) to be real and different, then 

#1 = gipi ^ 

#8 = 9%P2 " where pi, p,, p, are definite vectors. 

Hence ^i^a^PiPa = ^•<^/>i#« 

because <^ is its own conjugate. 
But (^Va = glpiL, 

Q 
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and therefore 

which^ as ffi and ^3 are by hypothesis different^ requires 

SpiPi = 0. 
Similarly Sp^p^ = 0, Sp^p^ = 0. 

If two roots be equals as y„ ^g, we still have, by the abore 
proof, Spip^ = and Sp^p^ = 0. But there is nothing farther 
to determine p, and p„ which are therefore any vectors per- 
pendicular to pi. 

If all three roots be equal, every real vector satisfies the equa* 
tion {<ti^g)p = 0. 

164. Next, as to the reality of the three directions in this 
case. 

Suppose ^a + ^3\/— 1 to be a root, and let pa4-or,\/— 1 be 
the corresponding value of p, where g^ and h^ are real numbers. 
Pa and o-a real vectors, and \/— 1 the old imaginary of algebra. 

Then <^(p, + o-a ^/'-i) = (^a +^2 \/^)(p» + <r, \/^), 

and this divides itself, as in algebra, into the two equations 

<^(ra = ^aPaH-^aO^a* 

Operating on these by S.cr^y S.p^ respectively, and subtracting 
the results, remembering our condition as to the nature of <^ 

we have ^aCo-j-f p?) = 0. 

But, as 0-3 and p, are both real vectors, the sum of their 
squares cannot vanish. Hence k^ vanishes, and with it the 
impossible part of the root. 

165. When <l> is self-conjugate, we have shewn that the 
equation 

has three real roots, in general different from one another. 
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Hence the cubic in may be written 

and in this form we can easily see the meaning of the cubic. 
For, let p^, Pj, p, be such that 

Then since any vector may be expressed by the equation 
pS.piPips = PiS.p^Pip-hptS.p^pip-^PiS.pip^p (§91), 
we see that when the complex operation, denoted by the left- 
hand member of the above symbolic equation, is performed on p, 
the first of the three factors makes the term in pi vanish, the 
second and third those in p, and p, respectively. In other 
words, by the successive performance upon a vector of the opera- 
tions <t>^ffi, <^— ^a, ^—^8^ it is deprived successively of its 
resolved parts in the directions of pi, pa, pa respectively ; and 
is thus necessarily reduced to zero, since pi, pa, p$ are (because 
we have supposed ^i, ^a, ^j to be distinct) rectangular vectors. 

166. If we take pi, pa, ps as rectangular «*»i^- vectors, we have 

— p = Pi5piP + Pa%P + Ps^/>3/>> 

whence <^p = — ^iPi^Pip— ^aPa^PaP— ^sPs^Psp ; 

or, still more siniply, putting i,/, k for pi, p,, p,, we find that 

any self-conjugate function may be thus expressed 

<l>p —-giiSip'-g^jSjp^g^kSkp, 

provided, of course, i,jy h be taken as roots of the equation 

Vp(\ip = 0. 

167. A very important transformation of the self-conjugate 
linear and vector function is easily derived from this form. 

We have seen that it involves three scalar constants only, 
viz. ^1, g^j g^. Let us enquire, then, whether it can be reduced 
to the following form 

<^p =zpp + qV.{i-\-ei)p{i'-ek), 

virhich also involves but three scalar constants j», q, e. 

Q 2 
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Substituting for p the equivalent 

p = ^iSip^JSJp^iSipj 

expanding^ and equating coefficients of i, J, h in the two ex- 
pressions for ^py we find 

These giye at once 

Henoe^ as we suppose the transformation to be real^ and therefore 
e* to be positive, it is evident that ffx^g% and^j— ^3 have the 
same sign; so that we must choose as auxiliary vectors in the 
last term of <f>p those two of the rectangular directions i,j, k for 
which the coefficients g have the greatest and least values. 
We have then 

and p = i(ffi+g^). 

168. We may, therefore, idways determine definitely the 
vectors A, /x, and the scalar jt>, in the equation 

when <l> is self-conjugate, and the corresponding cubic has not 
equal roots, subject to the single restriction that 

T.\p. 

is known, but not the separate tensors of \ and /a. This result 
is important in the theory of surfaces of the second order, and 
will be developed in Chapter VII. 

169. Another important transformation of (f) when self-con- 
jugate is the following, 

^p = aaVap-\-b^8fipy 
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where a and b are scalars^ and a and j3 are unit^Tectors. This, 
of course^ involves six scalar constants^ and belongs to the 
most general form 

^ps= — ^iPiiSpip— ^.Pa^ap— ysPa^/^sP* 

where pi, pa, pa are the rectangular unit-vectors for which p 
and </)p are parallel. We merely mention this form in passing, 
as it belongs to ^q focal transformation of the equation of 
surfaces of the second order, which will not be farther alluded 
to in this work. It will be a good exercise for the student 
to determine a, /3, a and 5, in terms of ^i, g^, g^, and pi, pa, Ps* 

170. We cannot afford space for a detailed account of the 
singular properties of these vector functions, and will content 
ourselves with the enunciation and proof of one or two ef the 
most important. 

In the equation 

f»</)-'r\/i = r<^'A0V (§ 145), 

substitute \ for <f>\ and fx for (^"/x, and we have 

Change ^ to <l>+g, and therefore (j/ to </)'+y, and m to %, 
we have 

a formula which will be found to be of considerable use. 

171. Again, by § 147, 



fflg r^ , . . K . fft 



Similarly 



S.p{(l>+g)-'p = —Sp(l>-'p'\'8pxP'\'gpK 

tf if 



-^S.p(<t,+A)-'p = -jSp<l>-'p + 8pxp+Ap' 



Hence 



'f8.pi<f.+,)-'p - f ^.p(«-f-A)-p = (y->S){p.- ^^} . 
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That is^ the functions 

^^./,(<^H-^)-V, and ^S.p(<p+Ay^f> 

are identical^ i. e. token equated to constants represent the same 
series of surfaces ^ not merely when 

g — hy 

but also^ whatever be g and hy if they be scalar functions of p 
which satisfy the equation 

mS.p<l>-'^p = ffAp*. 

This is a generalization^ due to Hamilton^ of a singular result 
obtained by the author *. 

172. The equations 

are equivalent to 

m8p<t>-^p +ffSpxp +^V* = ^f 

mSpip-^p-i-kSpxp+k^P^ = 0. 
Hence m{l —x)8p(fr^p'\-(g'^hx)8pxp-\-\g^^h*x)p* = 0, 

whatever scalar be represented by x. 

That is, the two equations (1) represent \he same surface if 
this identify be satisfied. As particular cases let 

(1) a? = 1, in which case 

(2) ^— .^a: = 0, in which case 

or mSp-^^i^r^p^gh = 0. 

* Note on the Cartesian equation of the Wave-Sui^e. Quwrteriy Mathem, 
Jotfmal, Oct. 1859. 
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(3) .= 11, ^^ ■ 

or ^{A'^ff)Sp<f>-^p'\-ffkSpxp = 0. 
173. In various investigations we meet with the quaternion 

where a, /3, y are three unit-vectors at right angles to each 
other. It admits of being put in a very simple form^ which 
is occasionally of considerable importance. 

We have, obviously, by the prperties of a rectangular unit- 
system ^ _ ^^^ ^ y^^p ^ ^^^y^ 

As we have also 

«.a0y=-l (§71(13)), 

a glance at the formulse of § 147 shows that 

at least if <^ be self-conjugate. If it be not, then (as will be 

shown in § 174) 

<i>p = fi>p+V€p, 

and the new term disappears in 8q. 
We have also, by § 90 (2), 

Vq = a{Sp4>ySy(f>fi) + p{Sy<t>a^Sa(f>y) + y{Sa<l)^Sp(l>a) 

= aSl3(0-<^Oy + ^^y(*-*')a+y&i(0-*')^ 

= cu8'./3€y-h/3-«S.y€a+y/S.a6)3 

=i^{aSa€-\-pSp€ + ySy€) = 6. 

Many similar singular properties of ^ in connection with a 
rectangular system might easily be given ; for instance, 

F{aF<t>p<t>y'{-pF<try(f>a + yF(l>a<t>fi) = <^€; 

which the reader may easily verify by a process similar to that 
just given, or (more directly) by the help of § 145 (4). A few 
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others will be found among the Examples appended to this 
Chapter. 

174. To oonclude, we may remark that as in many of the 
immediately preceding investigations we have supposed <^ to be 
self-conjugate, a very simple step enables us to pass from this 
to the non-conjugate form. 

For, if ^' be conjugate to <^, we have 

and also 8p<f><T = SaKj/p. 

Adding, we have 

Bp{il>-^il/)(r = /S(t(<^+<^')p > 
so that the function (04-<^O ^ self-conjugate* 

Again, 8p<f>p =r 8p(l/p, 

which gives 8p{(l}^<l/)p = 0, 

Hence {^^^')P = V^P> 

where 6 is some real vector, and therefore 

Thus every non^conjugate linear and vector function differs from 
a conjugate function solely by a term of the form 

r^p. 

The geometric signification of this will be found in the Chapter 
on Elinematics. 

175. We have shown, at some length, how a linear and 
vector equation containing an unknown vector is to be solved 
in the most general case; and this, by § 138, shows how to 
find an unknown quaternion from any suflSciently general linear 
equation containing it. That such an equation may be suffi- 
ciently general it must have both scalar and vector parts : the 
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first gives onCy and the second threes scalar equations ; and these 
are required to determine completely the four scalar elements 
of the unknown quaternion. 

176. Thus y^ ^ ^ 

being but one scalar equation^ gives 

q = allr, 
where r is any quaternion whatever. 

Similarly 8q =: a 

gives q^a-^-d, 

where d is any vector whatever. In each of these cases^ only 
one scalar condition being given, the solution contains three 
scalar indeterminates. 

177. Again, the reader may easily prove that 

r.arq^fi, 
where a is a given vector, gives 

Faq = fi-^-xa. 
Hence, assuming 

Saq = y, 

we have aq = y+^ra-f j3, 

or q = X +ya~* + a" *)3. 

Here, the given equation being equivalent to two scalar con- 
ditions, the solution contains two scalar indeterminates. 

178. Next take the equation 

Faq=:fi. 

Operating by Aa-^ we get 

Sq = Sa-'p, 

so that the given equation becomes 

ra{8a-^p+rq) = fi, 
or FaFq = /3— a^a-^/3 = aFa'^^fi. 

R 
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Prom this, by § 158, we see that 

whence q = 5a-*j3 + a-^(ar -fa Fa- '/3) 

and, the given equation being equivalent to three scalar con- 
ditions, but one undetermined scalar remains in the value of q. 

This solution might have been obtained at once, since our 
equation gives merely the vector of the quaternion aq, and leaves 
its scalar undetermined. 

Hence, taking x for the scalar, we have 

aq = S'aj'-f Faq 
= x+fi. 

179. Finally, of course, from 

aq=:py 

which is equivalent to four scalar equations, we obtain a definite 
value of the unknown quaternion in the form 

q = a-^^. 

180. Before taking leave of linear equations, we may mention 
that Hamilton has shown how to solve any linear equation 
containing an unknown quaternion, by a process analogous to 
that which he employed to determine an unknown vector from 
a linear and vector equation ; and to which a large part of this 
Chapter has been devoted. Besides the increased complexity, 
the peculiar feature disclosed by this beautiful discovery is that 
the symbolic equation for a linear quaternion function, cor- 
responding to the cubic in </> of § 162, is a biquadratic, so that 
the inverse function is given in terms of the first, second, and 
third powers of the direct function. In an elementary work 
like the present the discussion of such a question would be 
out of place : although it is not very diflScult to derive the 
more general result by an application of processes already ex- 



SECT. 182.] SOLUTION OF EQUATIONS. 128 

plained. The reader is therefore referred to the Elements of 
Quaternions, p. 491. 

181. The solution of the following frequently-occurring par- 
ticular form of linear quaternion equation 

aq-^-qb =r c, 
where a, by and c are any given quaternions, has been effected 
by Hamilton by an ingenious process, which was applied in 
§ 133 (5) to a simple case. 

Multiply the whole by Ka, and into b, and we have 

T^a,q-^Ka.qb = Ka.c, 

and aqb+qb* = cb. 

Adding, we have 

q{T^a-\-b^-\-28a.b) = Ka.c + cb, 

from which q is at once found. 
To this form any equation such as 

a'q^ + c'qd'^e' 

can of course be reduced, by multiplication by (<?')-* and into 

(SO-. 

182. As another example, let us find the differential of the 
cube root of a quaternion. If 

q^ = r 

we have q' dq -f qdq,q + dq,q^ = dr. 

Multiply by q, and inio j^', simultaneously, and we obtain 

q^dq,q~^-\'q^dq+qdq,q = qdr.q~^. 

Subtracting this from the preceding equation we have 

dq,<f—q^dq,q~^ = dr-^qdr.q~^, 

from which dq, or d{r\ can be found by the process of last 
s^tion. 

The method here employed can be easily applied to find the 
differential of any root of a quaternion. 

R % 
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183. To show some of the characteristic peculiarities in the 
solution even of quaternion equations of the first degree when 
they are not sufficiently general^ let us take the very simple one 

aq = qb, 

and give every step of the solution, as practice in transforma- 
tions. 

Apply Hamilton's process (§ 181), and we get 

T^a.q = Ka.qb, 
qb* = aqb. 
These give q{T^a+b*^2b8a) = 0, 

so that the equation gives no real finite value for q unless 

T'^a + b^'^2bSa = 0, 
or b=:Sa + pTFa 

where fi is some unit- vector. 

By a similar process we may evidently show that 

a^Sb-^-aTFb, 

a being another unit-vector. 

But, by the given equation, 

Ta = n, 

or S^a+T^Fa = S^b + T'Fb; 

from which, and the above values of a and b, we see that 

Sa Sb 

Wa "^ Wb ^ ^' suppose. 

If, then, we separate q into its scalar and vector parts, thus 

the given equation becomes 

(a-ha)(r+/>) = (r-hp)(a+/3) (1) 

Multiplying out we have 

r(a-^) = pp-ap, 
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which gives 8{a^fi)p = 0, 

and therefore p = ry(a— j3), 

where y is an undetermined vector. 
We have now 

r{a-p) = pp-ap 

= y(/Sa^-|- l)-(a-i8)5'^y-y(l -|-5a^)-(a-/3)4Say 
= -(a-i8)«(a-hi8)y. 
Having thus determined r, we have 

J =-)8'(a + /3)y+ ry(a-^) 

2? =-(a+0)y-y(aH-;3)-hy(a~)8)-(a-^)y 

= — 2ay— 2y/3. 

Here, of course, we may change the sign of y, and write the 
solution of ^^ _ gp 

in the form q = ay-|-yj3, 

where y is any vector, and 

To verify this solution, we see by (1) that we require only 

to show that ^n :^ qQ^ 

But their common value is evidently 

—y+ayP. 

It will Jbe excellent practice for the student to represent the 
terms of this equation by versor-arcs, as in § 54, and to deduce 
the above solution from the diagram directly. He will find 
that the solution may thus be obtained almost intuitively. 

184. No general method of solving quaternion equations of 
the second or higher degrees has yet been found; in fact, as 
will be shown immediately, even those of the second degree 
involve (in their most general form) algebraic equations of the 
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sixteetUh ABgtee. Hence, in the few remaining sections of this 
Chapter we shall confine ourselves to one or two of the simple 
forms for the treatment of which a definite process has been 
devised. But firsts let us consider how many roots an equation 
of the second degree in an unknown quaternion must generally 
have. 

If we substitute for the quaternion the expression 

w-^-ix+jy+kz (§ 80), 

and treat the quaternion constants in the same way, we shall 
have (§ 80) four equations, generally of the second d^ree, to 
determine Wy x, y, z. The number of roots will therefore be 
2* or 16. And similar reasoning shows us that a quaternion 
equation of the mth degree has m* roots. It is easy to see, 
however, from some of the simple examples given above (§§ 175 
-178, &c.) that, unless the given equation is equivalent to four 
scalar equations, the roots will contain one or more indeterminate 
quantities. 

185. Hamilton has effected in a simple way the solution of 

the quadratic 

q^ = qa'\-b, 

or the following, which is virtually the same (as we see by taking 
the conjugate of each side), 

q^ = aq-i-6. 

He puts q = i{<^-\'W'^p) 

where te? is a scalar, and p a vector. 
Substituting this value, we get 

a^ -^ {to -{- pY + 2wa -^-ap-^ pa = 2(««+wa-f ptf)-f 4d, 
or {w-^-pY-^-ap^pa = flf*-f 4i. 
If we put Va = a, %»H-4i) = c, F{a^-h4d) = 2y, this be- 
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which^ by equating separately the scalar and vector parts^ may 
be broken up into the two equations 

w^ + p^ = c, 

r(«7-j-a)p = y. 

The latter of these can be solved for p by the process of § 156, 

or more simply by operating at once by S.a which gives the 

value of 8{w + a)p, If we substitute the resulting value of 

p in the former we obtain, as the reader may easily prove, the 

equation 

(w;«-.a«)(w*— ^*-|-y*)— (Toy)* = 0. 

The solution of this scalar cubic gives six values of w, for each 
of which we find a value of p, and thence a value of q, 

Hamilton shows {Lectures, p. 633) that only two of these 
values are real quaternions, the remaining four being biqua- 
temions, and the other ten roots of the given equation being 
infinite. 

Hamilton farther remarks that the above process leads, as 
the reader may easily see, to the solution of the two simul- 
taneous equations 

j'+r = a, 

and he connects it also with the evaluation of certain continued 
fractions with quaternion constituents. 

186* The equation 

i' = aq + qb, 

though apparently of the second degree, is easily reduced to 
the first degree by multiplying by, and into, q~^, when it be- 
comes I — ^i^^j^i^ 

and may be treated by the process of § 181. 

187. The equation 

2 A^q"^ = aqb. 
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where a and b are given quaternions and A^ a scalar^ gives 
^^y qaqb = aqbq (1) 

This may be written 

q{aqb) = {aqb)q; 

and^ by § 54^ it is evident that the planes of q and aqb mnst 
coincide. A little farther consideration will show that in general 
we must have the planes of a, b, and q coincident. The solution 
of such equations thus becomes very easy, for the commutative 
law of multiplication is not violated (§ 54). 



EXAMPLES TO CHAPTER V. 

1. Solve the following equations : — 

{a.) V.apfi = V.ayfi. 

(b,) appp = pap)3. 

(c.) ap+pp=z y. 

(d.) S.a^p-^fiSap—aVfip — y. 

{e.) p-\-apfi = a$. 

Does the last of these impose any restriction on the generality 
of a and )3 ? 

2. Suppose p = ia!-\'jy+ hz^ 

and 0p = aiSip -|- bjSjp -h ckShp ; 
put into Cartesian coordinates the following equations :— 
{a.) T(l>p =z 1. 

{d.) Tp = T.(t>Up. 
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3, If A, fi, v be cmy three non-eoplanar vectors, and 

q^ = V[kv.^\-\- YvK.^\k'\- F\fjL.<l)v, 

show that q is necessarily divisible by S.Kijlv. 
Also show that the quotient is 

where Fep is the non-commutative part of <^p. 

Hamilton, JElements, p. 442. 

4. Solve the simultaneous equations : — 

Sap = 0, 



(a ) "^ = "O 
S,apd)p =s 0. J 



^ ^ iSp<^p = 0. J 

ic.) f" = ''I 
o.atpKp= 0. J 

5. If # = I.pSap+Frp, 
where r is a given quaternion, show that 

m = 2{8.a,a,a,8.p,fi,p^) + 2% Fa.a, . FfiaPi) + Sr28.apr^2{8ar8fir) + 8rTr\ 

and 

«*<^-»<r = 2{ra^a,8.p^p,<T)'\'2r.ar{rfia.r)+ FerSr-^-VrSar. 

Lectures, p. 561. 

6. If \jfq'] denote pq—qp, 

in) •*• S'JPlgf\> 

Ipqr] . . . (pqr) + [rq] 8p + [ jor] /Sj + \^p] 8r, 

and (j»?^*) ... S.p[gr8]y 

show that the following relations exist among any five qua- 
ternions 

= j» {qrst) -h q (rstp) + Hstpq) -f s{tp^r) + t{pqrs), 

and i{prst) = [r.*^ /^j — [*^] /Sr j + [^r] iSyj— [jw*] 8tq. 

ElementSy p. 492. 

s 
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7. Show that if <t>, yff be any linear and vector Amotions^ and 
a, ft y rectangular unit- vectors, the vector 

0—F{(I^CL}lfa-i-<f)fi\lffi-\'4>y\lry) 
is an invariant. 

If 4>p = ^r)8(p, 

and ^Irp = ^riiSCip, 

show.th^t this invariant may be expressed as 

-2r#f or Srty,<^C,. 
Show also that ^^^P-^^^^P = ^^P« 

8. Show that if 

^p = a Sap + j85j8p -f- ySyp, 

where a, ft y are any three vectors, then 

-'8\afiY'(f>-'p = a,8aip-^M0,p-^y^8y,p, 
where Oi = ?7^y, &c. 

9. Show that any self-conjugate linear and vector function 
may in general be expressed in terms of two given ones, the 
expression involving terms of the second order. 

Show also that we may write 

where «, i, c, x, y, z are scalars, and -cr and o> the two given 
ftinctions. 

10. Solve the equations : — 

{a.) <i^ = 5j'e-|-10y. 
(J.) (f = 2j'-hi. 



CHAPTEE VI. 



GEOMETRY OF THE STRAIGHT LINE AND PLANE. 



188. TTAVING, in the five preceding Chapters, given a 
■■"*- brief exposition of the theory and properties of 

quaternions, we intend to devote the rest of the work to ex- 
amples of their practical application, commencing, of course, 
with the simplest curve and surface, the straight line and the 
plane. In this and the remaining Chapters of the work a few 
of the earlier examples will be wrought out in their ftdlest 
detail, with a reference to the first five whenever a transforma- 
tion occurs; but, as each Chapter proceeds, superfluous steps 
will be gradually omitted, until in the later examples the full 
value of the quaternion processes is exhibited. 

189. Before proceeding to the proper business of the Chapter 
we make a digression in order to give a few instances of ap- 
plications to ordinary plane geometry. These the student may 
multiply indefinitely with great ease. 

{a.) Euclid y I. 5. Let a and j3 be the vector sides of an 
isosceles triangle; j3— a is the base, and 

The proposition will evidently be proved if we show that 

a{a-^)-' = Kfiifi-aY^ (§ 52). 

S 2 
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This gives a(a-i3)-» = (fi^ay^fi, 

or ip-a)a = i3(a-)8), 
or — a«=— i8*. 

(i.) Euclid, I. 32. Let ABC he the triangle, and let 

AB 

where y is a unit-vector perpendicular to the plane of the 
triangle. If ^ = 1, the angle CAB is a right angle (§ 74). 

Hence .4 = /- (§ 74). LetB^m-, C=zn-. We have 

UlC^y^UlB, 

UBi = y^UBC. 
Hence UBA = y* y\ y UAB, 

or — 1 = y'+"»+»». 

That is l-^m-^n= 2, 

or J+5+(7=ir. 

This is, properly speaking, Legendre's proof; and might have 
been given in a far shorter form than that above. In fact we 
have for any three vectors, 

U.l^^=l (§60), 

which contains Euclid's proposition as a mere particular case. 

{c.) Buclidj I. 36. Let p be the common vector-base of 
the parallelograms, a the conterminous vector-side 
of any one of them. For any other the vector-side 
ia a + xp {§ 28), and the proposition appears as 

Tr^(a+4?j3) = TF^a (§§ 96, 98), 

which is obviously true. 



SECT. 189.] GEOMETRY OF STRAIGHT LINE AND PLANE. 138 

(rf.) In the base of a triangle find the point from which 
lines^ drawn parallel to the sides and limited by- 
them^ are equal. 
If a, P be the sides^ any point in the base has the vector 

p = (1— a?)a+a?/3. 

For the required point 

which determines or. 

Hence the point lies on the line 

which bisects the vertical angle of the triangle. 

This is not the only solution, for we should have written 

^ instead of the less general form above which tacitly assumes thai 
1 —a? and X are positive. We leave this to the student. 

{e,) If perpendiculars be erected outwards at the middle 
points of the sides of a triangle, each being propor- 
tional to the corresponding side, the mean point 
of the triangle formed by their extremities coincided 
with that of the original triangle. Find the ratio of 
each perpendicular to half the corresponding side of 
the old triangle that the new triangle may be equi- 
lateral. 

Let 2 a, 2)3, and 2(a+j8) be the vector-sides of the triangle, 
i a unit-vector perpendicular to its plane, e the ratio in question. 
The vectors of the comers of the new triangle are (taking the 
comer opposite to 2^ as origin) 

Pi = a+eia, 

p, =2a-|-j3-|-^ij3, 

p, = a-hjS— .ei(«+i3). 
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From these 

i(pi +Pa + p8) = i(4a + 2i9) = i(2a + 2(a-h/3)), 
which proves the first part of the proposition. 
For the second part, we must have 

r(p,-p.) = r(p,-p,) = T(p,-p,). 

Substituting, expanding, and erasing terms common to all, the 
student will easily find 3^2 — 1 

Hence, if equilateral triangles be described on the sides of any 
triangle, their mean points form an equilateral triangle. 

190. Such applications of quaternions as those just made 
are of course legitimate, but they are not always profitable. In 
fact, when applied to plane problems, quaternions often de- 
generate into mere sealars, and become (§ 33) Cartesian co- 
ordinates of some kind, so that nothing is gained (though 
nothing is lost) by their use. Before leaving this class of 
questions we take, as an additional example, the investigation 
of some properties of the ellipse. 

lOL We have already seen (§31 (k)) that the equation 

p = acosO+fisinO 

represents an ellipse, being a scalar which may have any 

value. Hence, for the vector-tangent at the extremity of p 

we have dp • ., ^ ., 

-J^ = — a sm ^ -f )3 cos 6, 
do 

which is easily seen to be the value of p when 6 is increased by 

- • Thus it appears that any two values of p, for which 

differs by ~, are conjugate diameters. The area of the parallels- 

ogram circumscribed to the ellipse and touching it at the 
extremities of these diameters is, therefore, by § 96, 

^TFp-^ = 4yr(ocos^+/3sin^)(-asin^H-^cos^) 
a constant, as is well known. 
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192. For equal conjugate diameters we must have 

r(acos^-!-i88in^) = T(— asin^-j-jScosd), 
or (a« — j3«) (cos' 6 — sin* ^) + 4 Safi cos ^ sin ^ = 0, 

a'— jS* 
or tan2^ = — --77-^. 

The square of the common length of these diameters is of course 

because we see at once from § 191 that the sum of the squares 
of conjugate diameters is constant. 

193. The maximum or minimum of p is thus found ; 
dTp 1 ^ dp 

= — ;=^(-(a«— j3«)cosdsind + 5aj3(cos«^--sin'^)). 

For a maximum or minimum this must vanish^ hence 

tan 2^ = — i 

and therefore the longest and shortest diameters are equally 
inclined to each of the equal conjugate diameters. Hence^ also^ 

they are at right angles to each other. 

dTo 
[The student must carefully notice that here we put —^ = 0, 

d 
and not -^ = 0. A little reflection will show him that the 
dO 

latter equation involves an absurdity.] 

194^ Suppose for a moment a and )3 to be the greatest and 
least semidiameters. Then the equations of any two tangent- 
lines are 

p =z acosO -j-^sinO + ;r(— asin^ H-/3cos^), 

p = acos^i-h/3sindi4-^i( — asin^iH-j8cos^i). 
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If these tangent lines be at right angles. to each other 
iSC— asin^-f)3cos^)(— asin^i+/3cos^,) = 0, 
or a'sin^sin^i-|-/3»cos^cos^i = 0. 

Also, for their point of intersection we have^ by comparing 
coefficients of a, )3 in the above values of p, 

sini^ + orcos^ = sini^i+^iCos^i. 
Determining Xi from these equations^ we easily find 

the equation of a circle ; if we take account of the above relation 
between $ and Of 

Also^ as the equations above give x = — ar^^ the tangents are 
equal multiples of the diameters parallel to them ; so that the 
line joining the points of contact is parallel to that joining the 
extremities of these diameters. 

195. Finally^ when the tangents 

p =: acos^ +Pem$ -fa? (— asin^ -h^cos^), 

p = acos^i+j8 sin i?i 4-^1 (— asin^i-f ^cos^i), 

meet in a given point 

p = aa-^-bfi, 
we have 

a = cos ^— or sin ^ = cos^i— iTisin^i, 

b = sin^ + ;rcosd = sin(^i+a?iCos^i. 

Hence ;r* = « * 4- i* — 1 = ^i 

and acos6-\'b8m$ = 1 = « cos^i+Asin^i 

determine the values of 6 and x for the directions and lengths 
of the two tangents. The equation of the chord of contact is 

p = y (acosi? + /38in^) + (l— y)(acos^i + j3sin^i). 

If this pass through the point 

p z=pa+qp, 
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we have p = y cos ^ + ( 1 — y) cos 0^, 

j' = y sin ^4- (1 — y) sin Oi, 
from which, by the equations which determine 6 and 0^, we get 

^jo + ijr =y+l— y = 1. 

Thus if either a and i, or p and q, be given, a linear relation 
connects the others. This, by § 30, gives all the ordinary 
properties of poles and polars. 

106. Although, in §§ 28-30, we have already given some 
of the equations of the line and plane, these were adduced 
merely for their applications to anharmonic coordinates and 
transversals ; and not for investigations of a higher order. Now 
that we are prepared to determine the lengths and inclinations 
of lines we may investigate these and other similar forms 
anew. 

107. The equation of the indefinite line drawn through the 
origin 0, of which the vector OA, = a, forms a part, is evidently 

or p II a, 
or - Fop = 0, 
or C/p = Ua-, 

the essential characteristic of these equations being that they 

are linear, and involve one indeterminate scalar in the value 

of p. 

We may put this perhaps more clearly if we take any two 

vectora, j8, y, which, along with"^ a, form a npn-coplanar system. 

Operating with S.Fap and S.Fay upon any of the preceding 

equations, we get 

&a^p = 0,^ ^^^ 

and S.ayp = 0. J 

Separately, these are the equations of the planes containing 
a, j3, and a, y; together, of course, they denote the line of 
intersection. 

T 
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198, Conversely, to solve equations (1), or to find p in terms 
of known quantities, we see that they may be written 

S.pFafi = 0,V 
S.pray = a,J 

80 that p is perpendicular to Fap and Fay, and is therefore 
parallel to the vector of their product. That is, 

p II r.VafiVay, 
II '-'aS.aPy, 
or p = xa. 

100. By putting p— j8 for /> we change the origin to a point 
B where OB = —jS, or BO = j3 ; so that the equation of a line 
parallel to a, and passing through the extremity of a vector fi 
drawn from the origin, is 

p — j8 ^ xa, 

or p = j8-j-ircu 

Of course any two parallel lines may be represented as 

p = ^ +xa, 

p = iSi+^ia; 
or ra(p— /3) = 0, 

ra(p~^0 = 0. 

200. The equation of a line, drawn through the extremity of 
)3, and meeting a perpendicularly, is thus found. Suppose it 
to be parallel to y, its equation is 

p = )3 + ^. 
To determine y we know, Jlrst, that it is perpendicular to a, 
which gives Say = 0. 

Secondly, a, p, and y are in one plane, which gives 

S.afiy = 0. 
These two equations give 

yWKaVap, 



SECT. 202.] GEOMETRY OP STRAIGHT LINE AND PLANE. 139 

whence we have 

p = p+xaFafi. 

This might have been obtained in many other ways; for 
instance^ we see at once that 

P = a-^aP = a-^SaP + ar^Fap. 

This shows that a"* FaP (which is evidently perpendicular to a) 
is coplanar with a and p, and is therefore the direction of the 
required line ; so that its equation is 

p=:P-\-ya-'FaP, 
the same as before if we put ~£-r for x. 

20L By means of the last investigation we see that 

^a-^FaP 

is the vector perpendicular drawn from the extremity of )8 to 

the line 

p = xa» 

Chang^g the origin^ we see that 

^a-^Faip-^y) 
is the vector perpendicular from the extremity of p upon the line 

p = y+xa, 

202» The vector joining B (where OB = p) with any point in 

p = y-\-xa 
is y-^-xa—p. 

Its length is least when 

dT{y-^xa^P) = 0, 

or Sa{y'\-xa—p)=iO, 

i. e. when it is perpendicular to a. 
The last equation gives 

;ra«-h5a(y— )3) = 0, 

or ^a=— a-*Sa(y— jS). 

T % 
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Hence the vector perpendicular is 

or a-'ra{y-p)=:'-a-'ra{p'-yl 
which agrees with the result of last section. 

203. To find the shortest vector distance between two lines 

p = j3-|-ira, 
and pi= Pi + ^iai; 

we must put dT{p'-p^) = 0, 

or 8{p^p,){dp'-dp,)=:0, 
or 8{p^py){ajdx'\-a^dx^) = 0. 
Since x and x^ are independent, this breaks up into the two 
conditions Sa {p--p,) = 0, 

proving the well-known truth that the required line is perpen- 
dicular to each of the given lines. 

Hence it is parallel to Vaai, and therefore we have 

p—pi = p^-xa—^t—Xya^ = yVaa^ (1) 

Operate by /S.aai and we get 

8.aai{p—fii) =iy{Faaiy. 
l?his determines y, and the shortest distance required is 

[Note. In the two last expressions T beftre 8 is simply- 
inserted to ensure that the length be positive. If 

iiS'.aai(/3— /3i) be negative, ' 

then (§ 89) 8,aia{fi—l3i) is positive. 

If we omit the T we must use in the text that one of these two 
expressions which is positive.] 

To find the extremities of this shortest distance, we must 



SECT. 206.] GEOMETRY OP STRAIGHT LINE AND PLANE, 141 

operate on (1) with S.a and S.ai. We thus obtain two equations^ 
which determine a? and a?,, asy is abeady known. 

A somewhat different mode of treating this problem will be 
discussed presently. 

204. The equation 

Sap = 

imposes on p the sole condition of being perpendicular to a; 
and therefore, being satisfied by the vector drawn from the 
origin to any point in a plane through the origin and perpen- 
dicular to a, is the equation of that plane. 

To find this equation by a direct process similar to that 
usually employed in coordinate geometry, we may remark that, 
^y § 29, we may write 

where j3 and y are any two vectors perpendicular to a. In this 
form the equation contains two indeterminates, and is often 
useftil j but it is more usual to eliminate them, which may be 
done at once by operating by &a, when we obtain the equation 
first written. 

It may also be written, by eliminating one of the indeter- 
minates only, as tto 

where the form of the equation shows that Safi = 0. 

205. Similarly we see that 

iSa(p-/3).= 

represents a plane drawn through the extremity of fi and per- 
pendicular to a. This, of course, may, like the last, be put into 
various equivalent forms. 



206. The line of intersection of the two planes 

S.a (p— /3) = 0, 
and S, 



U(p-/3) =0,-> 
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contains all points whose value of p satisfies both conditions. 
But we may write (§ 92), since a, ai, and Faa^ are not co- 
planar, 

pS.aai Fcuii = FaaiS.aaip + f^.a^ FaaiSap + T^* f^icicii) aSaip, 

or, by the given equations, 

-pTTaai = KaiFaai8afi+ F.F{aai)a8aipi +xFaai, (2) 

where x, a scalar indeterminate, is put for S.aaip which may 
have any value. In practice, however, the two definite given 
scalar equations are generally more usefiil than the partially 
indeterminate vector-form which we have derived from them. 

When both planes pass through the origin we have )3 = j3i = 0, 
and obtain at once _ xFaa 

as the equation of the line of intersection. 

207« The plane passing through the origin, and through the 
line of intersection of the two planes (1), is easily seen to have 
the equation Sa^MapSa^Sa^p = 0, 

or /^(cuSaiiSi — ai/Saj3)p = 0. 

For this is evidently the equation of a plane passing through 
the origin. And, if /> be such that 

Sap = Sap, 

we also have • Saip = Saipi^ 

which are equations (1). 

Hence we see that the vector 

aSaifii — QiSap 
is perpendicular to the vector-line of intersection (2) of the two 
planes (1), and to every vector joining the origin with a point 
in that line. 

The student may verify these statements as an exercise. 

208. To find the vector-perpendicular from the extremity 
of p on the plane Sap = 0, 
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we must note that it is neceissarily parallel to a, and hence that 
the corresponding value of p is 

where xa is the vector perpendicular in question. 

Hence iSa(j8-ha?a) = 0, 

which gives a?a* = — Sap^ 

or xa =— a~*/Saj3. 

Similarly the vector-perpendicular from the extremity of )3 on 
the plane Sa{p-y) =z 

may easily be shown to be 

-a-^/Sa(i3-y). 

209. The equation of the plane which passes through the 
extremities of a, p, y may be thus found. If /> be the vector 
of any point in it, p— -a, a— )3, and j3— y lie in the plane, and 
therefore (§101) 

«.(p-a)(a-i8)03-y) = 0, 
or 5p( TajS -h ^Py + Vya) - S.afiy = 0. 
Hence, if 5 = a? ( Fa^ + J^Py + Vya) 

be the vector-perpendicular from the origin on the plane con- 
taining the extremities of a, j3, y, we have 

h^{rap'\- rpy + Vyay^ S.apy. 

From this formula, whose interpretation is easy, many curioug 
properties of a tetrahedron may be deduced by the reader. 

210. Taking any two lines whose equations are 

/) = ^ -{-xa, 

P = ^i+iPitti, 

we see that S.aaiiji-^b) = 

is the equation of a plane parallel to both. JFAicA plane, of 
course, depends on the value of 3. 



144 QUATERNIOKS. [CHAP. VI. 

Now it h = p, the plane contains the first line; i£ b = fit^ 

the second. 

Hence^ i£ yFaai be the shortest vector distance between the 

lines^ we have 

S.aa,(p-p,-yFaai) = 0, 

or nyFaa,) ^T8.(fi^p,)Uraa,, 

the result of § 203. 

21L Find the equation of the plane^ passing tiirough the 
origin^ which makes equal angles with three given lines. Also 
find the angles in question. 

Let a, p^yhQ unit- vectors in the directions of the lines^ and 
let the equation of the plane be 

8bp = 0. 
Then we have evidently 

SaJb = Sph = 8yh = X, suppose^ 

where x 

is the sine of each of the required angles. 
But (§ 92) we have 

h8.aPy ^x{rap+ Fpy + Fya). 

Hence S,p{ Fap + Fpy + Fya) = 

is the required equation ; and the required sine is 

S.afiy 

T{Fafi+Ffiy+Fyay 

212. Find the locus of the middle points of a series of straight 
lines^ each parallel to a given plane and having its extremities 
in two fixed lines. 

Let Syp = 

be the plane^ and 

p.= P+xa, p = P^-\-x-,a^y 

the fixed lines. Also let x and x^ correspond to the extremities 
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of one of the variable lines^ vx being the vector of its middle 
point. Then, obviously, 

Also Syifi^pi + xa—x^ai) = 0. 

This gives a linear relation between x and x^^ so that, if we 
substitute for x^ in the preceding equation, we obtain a result 
of the form ^ > i ^^ 

where h and € are known vectors. The required locus is, there- 
fore, a straight line. 

213. Three planes meet in a point, and through the line of 
intersection of each pair a plane is drawn perpendicular to the 
third; prove that, in general, these planes pass through the 
same line. 

Let the point be taken as origin, and let the equations of the 

planes be 

Sap = 0, Sfip = 0, 8yp = 0. 

The line of intersection of the first two is || Faj3, and therefore 
the normal to the first of the new planes is 

r.yVap. 
Hence the equation of this plane is 

S.pr.yrap = 0, 
or SfipSay-^SapSfiy = 0, 

and those of the other two planes may be ea&iily formed from 
this by cyclical permutation of a, j3, y. 

We see at once that any two of these equations give the 
third by addition or subtraction, which is the proof of the 
theorem. 

214. Given any number of points A, By C, &c., whose vectors 
(from the origin) are a^, a^, a^, &c., find the plane through the 
origin for which the sum of the squares of the perpendiculars 
let fall upon it from these points is a maximum or minimum. 

u 
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Let Sisfp = 

be the required equation^ with the condition (evidently allowable) 

Trsr= 1. 
The perpendiculars are (§ 208) -^-w^Smai^ &c. 

Hence 2 S* era 

is a maximum. This gives 

and the condition that ts- is a unit-vector gives 

Sxffdxff = 0. 

Hence^ as dm may have any of an infinite number of values^ 
these equations cannot be consistent unless 

where ^ is a scalar. 

The values of a are known, so that if we put 

is a given self-conjugate linear and vector function, and there- 
fore X has three values (jgxi9%i ffsj § 164) which correspond to 
three mutually perpendicular values of «r. For one of these 
there is a maximum, for another a minimum, for the third a 
maximum-minimum, in the most general case when ^1,^3,^8 ^^ 
all difierent. 

215. The following beautifiil problem is due to MaccuUagh. 
Of a system of three rectangular vectors, passing through the 
origin, two lie on given planes, find the locus of the third. 

Let the rectangular vectors be -or, p, <r. Then by the con- 
ditions of the problem 

Svrp = Spo" = So'^GT = 0, 

and Saisr = 0, Sfip = 0. 

The solution depends on the elimination of p and nr among these 
five equations. [This would, in general, be impossible, as p 
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and w between them involve sin^ unknown scalars ; but^ as the 
tensors are (by the very form of the equations) *not involved, 
the five given equations serve to eliminate the four unknown 
scalars which are really involved. Formally to complete the 
requisite number of equations we might write 

but a and d may have any values whatever.] 
Prom Saisr = 0, /Scrtar = 0, 

we have -or = xVmr, 

Similarly, from Sfip = 0, Sap = 0, 

we have p = yFfia. 

Substitute in the remaining equation 

/Scrp = 0, 
and we have 

8.Fa<Trfia=: 0, 

or SourSfia^a^Safi = 0, 

the required equation. As will be seen in next Chapter, this is 
a cone of the second order whose circular sections are perpen- 
dicular to a and p. [The disappearance of x and y in the 
elimination instructively illustrates the note above.] 



u a 
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EXAMPLES TO CHAPTER VI. 

1. What propositions of EucUd arc proved by the mere form 
of the equation 

which denotes the line joining any two points in space ? 

2. Show that the chord of contact, of tangents to a parabola 
which meet at right angles^ passes through a fixed point. 

3. Prove the chief properties of the circle (as in Euclid^ III) 

from the equation 

p = acos^ + jSsin^j 

where Ta = Tp, and Sap = 0. 

4. What locus is represented by the equation 

8*ap+p* = 0, 
where Jii = 1 ? 

5. What is the condition that the lines 

Fop = p, Va^p = 01, 
intersect ? If this is not satisfied, what is the shortest distance 
between them ? 

6. Find the equation of the plane which contains the two 

parallel lines 

ra(p-0) = 0, Faip^p,) = 0. 

7. Find the equation of the plane which contains 

Faip^p) = 0, 
and is perpendicular to 

Syp = 0. 

8. Find the equation of a straight line passing through a 
given point, and making a given angle with a given plane. 

Hence form the general equation of a right cone. 
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' 9. What conditions must be satisfied with regard to a number 
of given lines in space that it may be possible to draw through 
each of them a plane in such a way that these planes may 
intersect in a common line ? 

10. Find the equation of the locus of a point the sum of 
the squares of whose distances from a number of given planes 
is constant. 

11. Substitute '' lines'' for '' planes" in (10). 

12. Find the equation of the plane which bisects^ at right 
angles, the shortest distance between two given lines. 

Find the locus of a point in this plane which is equidistant 
from the given lines. 

13. Find the conditions that the simultaneous equations 

Sap = a, Spp = J, Syp =s c, 
may represent a line^ and not a point. 

14. What is represented by the equations 

(SapY = (SPpY = (%)», 
where a,p,y 9xe any three vectors ? 

15. Find the equation of the plane which passes through 
two given points and makes a given angle with a given plane. 

16. Find the area of the triangle whose comers have the 
vectors a, )3, y. 

Hence form the equation of a circular cylinder whose axis 
and radius are given. 

17. (Hamilton, Bishop Law^sPremmm Ex,, 1868). 

(a.) 'Assign some of the transformations of the expression 

rafi_ 

where a and |3 are the vectors of two given points 
A and B. 

(b.) The expression represents the vector y, or 0(7, of a 
point C in the straight line AB. 

(c.) Assign the position of this point C. 
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18. (Ibid.) 

{a,) If a, p,y,b he the vectors of four points A^ B, C, Dj 
what is the condition for those points being in one 
plane? 

(i.) When these four vectors from one origin do not thus 
terminate upon one plane^ what is the expression for 
the volume of the pyramid, of which the four points 
are the corners ? 

({?.) Express the perpendicular 5 let fall from the origin 
on the plane ABCy in terms of a, fi, y. 

19. Find the locus of a point equidistant from the three planes 

Sap = 0, Spp = 0, Syp = 0. 

20. If three mutually perpendicular vectors be drawn from 
a point to a plane, the sum of the reciprocals of the squares 
of their lengths is independent of their directions. 

21. Find the general form of the equation of a plane from 
the condition (which is to be assumed as a definition) that any 
two planes intersect in a single straight line. 



CHAPTEE VII. 

THE SPHEBE AND CYCLIC CONE. 

4 FTER that of the plane the equations next in order 

216. -LM. ^f simpKcity are those of the sphere, and of the 
cone of the second order. To these we devote a short Chapter 
as a valuable preparation for the study of surfaces of the second 
order in general. 

217. The equation 

Tp = Ta, 

or /)» = a% 

denotes that the length of /> is the same as that of a given 
vector a, and therefore belongs to a sphere of radius Ta whose 
centre is the origin. In § 107 several transformations of this 
equation were obtained, some of which we will repeat here with 
their interpretations. Thus 

S{p + a){p-a) = 

shows that the chords drawn from any point on the sphere to 
the extremities of a diameter (whose vectors are a and —a) are 
at right angles to each other. 

^(p + a)(p-a) = 2TVap 

shows that the rectangle under these chords is four times the 
area of the triangle two of whose sides are a and p. 

p = {p-\-a)-^a{p-\-a) (see § 105) 
shows that the angle at the centre in any circle is double that 
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at the circumference standing on the same arc. All these are 
easy consequences of the processes abeady explained for the 
interpretation of quaternion expressions. 

218. If the centre of the sphere be at the extremity of a 
the equation may be written 

which is the most general form. 

If Ta = Tp, 

or a* = )3% 
in which case the origin is a point on the surface of the sphere, 
this becomes p*^28ap = 0. 

From this, in the form 

Sp{p-2a) = 

another proof that the angle in a semicircle is a right angle is 
derived at once. 

219. The converse problem is — Find the locus of the feet 
of perpendiculars let fall from a given point (p = )3) on planes 
passing through the origin. 

Let Sap = 

be one of the planes, then (§ 208) the vector-perpendicular is 

and, for the locus of its foot, 

p =: p^a-^Sap 

= a-* Fafi. 

[This is an example of a peculiar form in which quaternions 
sometimes give us the equation of a surface. The equation is a 
vector one, or equivalent to three scalar equations; but it 
involves the undetermined vector a in such a way as to be 
equivalent to only two indeterminates (as the tensor of a is 



1 
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e 

evidently not involved). To put the equation in a more imme<^ 
diately interpretable form, a must be eliminated, and the re- 
marks just made show this to be possible.] 

Now (p— /3)» = a-^S^afiy 

and (operating by S.fi) 

Adding these equations, we get 



or 



so that, as is evident, the locus is the sphere of which /3 is a 
diameter. 

220. To find the intersection of the two spheres 

T{p^a) = 2)3, 
and ^(p-aO= Tp,, 

square the equations, and subtract, and we have 

which is the equation of a plane, perpendicular to a— Oi the 
vector joining the centres of the spheres. This is always a real 
plane whether the spheres intersect or not. It is, in fact, what 
is called their Radical Plane, 

22L Find the locus of a point the ratio of whose distances 
from two given points is constant. 

Let the given points be and A, the extremities of the 
vector a. Also let P be the required point in any of its 
^positions, and OP = p. 

Then, at once, if » be thcratio of the lengths of the two lines, 

T(p-a) = nTp. 
This gives p* — 2 Sap + a* = ^* /)% 

X 
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or, by an easy transformation. 

Thus the locus is a sphere whose radius is y(-- ^), and whose 

centre is at B. where OJB = , a definite point in the 

line OA, 

222. If in any line, OP, drawn firom the origin to a given 
plane, OQ be taken such that OQ.OP is constant, find the locus 

ofQ. 

Let Sap = a 

be the equation of the plane, -or a vector of the required surface. 
Then, by the conditions, 

Tsr Tp = constant = 5* (suppose), 
and Uta- = Up. 



From these 



P = 



Jtsr 



-CJ 



a 



Substituting in the equation of the plane, we have 

aisr^-{-b''8aisr = 0, 

which shows that the locus is a sphere, the origin being situated 
on it at the point farthest from the given plane. 

223* Find the locus of points the sum of the squares of 
whose distances from a set of given points is a constant quantity. 
Find also the least value of this constant, and the correspond- 
ing locus. 

Let the vectors from the origin to the given points be ai, a^, 
a„, and to the sought point p, then 

— c« = (p—ai)*-|-(p— aa)*H- +(/>— a„)% 

= %/)« — 25p2o + S(a«). 
Otherwise 

. Sav'- c« + 2(a») , (2a)^ 
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the equation of a sphexe the vector of whose centre is — , i.e. 

whose centre is the mean of the system of given points. 

Suppose the origin to be placed at the mean pointy the equa- 



tion becomes 






The right-hand side is negative, and therefore the equation 
denotes a real surface, if 

as might have been expected. When these quantities are equal, 
the locus becomes a point, viz. the origin. 

224. If we differentiate the equation 

Tp = Ta 
we get Spdp = 0. 

Hence (§ 137), p is normal to the surface at its extremity, a well- 
known property of the sphere. 

If -BT be any point in the plane which touches the sphere at 
the extremity of p, -or— p is a line in the tangent plane, and 
therefore perpendicular to p. So that 

^p(t!r-p) = 0, 
or &Tp=— Tpa = a* 

is the equation of the tangent plane. 

225. If this plane pass through a given point JB, whose 

vector is )8, we have 

Spp = aK 

This is the equation of a plane, perpendicular to p, and cutting 
from it a portion whose length is 

If this plane pass through a fixed point whose vector is y we 
must have gpy _ ^2^ 
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SO that the locus of )3 is a plane. These results contain all the 
ordihary properties of poles and polars with regard to a sphere. 

226* A line drawn parallel to y^ from the extremity of p, 
has the equation ^ -_ ^^^^ 

This meets the sphere 

/)» = a» 

in points for which w has the values given by the equation 

The values of ^ are imaginary^ that is^ there is no intersection^ if 

cl«y»H-r»)8y < 0. 
The values are equals or the line touches the sphere, if 

a»y«-f r»^y = 0, 
or 5'»^y = y>03>-.a«). 

This is the equation of a cone similar and similarly situated 
to the cone of tangent-lines drawn to the sphere, but its vertex 
is at the centre. That the equation represents a cone is obvious 
from the fact that it is homogeneom in Ty^ i. e. that it is in- 
dependent of the length of the vector y. 

[It may be remarked that from the form of the above equa- 
tion we see that, if x and of be its roots, we have 

which is Euclid, III, 35, 36.] 

227« Find the locus of the foot of the perpendicular let fall 
from a given point of a sphere on any tangent-plane. 

Taking the centre as origin, the equation of any tangent- 
plane may be written 

The perpendicular must be parallel to />, so that, if we suppose 
it drawn from the extremity of a (which is a point on the sphere) 
we have as one value of «r 

-BT =: a -jb XP' 
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From these equations^ with the help of that of the sphere 

we must eliminate p and x. 

We have by operating on the vector equation by 8,'ut 

tsr* = 8a'UT'\-x8mp 

= /Sa-BT + ara". 

TT -BT— a a^f-BT— a) 
Hence p = = ' ^ • 

Taking the tensors^ we have 

{m^^Samy = a»(t!r— a)S 
the required equation. It may be put in the form 

5'«i!rt/'(i!r-a)=-a% 

and the interpretation of this gives at once a characteristic 
property of the surface formed by the rotation of the Cardioid 
about its axis of symmetry. 

228. We have seen that a sphere^ referred to any point what- 
ever as origin^ has the equation 

Hence^ to find the rectangle under the segments of a chord 
drawn through any pointy we must put 

p^xyi 

where y is any unit- vector whatever. This gives 

and the product of the two values of x is 

This is positive, or the vector-chords are drawn in the same 
direction, if jfQ < y^^ 

i. e. if the origin is outside the sphere. 
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229. A, B are fixed points ; and^ being the origin and F 
a point in space^ 

find the locus of P, and explain the result when LAOB is a 
rights or an obtuse^ angle. 

Ijetd2=:a,dB = p,6P = p, then 

or p»-2/S(a+/3)p = -(a'+jS'), 

or T{p^{a-hP)} = ^/(-2^a/3). 
While Sap is negative^ that is^ while LAOB is acute^ the locus 
is a sphere whose centre has the vector a+/3. If Safi = 0^ or 

LAOB = -, the locus is reduced to the point 

p=^a'{-p. 
If LAOB > - there is no point which satisfies the conditions. 

230. Describe a sphere^ with its centre in a given line^ so 
as to pass through a given point and touch a given plane. 

Let xa, where ;r is an undetermined scalar^ be the vector 
of the centre, r the radius of the sphere, fi the vector of the 
given point, and ^^ ^ ^ 

the equation of. the given p1ane» 

The vector perpendicular from the point xa on the giveji 
plane is (§ 208) (a-xSya)y-K 

Hence, to determine x we have the equation 

T.{a^xSya)Y''^ = T{xa--p) = r, 

so that there are, in general, two solutions. It will be a good 
exercise for the student to find &om this equation the condition 
that there may be no solution, or two coincident ones. 

23L Describe a sphere whose centre is in a given line, and 
which passes through two given points. 
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Let the vector of the centre be xa, as in last section^ and let 
the vectors of the points be /3 and y. Then, at once, 

T{y^xa) = T{fi-xa) = r. 

Here there is but one sphere, except in the particular case when 

we have Tyz=.Tfty and Say = Sa^ ' 

in which case there is an infinite number. 

The student should carefiiUy compare the results of this 
section and the last, so as to discover why in general two 
solutions are possible in the one case, and only one in the 
other. 

232. A sphere touches each of two straight lines, which do 
not meet : find the locus of its centre. 

We may take the origin at the middle point of the shortest 
distance (§ 203) between the given lines, and their equations 
will then be ^ ^ ^ t^o 

where we have, of course. 

Sap = 0, Safii = 0. 

Let <r be the vector of the centre, p that of any point, of one 
of the spheres, and r its radius j its equation is 

r(p-cr) = r. 

Since the two given lines are tangents, the following equations 
in X and Xi must have pairs of equal roots, 

Tia+xp'-a) = r, 

y(— aH-;??ij9i — 0-) = r. 

The equality of the roots in each gives us the conditions 

5»/3,(r = ^;((a+(r)« + r»), 
Eliminating r we obtain 

fi'^S^fia-pr^S^IS^cr = (a-<r)«-(a-h<r)« =-.4/S'a<r, 
which is the equation of the required locus. 
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[As we have not, so far, (entered on the consideration of the 
quaternion form of the equations of the various surfaces of the 
second order, we maj translate this into Cartesian coordinates 
to find its itieaning. If we take coordinate axed of so, y, z 
respectively parallel to )3, )3i, a, it becomes at once 

where m and p are constants ,* and shows that the locus is a 
hyperbolic paraboloid. Such transformations, which are exceed- 
ingly simple in all cases, will be of frequent use to the student 
who is proficient in Cartesian geometry, in the early stages of 
his study of quaternions. As he acquires a practical knowledge 
of the new calculus, the need of such assistance will gradually 
cease to be felt.] 

Simple as the above solution is, quaternions enable us to give 
one vastly simpler. For the problem may be thus stated — 
Find the locus of the point whose distances from two given 
lines are equal. And, with the above notation, the equality of 
the perpendiculars is expressed (§ 201) by 

TF.{a^(T) Up = TF.ia + a) Up^, 

which is easily seen to be equivalent to the equation obtained 
above. 

233* Two spheres being given, show that spheres which cut 
them at given angles cut at right angles another fixed sphere. 

If c be the distance between the centres of two spheres whose 
radii are a and b, the cosine of the angle of intersection is 
evidently a^^i^^c^ 

2ai 

Hence, if a, Ci, and p be the vectors of the centres, and «, a^, r 
the radii, of the two fixed, and of one of the variable, spheres ; 
A and Ai the angles of intersection, we have 

(p— a)^ + e»" + r* = 2arcosA, 
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Eliminating the first power of r, we evidently must obtain a 
r^ultsuchas (p-^fiY + b^^r^ :sO, 

where (by what precedes) fi is the vector of the centre, and 
i the radius^ of a fixed sphere 

(p-^)« + «« = 0, 

which is cut at right angles by all the varying spheres. By 
eflfecting the elimination exactly we easily find b and ^ in terms 
of given quantities. 

234. To inscribe in a given sphere a closed polygon, plane 
or gauche, whose sides shall be parallel respectively to each 
of a series of given vectors. 

- Let Tp-l 

be the sphere, a, /3, y, , rj, $ the vectors, n in number, and 

let pi, Pj, p^ be the vector-radii drawn to the angles of the 

polygon. 

Then Pa— pi =^ ^\^y &c., &c. 

Prom this, by- operating by ^(paH-pi), we get 

p\—p\ = = Sapi-hSapi. 

Also = Fapt^Fapi. 

Adding, we get 

= api+Kapi = opa+PiO* 

Hence Pas=— a"*Pia. 

[This might have been written down at once from the result of 
§ 105,] 

Similarly p, =— /3"Va)3 = i9"*a"Vi«A &^' 
Thus, finally, since the polygon is closed, 

Pn+i = Pi = (-r^'r' ^'a-^p^ap riO. 

We may suppose the tensors of a> /3 % d to be each unity. 

Hence, if a =: afi .»^, 

Y 
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we have a-^ =: $-^ri-^ P^^cr^^ 

which is a known quaternion; and thus our condition becomes 

This divides itself into two cases^ according as 9^ is an even 
or an odd number. 
K ^ be even, we have 

api = pi«, 

Removing the common part piSa, we have 

Fpi Fa = 0. 

This gives one determinate direction, ± Fa, for pi ; and shows 

that there are two, and only two, solutions. 

If n be odd, we have 

api zn-^p^a, 

which requires that we have 

Hence Sapi = 0, 

and therefore p^ may be drawn to any point in the great circle 

of the unit-sphere whose poles are on the vector a. 

235. To illustrate these results, let us take first the case of 
^ = 3. Here we must have 

S.afiy = 0, 

or the three given vectors must (as is obvious on other grounds) 

be parallel to one plane. Here a/3y, which lies in this plane, 

is (§ 106) the vector-tangent at the first comer of each of the 

inscribed triangles ; and is obviously perpendicular to the vector 

drawn from the centre to that comer. 

K ^ = 4, we have 

p, II F.afiyb, 

as might have been at once seen from § 106. 

" 236. Hamilton has given (Lectures, p. 674) an ingenious And 
simple process by which the above investigation is rendered 



I • 
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\a.pplicable to the more diflScult problem in wLich each side of 
the inscribed polygon is to pass through a given point instead 
of being parallel to a given line. His process depends upon the 
integration of a linear equation in finite differences. By an 
immediate application of the linear and vector function of 
Chapter V, the above solutions may be at once extended to 
any central surface of the second order. 

237. The equation of a cone of revolution, whose vertex 
is the origin, is easily found. 

Suppose a, where Ta = 1, to be its axis, and e the cosine of 
its semi- vertical angle ; then, if p be the vector of any point 
in the cone, SaVp^^e, 

or S^ap = —e*p*. 

238. Change the origin to the point in the axis whose vector 
is ^a, and the equation becomes 

{^x-^-SawY = — d* {xa+'ur)\ 

Let the radius of the section of the cone made by 

Sa^ = 

retain a constant value b, while x changes ; this necessitates 

a 

/, = e, 

Vb^ + x^ 

so that when x is infinite, e is unity. In this case the equation 
becomes ^,^^^^,^ja ^ 0, 

which must therefore be the equation of a circular cylinder of 
radius 5, whose axis is the vector a. To verify this we have 
only to notice that if «r be the vector of a point of such a 
cylinder we must (§ 201) have 

which is the same equation as that above. 

Y % 



m 
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239. To find^ generallj^ the equation of a cone wliich hds 
circular sections : — 

Take the origin as vertex, and let one of the circular sections 
be the intersection of the plane 

Sap=z 1 

with the sphere (passing through the origin) 

p« = 8pp. 

These equations may be written thus, 

^Tp = SpUp. 
Hence, eliminating Tp, we find the following equation which 

Up must satisfy — 

SaUpSfiUp =-1, 

or p«— iSap/Sl9p = 0, 
which is therefore the required equation of the cone. 

As a and j9 are similarly involved, the mere /orm of this 
equation proves the existence of the subcontrary section dis- 
covered by ApoUonius. 

240. The equation just obtained may be written 

or, since a and fi are perpendicular to the cyclic arcs (§ 59*), 

sinjosin/=constaQt, 

where p and j»' are arcs drawn from any point of a spheric£^l 
conic perpendicular to the cyclic arcs. This is a well-known 
property of such curves. 

24L If we cut the cyclic cone by any plane passing through 
the origin, as Syp = 0, 

then Fay and FjSy are the traces on the cyclic planes, so that 

p = xUFay-^yUFpy (§ 29). 
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Substitute in the equation of the cone^ andwe get 

where P is a known scalar. Hence the values of w and y are 
the same pair of numbers. This is a very elementary proof 
of the proposition in § 59*, that PL = MQ (in the last figure 
of that section), 

242. When x and y are eqiml, the transversal arc becomes 
a tangent to the spherical conic, and is evidently bisected at the 
point of contact. Here we have * 

This is the equation of the cone whose sides are perpendiculars 
(through the origin) to the planes which touch the cycUc cone. 

243. It may be well to observe that the property of the 
Stereographic projection of the sphere, viz. that the projection 
of a circle is a circle, is an immediate consequence of the above 
form of the equation of a cyclic cone. 

244. That § 239 gives the most general form of the equation 
of a cone of the second order, when the vertex is taken as origin, 
follows from the early results of next Chapter. For it is shown 
in § 249 that the equation of a cone of the second order can 
always be put in the form 

22.Sap8fip + Ap^ = 0. 
This may be written Spipp = 0, 
where </> is the self-conjugate linear and vector function 

(l>p = I,F,apl3 + {A + I,Sal3)p. 
By § 168 this may be transformed to 

<I>P =i?p+?^Apfx, 
and the general equation of the cone becomes 

(i?-./SV)p' + 2/SXp'W = 0, 
which is the form obtained in § 239. 
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245. Taking the fonn 

Sp<l)p = 
as the simplest^ we find by differentiation 

Sdp<f>p + Spd<pp =: 0, 

or 28dp<^p = 0. 

Hence ^p is perpendicular to the tangent-plane at the extremity 
of p. The equation of this plane is therefore ('cr being the 
vector of any point in it) 

or^ by the equation of the cone^ 

246. The equation of the cone of normals to the tangent- 
planes of the given cone can be easily formed &om that of the 
cone itself. For we may write it in the form 

S {<!>-' <l>p)(l>p = 0, 
and if we put <l>p=z a, a vector of the new cone^ the equation 
becomes 8a<l>-'^a = 0. 

Numerous curious properties of these connected cones^ and of 
the corresponding spherical conies^ follow at once from these 
equations. But we must leave them to the reader. 

247» As a final example^ let us find the equation of a cyclic 
cone when Jive of its vector-sides are given — ^i. e. find the cone 
of the second order whose vertex is the origin^ and on whose 
surfSEice lie the vectors a, ft y, 6, e. 

If we write 

= s.F{rapn€)F{rpyr€p)r{rybrpa), (i) 

we have the equation of a cone whose vertex is the origin— -for 
the equation is not altered by putting xp for p. Also it is 
the equation of a cone of the second degree, since p occurs only 
twice. Moreover the vectors a, ft y, 6, c are sides of the cone. 
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because if anj one of them be put for p the equation is satisfied. 
Thus if we put j3 for p the equation becomes 

= 8.F{Fapn€) riVfiynp) F{FybFfia) 

= s.r{FapFh€){rfiaS.rybrpyr€i3'-rYbS.rfiarpyF€p}. 

The first term vanishes because 

S.r{rapn€)Fpa=zO, 

and the second because 

S.riSaFpynp = 0, 

since the three vectors Ffia, Fpy, F^p, being each at right 
angles to fi, must be in one plane. 

As is remarked by Hamilton, this is a very simple proof of 
Pascal's Theorem — ^for (1) is the condition that the intersections 
of the planes of a^/3 and d^e; /3^y and e^p; y^h and p^a; shall 
lie in one plane ; or^ making the statement for any plane section 
of the cone^ the points of intersection of the three pairs of 
opposite sides^ of a hexagon inscribed in a conic^ lie in one 
straight line. 
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1. On the vector of a point P in the plane 

8ap=. 1 

a point Q is taken^ such that QO.OP is constant; find the 
equation of the locus of Q. 

2. What spheres cut the loci of P and Q in (1) so that both 
lines of intersection lie on a cone whose vertex is ? 

3. A sphere touches a fixed plane^ and cuts a fixed sphere. 
If the point of contact with the plane be ^ven, the plane of the 
intersection of the spheres contains a fixed line. 
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Find the locus of the centre of the variable sphere^ if the 
plane of its intersection with the fixed sphere paases through ^ 
given point. 

4. Find the radii of the spheres which touchy simultaneously^ 
the four given pknes 

5ap = 0, Spp — 0, Syp=:0, 8dp=l. 

[What is the volume of the tetrahedron enclosed by these 
planes?] 

5. If a moveable line^ passing through the origin, make with 
any number of fixed lines angles $, $i, 0^, &c.^ such that 

acoB.$+aiCOQ.0i-^ = constant^ 

where a, at, are constant scalars^ the line describes a right 

cone. 

6. Determine the conditions that 

Sp<f>p = 
may represent a ru/At cone. 

7. What property of a cone (or of a spherical conic) is given 
directly by the following form of its equation^ 

S.ipKp = ? 

8. What are the conditions that the surfsK^es represented by 

8p<l>p = 0, and S,ipKp = 0^ 
may degenerate into pairs of planes ? 

9. Find the locus of the vertices of all right cones which have 
a common ellipse as base. 

10. Two right circular cones have their axes parallel^ show 
that the orthogonal projection of their curve of intersection on 
the plane containing their axes is a parabola. 

11^ Two spheres being given in magnitude and position^ 
every sphere which intersects them in given angles will touch 
two other fixed spheres and cut another at right angles. 
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1 2. If J. sphere be placed on a table^ the breadth of the elliptic 
fhadow formed by rays diverging from a fixed point is inde- 
pendent of the position of the sphere. 

13. Form the equation of the cylinder which has a given 
circular section, and a given axis. Find the direction of the 
normal to the subcontrary section. 

14. Given the base of a spherical triangle, and the product 
of the cosines of the sides, the locus of the vertex is a spherical 
conic, the poles of whose cyclic arcs are the extremities of the 
given base, 

15. (Hamilton, Bishop Lavfs Fremium JSx.j 1858.) 

(a.) What property of a sphero-conic is most immediately 
indicated by the equation 

S^S^- 1? 
a p 

(5.) The equation 

{npy-\-{Sixpy = o 

also represents a cone of the second order; X is a focal 
line, and jx is perpendicular to the director-plane cor- 
responding. 

(c.) What property of a sphero-conic does the equation 
most immediately indicate ? 

16. Show that the areas of all triangles, bounded by a 
tangent to a spherical conic and the cyclic arcs, are equal. 

17. Show that the locus of a point, the sum of whose arcual 
distances &om two given points on a sphere is constant, is a 
spherical conic. 

18. If two tangent planes be drawn to a cyclic cone, the 
four lines in which they intersect the cyclic planes are sides 
of a right cone. 
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19. Find the equation of the cone whose sides are the in- 
tersections of pairs of perpendicular tangent planes to a given 
cyclic cone. 

20. Find the condition that five given points may lie on 
a sphere. 

21. What is the sur&ce denoted by the equation 

where p = tpa-^yfi-^zy, 

a, p, y being given vectors, and a?, y, z variable scalars ? 

Express the equation of the surface in terms of p, a, ^y y 
alone. 

22. Find the equation of the cone whose sides bisect the 
angles between a fixed line and any line, in a given plane, 
which meets the fixed line. 

What property of a spherical conic is most directly given 
by this result ? 
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SUBFACES OF THE SECOND OBDER. 

248. nnHE general scalar equation of the second order 
-*- in a vector p must evidently contain a term in- 
dependent of p, terms of the form S,apb involving p to the 
first degree, and others of the form 8,apbpc involving p to the 
second degree, «, b, c, &c. being constant quaternions. Now the 
term S,apb may be written 

S.{Sa-h ra)p{8b^ Tb), 

or SaSpFb + SbSpFa^S.pnVa, 

each of which may evidently be put in the form Syp, where 
y is a known vector. 

Similarly the term S.apbpc may be reduced to a set of terms, 
each of which has one of the forms 

Ap\ (5ap)% SapSpp, 

the second being merely a particular case of the third* Thus 

(the numerical factors 2 being introduced for convenience) we 

may write the general scalar equation of the second degree as 

follows : — 

2^.SapSfip-\'Ap^-\'2Syp=:a (1> 

249. Change the origin to D where OS = 6, then p becomes 
p + d, and the equation takes the form 

22.SapSpp + Ap^-^2^{8ap8pb + 8ppSab) + 2ASbp + 2Syp 

+ 22.8aZ8pb+Ab^-h28yb-C=z 0; 

from which the first power of p disappears, that is tke surface 
is referred to its centre , if 

l.{a8ph+p8QX)^Ah+y = 0, (2> 

z % 
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a vector equation of the first degree, which in general gives 
a single definite value for 8, by the processes of Chapter V. 
[It would lead us beyond the limits of an elementaiy treatise 
to consider the special cases in which (2) represents a line, 
or a plane, any point of which is a centre of the surface. The 
processes to be employed in such special cases have been amply 
illustrated in the Chapter referred to.] 
With this value of h, and putting 

D = C-25'y«-J5»-.2S.4Sa«fil38, 
the equation becomes 

If 2>=0, the surface is conical (a case treated in last Chapter) ; 
if not, it is an ellipsoid or hyperboloid. Unless expressly stated 
not to be, the surface will, when JD is not zero, be considered 
an ellipsoid. By this we avoid for the time some rather delicate 
considerations. 

By dividing by jD, and thus altering only the tensors of the 
constants, we see that the equation of central surfaces of the 
second order, referred to the centre, is (excluding cones) 

2S{8apSpp)+ffp* ^ I (8) 

250. Differentiating, we obtain 

2'2{8adp8pp-^8ap8pdp} + 2ff8pdp = 0, 
or 8.dp {2 {a8pp'^p8ap) +^p} = 0, 

and therefore, by § 137, the tangent plane is 

8{vr^p){2{a8pp+fi8ap)-^^p} = 0, 

i.e. 8.vr{'2{a8pp-^p8ap)+^p} = 1, by (3). 

Hence if v = l{a8pp-^p8ap)-\-ffp (4) 

the tangent plane is 8piff =1, 

and the surface itself is 8vp = 1. 

And, as i;-* is evidently the vector-perpendicular from the origin 
Qn the tangent plane, v is called the vector of proximity. 
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25L Hamflton uses for v, which is obviously a linear and 
vector function of p, the notation ^^ ^ expressing a functional 
operation, as in Chapter V. But, for the sake of clearness, we 
will go over part of the ground again, especially for the benefit 
of students who have mastered only the more elementary parts 
of that Chapter. 

We have, then, 

<^p = 2 {a8pp-{-p8ap) +ffp. 

With this definition of ^, it is easy to see that 

(a.) <l>(j)+<r)=z ^p-f-^(r, &c., for any two or more vectors. 
(b.) 4>{^P) = ^i>P7 ^ particular case of (a), x being a scalar. 
{c) d<f>p = 4*{dp). 

{d.) Saipp = 2{8aa8pp-^8pa8ap)+jf8p(r = 8p<l)(r, 
or ^ is, in this case, self-conjugate. 
This last property is of great importance. 

252. Thus the general equation of central surfaces of the 
second degree (excluding cones) may now be written 

^*P=l (1) 

Differentiating, Sdpil>p + 8pd(pp =: 0, ' 

which, by applying (c.) and then (d.) to the last term on the 
left, gives 28<l>pdp= 0, 

and therefore, as in § 250, though now much more simply, the 
tangent plane at the extremity of p is 

S{vr-~p)<l>p=: 0, 

or iSW^p = 8p(l>p = 1, 

If this pass through A{OA = a), we have 

8wl>p = 1, 

<^* ^7 Wf Sp4>a = 1, 

for all possible points of contact. 
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This is therefore the equation of the plane of contact of 
tangent planes drawn from A. 

253. To find the enveloping cone whose vertex is A, notice 

t^^ (^P*/>- 1) +jo(^o- 1)» = 0, 

where J9 is any scalar^ is the equation of a surface of the second 
order tcmchi/ng the ellipsoid along its intersection with the plane. 
If this pass through A we have 

audi, is^found. Then our equation becomes 

(fi^/)-l)(&x<()o^l)-(/S/)<^-l)»= 0, (1) 

wdich is the cone required. To assure ourselves of this, transfer 
the origin to A, by putting p-j-a for p. The result is, using 
{a.) and {d,)y 
{8pipp+28p<tia'^S<i(l>a-'l){8a4)a'^l)-{8p<f>a+8a<f>a- 1)» = 0, 
or 8p<l>p (&i0a — 1 ) — {8p<t>ay = 0, 

which is homogeneous in Tp^, and is therefore the equation of 
a cone. 

Suppose A infinitely distant, then we may put in (1) aro for a, 
where w is infinitely great, and, omitting all but the higher 
terms, the equation of the cylinder formed by tangent lines^ 
parallel to a is 

{8p<f>p^l)8a(l>a''{8p4>ay = 0. 

254* To study the nature of the surface more closely, let us 
Jmd the locm of the middle points of a system of parallel chords. 

Let them be parallel to a, then, if ^ be the vector of the 
middle point of one of them, vr-i-xa and 'cr—xa are simultaneous 
values of p which ought to satisfy (1) of § 252. 

That is 8.{'UT±xa)<f>{'UF±xa) = 1. 

Hence, by (a.) and (rf.), as before, 

8a<fysr+x^8a(t>a = 1, 

/Sw<^a = 0. (1) 



> y 



(2) 



SECT, 255.] SURFACES OF THE SECOND ORDER. lib 

The latter equation shows that the locus of the extremity 
of xfff the middle point of a chord parallel to a^ is a plane 
through the centre^ whose normal is ^a; that is^ a plane 
parallel to the tangent plane at the point where OA cuts the 
surface. And {d.) shows that this relation is reciprocal— so that 
if j3 be any value of «r, i. e. be any vector in the plane (1), a 
will be a vector in a diametral plaixe which bisects all chords 
parallel to j3. The equations of these planes are 

8m(^^ = 0, 
so that if F.^a<^j3 = y (suppose) is their line of intersection, we 

'^^^^ 8yfl>a = = 8c4y ^ 

Sy<i>^ = = 8p<py 
and (1) gives 8p<l>a = = iSa^j3 J 

Hence there is an infinite number of sets of three vectors 
a, pf y, stick that all chords parallel to any one are bisected 
by the diametral plane containing the other two. 

255. It is evident from § 23 that any vector may be ex- 
pressed as a linear function of any three others not in the 

same plane, let then 

p=:xa-\-yP-\-zy, 

where, by last section, 

8a<^fi = 8p<pa = 0, 
8axfyy =z 8y<t>a s= 0, 
8p<l>y = 8y(l>p = 0. 

And let 8(ut>a = 1 

SP(I>P = 1 
8y(l>y = 1 

so that a, )3, and y are vector conjugate semi-diameters of the 
surface we are engaged on. 

Substituting the above value of (x in the equation of the 
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surface^ and attending to the equations in a^ p, y and to (a.)^ {b\ 
and (^.), we have 

To transform this equation to Cartesian coordinates^ we notice 
that X is the ratio which the projection of p on a bears to a 
itself^ &c. K therefore we take the conjugate diameters as 
axes of ^^ t\y C? and their lengths as a, b, c, the above equation 
becomes at once 

a. + i. + c» ~ ^' 

the ordinary equation of the ellipsoid referred to conjugate 
diameters. 

256. If we write — ^* instead of «l>, these equations assume 
on interesting form. We take for granted, what we shall after. 

vector function is lawful^ and that the new linear and vector 
function has the same properties (a.), {6,), (c), (d.) (§ 251) as 
the old. The equation of the surface now becomes 

Sprp^-h 
or Sxjfpxjfp = — l, 

or, finally, Txfrp = 1. 

If we compare this with the equation of the unit-sphere 

Tp=h 
we see at once the analogy between the two sur&ces. 2^ 
sphere can be changed into the ellipsoid, or vice versd, hy a linear 
deformation of each vector, the operator being the function ^ or its 
inverse. See the Chapter on Physical Applications. 

257. Equations (2) § 254 now become 

Sayjf^p = = Sylfaxlrp, &c., (1) 

so that ^o, ^j8, yjry, the vectors of the unit'Sphere which cor- 
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respond to semi-conjugate diameters of the ellipsoid^ form a rect* 

angular system. 

We may remark here, that, as the equation of the ellipsoid 

referred to its principal axes is a case of § 255, we may now 

suppose ^,y, and h to have these directions, and the equation is 

X* y^ z^ . 

— + ^7 -f — = 1, which, m quaternions^ is 

'^^'^ a^ h^ c* 

We here tacitly assume the existence of such axes, but in all 
cases, by the help of Hamilton's method, developed in Chapter V, 
we at once arrive at the cubic equation which gives them. 
It is evident from the last-written equation that 

_ iSip jSjp kSkp 
^^ a^ d^ c^ ^ 



and ^p = -('^ +-^^ + ^, 

^ a b c ^ 



which latter may be easily proved by showing that 

And this expression enables us to verify the assertion of last 
section about the properties of V^. 

As Sip = — or, &c., Xf y, z being the Cartesian coordinates 
referred to the principal axes, we have now the means of at once 
transforming any quaternion result connected with the ellipsoid 
into the ordinary one. 

258. Before proceeding to other forms of the equation of the 
ellipsoid, we may use those already given in solving a few 
problems. 

Find the locus of a point whe^i the perpendicular from the centre 
on its polar plane is of constant lengths 

If «r be the vector of the point, the polar plane is 

Spifyop = 1, 

and the length of the perpendicular from is -=7— (§ 208). 

A a 
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' Hence the required locus is 

T<fysr = (7, 
or S^4)^^ = — C% 

a concentric ellipsoid^ with its axes in the same direction as 
those of the first. By § 257 its Cartesian equation is 

a* 0* c* 

259, Find the locus of a point whose distance from a given point 
is ahoays in a given ratio to its distance from a given line. 

Let p = a?j3 be the given line, and A {OA = a) the given point, 
and let Sa^ = 0. Then for any one of the required points 

T{p^a)^eTVppy 
a sur&ce of the second order, which may be written 

p« — 2/Sap+a» = ^«(/S«j8p— )3V> 
Let the centre be at I, and make it the origin, then 

and, that the first power of p may disappear, 

a linear equation for I. To solve it, note that Sa^ = 0, operate 
by 8.p and we get 

(1 ^e^p*+e^fi^)8pb = Sph = 0. 

Hence 8— a = — ^*/3»5, 

a 



or 



5 = 



l-\-e^fi* 
Referred to this point as origin the equation becomes 

which shows that it belongs to a surface of revolution whose 
axis is parallel to j3, as its intersection with a plane Sfip = «, 
perpendicular to that axis, lies also on the sphere 

e^a^ e^fi^a" 



P' = 



1+e^fi^ {l-\'e^p^y 
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260. A sphere, passing through the centre of an ellipsoid, is 
cut by a series of spheres whose centres a/re on the ellipsoid and 
which pass through the centre thereof; jmd the envelop of the, 
planes of intersection. 

Let (p— a)* = a' be the first sphere^ i. e. 

p»— 2iSap=: 0. 
One of the others is 

p* — 2i8Wp= 0, 

where &Gf(fm^ 1. 

The plane of intersection is 

8{'UT'~a)p = 0. 

Hence, foi* the envelop, (see next Chapter,) 

5W'<^ = 0, ) 

r wnere -cr =»«•, 
iCfer p := 0, ) 

or <^:=zxp, {Vx^O}, 

i.e. 'm=zxifr^p. 

Hence x^Spi^-^p =1, | 

and xSpi^"^ p = Sap, ) 

and, eliminating x, 

Sp<f>'^p = {SapY, 
a cone of the second order. 

26L M'om a point in the outer of two concentric ellipsoids a 
tangent cone is drawn to the inner, find the envelop of the plane of 
contact. 

If Sw<fm= 1 be the outer, and Spyjrp = 1 be the inner, ^ and 

\lf being any two self-conjugate linear and vector functions, the 

plane of contact is 

Shsnjfp = 1. 

Hence, for the envelop, iSjarVp = ^> 



onrylrp = UO 
Sn/4m = 0, J 



therefore 


{fyar = x\lfp. 


or 


V = xipr^y^p. 




A a 2 
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This gives aS.\^p<fr^y^p = 1, 

and x*8.\jfp<l>' 

and therefore, eliminating x, 

S.y^pifr^y^p =1, 
or S.py^itr^y^p = 1, 

another concentric ellipsoid, as y^ifr^^ is a linear and vector 
function = x suppose ; so that the equation may be written 

5pXP = 1- 

262. Find the locus of intersection of tangent planes at the 
extremities of conjugate diameters. 

If a, )3, y be the vector semi-diameters, the planes arc 

Sw^^a = — 1, 

Smjf^p = ~ 1, 

iScn/f '^ y = — 1, 
with the conditions § 267. 
Hence . 

— ^/rBTiS.^a^jSVo' = ^ = ^a-^-'^P-^-yjry, by § 92, 
therefore ^«r = \/3, 

since i/ra, i/fj3, ^y form a rectangular system of unit- vectors. 
This may also evidently be written 

Smy^^vr = — 3, 
showing that the locus is similar and similarly situated to the 
given ellipsoid, but larger in the ratio \/3 : 1. 

263. Find the locus of the intersection of three spheres whose 
diameters are semi-conjugate diameters of an ellipsoid. 

If a be one of the semi-conjugate diameters 

And the corresponding sphere is 

p» Sap = 0, 
or p^-'8\l/a\lf-'^p=^0, 
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with similar equations in fi and y. Hence^ by § 92^ 

and, taking tensors, 

or ^-V"' = ^^3, 

or, finally, Spfyjr-^p = — 3p*. 

This is FresneFs Surface of Elasticity in the Undulatory Theory. 

264. Before going fiajrther we may prove some useful proper- 
ties of the function <f> in the form we are at present using — viz. 

_ iSip jSjp kSkp 
*^" a» "^ A» "^ c« * 

We have p = — iSip --jSjp — kSkp, 

and it is evident that 



Hence 



A.% __iSip__J^^JtSkp 
^^ a* 6* c* ' 

ifi-^p = aHSip+h^jSjp+c^kSkp, 



Also 
and so on. 

Again, if a, jS, y be a«y rectangular unit- vectors 

T 1 — 1 



But as 

we have 
Agiun, 



&c. = &c. 



iSia 



i8i0 



dSHy 



S.^^y = 8.(^ + ,..)(^ + ...)C-^ + ...) 



»97 — 


"'^a' 


r-f 




S;a 


Sia 


8il3 


8;P 
4' ' 




Siy 


^V 


Siy 



a 



« ' A> ' 



— 1 



a» b^ c^ 



Sia, Sja, Ska 
Sip, m Skp 
Siy, Sjy, Sky 



1 



a^b^c' 
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And so on. These elementary investigations axe given here for 
the benefit of those who have not read Chapter V. The student 
may easily obtain all such results in a far more simple manner 
by means of the formulser of that Chapter. 

265. Find the locus of intersection of a rectangular system of 
three tangents to an ellipsoid. 

If «r be the vector of the point of intersection^ a, )3, y the 
tangents^ then, since «r-f a?a should give equal values of a? when 
substituted in the equation of the surface, giving 

or ir'iS(0M^a-|-.2a?/S'w<^o4-(i8W<^— 1) = 0, 

we have {&Br(l>ay = 8a<f>a{&Br(l>vr—l). 

Adding this to the two similar equations in p and y 
(Sa<lyury-\-(Sp<fysry + {SY<fyuFy = {8a(l>a+ Sfi(pp + 8y(fyy){8m4m-'l), 

or -(<K)' = (^ + ^ + ■^) (^<K-1). 

of/1.1 1\ . .ol 1 1 1 

an ellipsoid concentric witiii the first. 

266. If « rectangular system of chords he drawn through any 
point within an ellipsoid, the sum of the reciprocals of the rect- 
angles under the segments into which they are divided is constat. 

With the notation of the solution of the preceding problem, 
«r giving the intersection of the vectors, it is evident that the 
product of the values of x is one of the rectangles in question 
taken negatively. 

Hence the required sum is 

^ — — 
28a(l>a li^^ P'^ c^ 



8m^rn — 1 8fs^iss — 1 

This evidently depends on /Sbk^w only and not on the par- 
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ticular directions of a,fi,y: and is therefore unaltered if ^ be 
the vector of any point of an ellipsoid similar^ and similarly 
situated^ to the given one. [The expression is interpretable 
. even if the point be exterior to the ellipsoid.] 

267« SAoto that if any rectangular system of three vectors he 
drawn from a point of an ellipsoid, the plane containing their 
other extremities passes through a fixed point, Mnd the locus of 
the latter point as the former varies. 

With the same notation as before^ we have 

Snr<fyGr = I, 

and S{^-\-xa)<l>{'UT+xa) = 1 ; 

,, p 2Sa(fysr 

therefore a? = ~- — 

ooupa 

Hence the required plane passes through the extremity of 

Satfysr 
Sa(pa 

' and those of two other vectors similarly determined. It therefore 
passes through the point whose vector is 

or e=zvr-^ ^^ (§ 173). 

m^ 

Thus the first part of the proposition is proved. 
But we have also 

whence by the equation of the ellipsoid 
the equation of a concentric ellipsoid. 



^mJu 



W? 
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268. Find the directions of the three vectors which are parallel 
to a set of conjugate diameters in each of two central surfaces of 
the second degree. 

Transferring the centres of both to the origin^ let their 

equations be 

5p^p=lor0,-| 

and 8p^p = 1 or 0. i 

If a, )3^ y be vectors in the required directions^ we must have 

(§ 254) 

Soj^^ = 0, Sa^^ =0, 

8^ = 0, 8^^ = 0, . (2) 

8y^ = 0, 8y^a = 0. ^ 

From these equations 

<^d||r)3y||V^a, &c. 

Hence the three required directions are the roots of 

r.ipp^p=zO (3) 

This is evident on other groimds^ for it means that if one of 
the surfaces expand or contract uniformly till it meets the other, 
it will touch it successively at points on the three sought vectors. 

We may put (3) in either of the following forms — 

or r.p\lr-^4)p =z oj ^ 

and^ as <^ and yjr are given functions^ we find the solutions by 
the processes of Chapter V. 

[Note. As ^""^V^ and ^"*^ are not, in general, self-conjugate 
functions, equations (4) do not signify that a, )3, y are vectors 
parallel to the principal axes of the surfaces 

8.p(t>-'^p = 1, S.p\lr-^<f>p = 1.] 

269* Find the equation of the ellipsoid of which three con- 
jugate semi-diameters are given. 
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Let the vector semi-diameters be a, j3, y, and let 

8p<t>p = 1 
be the equation of the ellipsoid. Then (§ 255) we have 

8axl>a = 1, Sa<f>fi = 0, 

8p<i>p = 1, Sp<tyy = 0, 

8y(l>y = 1, 8y(l>a = ; 

the six scalar conditions requisite (§ 139) for the determination 
of the linear and vector function (p. 

They give a || T^jS^y, 

or xa = <^~^ Ffiy. 
Hence x = x8a<^a = 8.aPyf 

and similarly for the other combinations. Thus, as we have 

p 8.aPy = a 8,Pyp -f fi 8.yap + y8,afip, 
we find at once 

il>p8\apy = Ffiy8.pyp + Vya8,yap -j- Vap8.afip ; 
and the required equation may be put in the form 

8Kafiy = 8Kafip-^8Kpyp-\-8\yap. 

The immediate interpretation is that if /our tetrahe&ra he formed 
hy grouping y three and threes a set of semi-conjugate vector axes 
of an ellipsoid and any other vector of the surface^ the sum of 
the squares of the volumes of three of these tetrahedra is equal to 
the square of the volume of the fourth. 

270. When the equation of a surface of the second order can 
be put in the form 

^/>*-V= 1. (1) 

where (<^ —g) {^ — ^i) (<^ —g^ = 0, 

we know that g^ g^^g^ are the squares of the principal semi- 
diameters. Hence, if we put 0-f A for we have a second 
surface, the differences of the squares of whose principal semi- 
axes are the same as for the first. That is, 

5p(<fr + A)-V = 1 (2) 

Bb 
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is a surface confocal with (l). From this simple modification 
of the equation all the properties of a series of confocal surfaces 
may easily be deduced. We give one as an example. 

27L Any two confocal surfaces of the second order, which meet^ 
intersect at right angles. 

For the normal to (2) is, evidently, 

(*+^)-Vj 

and that to another of the series, if it passes through the 
common point whose vector is p, is there 

But &(<^+A)-p(0 + ^O-V = S.p ^^^j^^^^^j^y 

and this evidently vanishes if h and hi are different, as they 
must be unless the surfaces are identical. 

272. To find the conditions of similarity of two central surfaces 
of the second order. 

Referring them to their centres, let their equations be 

8p^p = 1> 

Now the obvious conditions are that the axes of the one are 
proportional to those of the other. Hence, if 

^' 4-«»a^* + m^g + ;» = 0, 

be the equations for determining the squares of the reciprocals 
of the semiaxes, we must have 



^"=^'1 (1) 



:::;} <^' 



— - = f*, -zr = v-\ — =J*'> (3) 

where ft is an imdetermined scalar. Thus it appears that there 



::} « 
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are but two scalar conditions necessary. Eliminating fi we 
have 

which are equivalent to the ordinary conditions. 

273. Find the greatest and least semi-diameters of a central 
plane section of an ellipsoid. 

Here /Sp<^p = 1 

Sap 

together represent the elliptic section ; and our additional con- 
dition id that ^ is a maximum or minimum. 

Differentiating the equations of the ellipse, we have 

8(f>pdp = 0, 

Sadp = 0, 

and the maximum condition gives 

dTp = 0, 

or Spdp = 0. 

Eliminating the indeterminate vector dp we have 

8,ap<lip = (2) 

This shows that the maximum or minimum vector, the normal at 
its extremity f and the perpendicular to the plane of section^ lie in 
one plans. It also shows that there are but two vectors which 
satisfy the conditions, and that they are perpendicular to each 
other, for (2) is satisfied if ap be substituted for p. 

We have now to solve the three equations (1) and (2), to find 
the vectors of the two (four) points in which the ellipse (1) 
intersects the cone (2). We obtain at once 

^p = xF.<p~^aFap. 

Operating by S.p we have 

1 = xp^Sa(f>'~^a. 
B b 2 
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Hence p*4>p = p-a ^^ 

from which /S'.a(l — />*^)-*a = ; (4) 

a quadratic equation in p*, from which the lengths of the 
maximum and minimum vectors are to be determined. By 
§ 147 it may be written 

ittp*4Siw^-*a— /)'5'.a(«*a— <^)a-f a' = (5) 

[If we had operated by S.<p-^a instead of by S.a, we should 
have obtained an equation apparently different from this, but 
easily reducible to it. To prove their identity is a good exercise 
for the student.] 

Substituting the values of p* given by (5) in (3) we obtain 
the versors of the required diameters. [The student may easily 
prove directly that 

(l-p;<^)-ia and (l-pj<^)-»a 

are necessarily perpendicular to each other, if both be perpen- 
dicular to a, and if pi and pi be different.] 

274. By (4) of last section we see that 

Hence the area of the ellipse (1) is 

irTa 

Also the locus of normals to all diametral sections of an ellipsoid, 
whose areas are equal, is the cone 

8a<t>-^a = Ca\ 
When the roots of (4) aire equal, i. e. when 

{m^a^^8a4>ay — ^ma^8a(f>'^a, (5) 

the section is a circle. It is not difficult to prove that this 



SECT. 277.1 SURFACES OP THE SECOND ORDER. 189 

equation is satisfied by only two values of C/ia, but another 
quaternion form of the equation gives the solution of this and 
similar problems by inspection. 

275. By § 168 we may write the equation 

Sp(f>p = 1 
in the new form 

S.kpiip+pp* = 1, 

where p ib b, known scalar^ and \ and fi are definitely known 
(with the exception of their tensors, whose product alone is 
given) in terms of the constants involved in </>. [The reader is 
referred again abo to §§ 121, 122.] This may be written 

28KpSixp + {p^SKfjL)p^ = 1 (1) 

From this form it is obvious that the surface is cut by any 
plane perpendicular to X or ^ in a circle. For, if we put 

SKp = a, 

we have 2aSixp + ( jo — SXijl) p'-* = 1 , 

the equation of a sphere which passes through the plane curve 
of intersection. 

Hence \ and jbi of § 168 are the values of a in equation (5) of 
last section. 

276. ^fiy two circular sections of a central surface of the second 
order , whose planes are not parallel, lie on a sphere. 

For the equation 

{SKp—a)(Siip^b) = 0, 
where a and b are any scalar constants whatever, is that of a 
system of two non-parallel planes, cutting the surface in circles. 
Eliminating the product SKpSjxp between this and equation (1) 
of last section, there remains the equation of a sphere. 

277. To find the generating lines of a central surface of the 
second order. 

Let the equation be •4Sp</)/> = 1 ; 
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then^ if a be the vector of any point on the suibuce, and vr 
a vector parallel to a generating line^ we must have 

p = a-^xw 
for all values of the scalar x. 

Hence S{a'\-xw)(f>{a+xv) = I, 

which gives the two equations 

ScufyuT = 0,% 
SwifyaT = 0. J 

The first is the equation of a plane through the origin parallel 
to the tangent plane at the extremity of a, the second is the 
equation of the asymptotic cone. The generating lines are 
therefore parallel to the intersections of these two surfaces^ as is 
well known. 

From these equations we have 

yKfycr = Vatsr 

where y is a scalar to be determined. Operating on this by 
S.p and S.y, where /3 and y are any two vectors not coplanar 
with a, we have 

StsT(y4>fi'h Fap) = 0, St!T(j(l>y'- Fya) = (1) 

Hence S.<l>a {y4>fi -f Fap)(y(f)y — Fya) = 0, 

or my^8,afiy^8a(l>a8.afiy = 0. 

Thus we have the two values 



belonging to the two generating lines.. 

278. But by equation (1) we have 

zvr = r.{y<t>fi+ rap){y<f>y- Fya) 

= my^(f>-^Ffiy+yF.<l>aFfiy'-fiS.aFfiy ; 
which^ according to the sign of y, gives one or other generating 
line. 

Here Ffiy may be any vector whatever, provided it is not 
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perpendicular to a (a condition assumed in last section)^ and 
we may write for it 0. 
Substituting the value o{y before found, we have 






= r^aV-c^-^e ±^2^ r<i>a0, 



8atf>a 
m 

or, as we may evidently write it, 



= (l>-'{r.ar<i>ae)±^^^F<i>ae (2) 

Put T = F<i>ae, 

and we have 8^ 

with the condition 8r^a = 0. 

[Any one of these sets of values forms the complete solution of 
the problem; but more than one have been given, on account 
of their singular nature and the many properties of surfaces 
of the second order which immediately follow from them. It 
will be excellent practice for the student to show that 



is an invariant. This may most easily be done by proving that 

F.y^By^i = identically.] 

Perhaps, however, it is simpler to write a for F./Sy, and we thus 
obtain 



zm = dr^ F,aFa4>a + a/ — — Fa6a. 

^ ^ m ^ 

[The reader need hardly be reminded that we are dealing 
with the general equation of the central surfaces of the second 
order — the centre being origin.] 



r 
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EXAMPLES TO CHAPTER VIIL 

1. Find the locus of points on the surface 

8p(f>p = 1 
where the generating lines are at right angles to one another. 

2. Find the equation of the surface described by a straight 
line which revolves about an axis, which it does not meet but, 
with which it is rigidly connected. 

3. Find the conditions that 

8p<t>p= 1 
may be a surface of revolution. 

4. Find the equations of the right cylinders which circum- 
scribe a given ellipsoid. 

5. Find the equation of the locus of the extremities of per- 
pendiculars to plane sections of an ellipsoid, erected at the 
centre, their lengths being the principal semi-axes of the sec- 
tions* [FresneFs Wave-Surface.'] 

6. The cone touching central plane sections of an ellipsoid, 
which are of equal area, is asymptotic to a confocal hyperboloid. 

7. Find the envelop of all non-central plane sections of an 
ellipsoid whose area is constant. 

8. Find the locus of the intersection of three planes^ per- 
pendicular to each other, and touching, respectively, each of 
three confocal surfaces of the second order. 

9. Find the locus of the foot of the perpendicular from the 
centre of an ellipsoid upon the plane passing through the ex- 
tremities of a set of conjugate diameters. 
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10. Find the points in an ellipsoid where the inclination of 
the normal to the radius- vector is greatest. 

11. If four similar and similarly situated surfaces of the 
second order intersect^ the planes of intersection of each pair 
pass through a common point. 

12. If a parallelepiped be inscribed in a central surface of 
the second degree its edges are parallel to a system of conjugate 
diameters. 

13. Show that there is an infinite nximber of sets of axes 
for which the Cartesian equation of an eUipsoid becomes 

14. Find the equation of the surface of the second order 
which circumscribes a given tetrahedron so that the tangent 
plane at each angular point is parallel to the opposite face j and 
show that its centre is the mean point of the tetrahedron. 

15. Two similar and similarly situated surfaces of the second 
order intersect in a plane curve^ whose plane is conjugate to the 
vector joining their centres. 

16. Find the locus of all points on 

where the normals meet the normal at a given point. 

Also the locus of points on the surface^ the normals at which 
meet a given line in space. 

17. Normals drawn at points situated on a generating line 
are parallel to a fixed plane. 

18. Find the envelop of the planes of contact of tangent 
planes drawn to an ellipsoid firom points of a concentric sphere. 
Find the locus of the point firom which the tangent planes are 
drawn if the envelop of the planes of contact is a sphere. 

19. The sum of the reciprocab of the squares of the per- 
pendiculars from the centre upon three conjugate tangent planes 
is constant. 

c c 
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20. Cones are drawn^ touching an ellipsoid^ from any two 
points of a similar^ similarly situated^ and concentric ellipsoid. 
Show that they intersect in two plane curves. 

Find the locus of the vertices of the cones when these plane 
sections are at right angles to one another. 

21. Find the locus of the points of contact of tangent planes 
which are equidistant from the centre of a surface of the second 
order. 

22. From a fixed point A^ on the sur&ce of a given sphere, 
draw any chord AD\ let If be the second point of intersection 
of the sphere with the secant BT) drawn from any point -B; and 
take a radius vector AE^ equal in length to BIfy and in direc- 
tion either coincident with, or opposite to, the chord AD : the 
locus of jj^ is an ellipsoid, whose centre is A^ and which passes 
through B. (Hamilton, Elements, p. 227.) 

23. Show that the equation 

l^(e^^\){e + 8aa) = (iSap)«-2<?iSap5aV + (iSa»« + (l-^«)p% 

where ^ is a variable (scalar) parameter, represents a system of 
confocal surfaces. {Ibid. p. 644.) 

24. Show that the locus of the diameters of 

8p<t>p = 1 

which are parallel to the chords biisected by the tangent planes 

to the cone 

Spyirp = 
is the cone 

iS./w^V^-'i^p = 0. 

25. Find the equation of a cone, whose vertex is one summit 
of a given tetrahedron, and which passes through the circle 
circumscribing the opposite side. 

26. Show that the locus of points on the surface 



I 
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the normals at which meet that drawn at the point p = cr^ is 
on the cone 

27. Find the equation of the locus of a point the square of 
whose distance fi*om a given line is proportional to its distance 
from a given plane. 

28. Show that the locus of the pole of the plane 

Sap = 1, 
with respect to the surface 

8p(t>p = 1, 
is a sphere, if a be subject to the condition 

Sa4)-^a = 0. 

29. Show that the equation of the surface generated by lines 
drawn through the origin parallel to the normals to 

Sp<l>-^p = 1 
along its lines of intersection with 

Sp((t>+iy^p = 1, 

is tsr'— M«r(<^4-*)"*«r = 0. 

30. Common tangent planes are drawn to 

28kp8iip+(j)-^8XiJL)p^ = 1, and Tp = h, 

find the value of h that the lines of contact with the former 
surface may be plane curves. What are they, in this case, on 
the sphere ? 

31. If tangent cones be drawn to 

8p<t>^p = 1, 
from every point of 

8p<t>p = 1, 

the envelop of their planes of contact is 

/Sp^V = 1. 
c c a 
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32. Tangent cones are drawn from every point of 

iSO*— a)<^(p— a) = »% 
to the similar and similarly situated surface 

Sp4>p = 1, 

show that their planes of contact envelop the surface 

{8a<l>p—iy = n^8p<t>p. 

33. Find the envelop of planes which touch the parabolas 

where a^ p, y form a rectangular system^ and t and r are scalars. 

34. Eind the equation of the surface on which lie the lines of 
contact of tangent cones drawn from a fixed point to a series of 
similar, similarly situated, and concentric eDipsoids. 

35. Discuss the surfaces whose equations are 

Sap Sfip = Syp, 
and S^ap-^S.afip = 1. 

36. Show that the locus of the vertices of the right cones 
which touch an elUpsoid is a hyperbola. 



CHAPTER IX. 

GEOMETRY OF CURVES AND SURFACES. 

279. We have already seen (§ 31 (/)) that the equations 

and p = (l>(tf u) = ^.af{tf u), 

where a represents one of a set of given vectors, and / a scalar 
function of scalars t and u, represent respectively a curve and 
a surface. We commence the present brief Chapter with a few 
of the immediate deductions from these forms of expression. 
We shall then give a number of examples, with little attempt 
at systematic development or even arrangement. 

280. What may be denoted by t and u in these equations 
is, of course, quite immaterial : but in the case of curves, con- 
sidered geometrically, t is most conveniently taken as the length, 
s, of the curve, measured from some fixed point. In the Kine^ 
matical investigations of the next Chapter t may, with great 
convenience, be employed to denote time, 

28L Thus we may write the equation of any curve in space as 

where ^ is a vector function of the length, *, of the curve. Of 
course it is only a linear frmction when the equation (as in 
§ 31 (A)) represents a straight line. 

282« We have also seen (§§ 38, 39) that 

dp d 



198 QUATERNIONS. / [CHAP. IX. 

is a vector of unit length in the direction of the tangent at the 
extremity of p. 

At the proximate pointy denoted by ^+^^ this unit tangent 
vector becomes ^/, ^ ^//^ 5* + &c. 

But, because jfA/g ^ j 

we have 8,<f/s tf/^s = 0. 

Hence if/^s is a vector in the osculating plane of the curve, and 
perpendicular to the tangent. 

Also, if b$ be the angle between the successive tangents 4>'^ 
and <l>S'\'<l/^sbS'\' , we have 

so that tie tensor of (f/^s is the reciprocal of the radius ofaisdiute 
curvature at the point s. 

283. Thus, if OP = ^« be the vector of any point P of the 
curve, and if C be the centre of curvature at P, we have 

and thus OC = <bs tt- 

^ ip s 

is the equation of the locus of the centre of curvature. 

Hence also V.i^s^"s or <l/s<f/^s 

is the vector perpendicular to the osculating plane ; and 

is the tortuosity of the given curve, or the rate of rotation of its 
osculating plane per unit of length. 

284. As an example of the use of these expressions let us 
find tie curve whose curvature and tortuosity are both constant. 

We have 

curvature = T<l/'s = T/'= c. 
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Hence ^'* <^"« = / p" = ca, 

where a is a unit vector perpendicular to the osculating plane. 
This gives 

if (jj represent the tortuosity. 

Integrating we get 

p'f^Cp'^^, (1) 

where )8 is a constant vector. Squaring both sides of this 
equation^ we get 

or T^ = >v/c«+c;. 
Multiply (1) by p', remembering that 

and we obtain — /'= — (?i + //S, 

or p'= c^S'-pP+a, (2) 

where a is a constant quaternion. Eliminating p', we have 

- p'' = - ^1 + ^1 «/3 -piS" + flfft 
of which the vector part is 

The complete integral of this equation is evidently 

p=i (coB.sTp+rj8ia.sTp^-^{c^sfi'\'Fap), (3) 

f and ri being any two constant vectors. We have also by (2), 

Spp = CiS+Sa, 
which requires that 

Sp$ = 0, Sprj = 0. 

The farther test^ that 

jPp'= 1, gives us 

-l = ?j3»(f»sin«.*r;3+i;«cos».«r^~25^sin.«7^cos.«r^) — ^^. 
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This requires^ of coursej 

SO that (3) becomes the general equation of a helix traced on 
a right cylinder. (Compare § 31 (m),) 

285. The vector perpendicular from the origin on the tan- 
gent to the curv^ p = <^* 

is, of course, 1 f' ^^ ^ir ^ 

yVpp, or pFpp 

(since / is a unit vector). 

To jmd a common property of (mrves whose tangents are all 
equidistant from the origin. 

Here Wpp = c, 

which may be written 

^p^-^8*pp'=zc* (1) 

This equation shows that, as is otherwise evident, every inirve 

on a sphere whose centre is the origin satisfies the condition. 

For obviously 

— /j« = c* gives 8pp'=, 0, 

and these satisfy (1). 

If 8pp' does not vanish, the integral of (1) is 



\/5p--c«=:*, (2) 

an arbitrary constant not being necessary, as we may measure 
9 from any point of the curve. The equation of an involute 
which commences at this assumed point is 

«r = p — sp\ 

This gives JW» = Tp^-^s^'-2s8pp' 

= yp«+^>-2«V2i)«-c«, by(l), 
= c\ by (2). 

This includes all curves whose involutes lie on a sphere about the 
origin. 
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286. Find the locus of the foot of the perperidicular drawn to a 
tangent to a right helix from a point in the axis. 

The equation of the helix is 

S 8 

p = acos- H-j3sin- 4-y*, 
a a 

where the vectors a, p, y are at right angles to each other, and 

Ta =z Tfi =z hy while aTy = ^/a»-^^ 

The equation of the required locus is, by last section, 

/ s a^—l^ . *v ^/ . « a'—** 8\ , i' 

= a(cos-H : — *sin-)-fi3(sm — *cos-)-f y— -«. 

^ a a^ a^ ^ a a^ a^ a^ 

This curve lies on the hyperboloid whose equation is 

S^avr-hS^piff—a^S^yvr = b*, 
as the reader may easily prove for himself. 

287. To find the least distance heUoeen consecutive tangents to a 
tortuous curve. 

Let one tangent be 
then a consecutive one, at a distance hs along the curve, is 



The magnitude of the least distance between these lines is, by 
§§ 203, 210, 



&\9'^-^f^^r^^^)vy^^^ 



TFp'p"bs ' 

if we neglect terms of higher orders. 

Dd 
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It may be written, since pV is a vector, and Tp'= 1, 

Hence ^SMp'TpY' 

is the small angle, 5^, between the two successive positions of 
the osculating plane. [See also § 283.] 

Thus the shortest distance between two consecutive tangents 
is expressed by the formula 



I2r 



3 



' 1 . . 

where r, = -^ttfj is the radius of absolute curvature of the tor- 
tuous curve. 

288. Let us recur for a moment to the equation of the 
parabola (§ 31 (/)) 

Here p'= (a+pf)-^, 

whence, if we assume Sap = 0, 

from which the length of the arc of the curve can be derived in 
terms of t by integration. 

Again, ,-=(a+^0^+^(|)'- 

Bt dH _ d 1 _ dt S.p{a+fii) 

ds^ "^ ds' T{a+fif) "" "^ efo T(a+pty * 

XT ., (a + fit)rap 
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and therefore, for the vector of the centre of curvature we have 
(§ 283), 

which is the quaternion equation of the evolute. 

289. One of the simplest forms of the equation of a tortuous 
curve is 

where a, fi, y are any three non-coplanar vectors^ and the 
numerical factors are introduced for convenience. This curve 
Ues on a paraboUc cylinder whose generating lines are paraUel 
to y; and also on cylinders whose bases are a cubical and a 
semi-cubical parabola, their generating Unes being paraUel to 
fi and a respectively. We have by the equation of the curve 

from which, hy Tp'= I, the length of the curve can be found 
in terms of ^; and 

p"=(«+^^+il-)^+0+yO(^), 

from which p" can be expressed in terms of «. The investiga- 
tion of various properties of this curve is very easy, and will 
be of great use to the student. 

It is to be observed that in this equation t cannot stand for 
By the length of the curve. Such an equation as 

or even the simpler form 
involves an absurdity. 

D d !} 
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290. The equation p = (b^€, 

where ^ is a self-conjugate linear and vector fiinction^ t a scalar 
variable, and c an arbitrary vector constant, denotes a curious 
class of curves. 
We have at once 

where log^ is another self-conjugate linear and vector fiinction, 
which we may denote by \. These functions are obviously 
commutative, as they have the same principal set of rectangular 
vectors, hence we may write 

dp 

which of course gives 

w = ^'f ^• 

As a verification, we should have 

'• ^-p^ dr*^ dt' 1.2 +'^*'- 

where e is the base of Napier's Logarithms. 
This is obviously true if 

or <b = ex, 

or log<^ = x, 
which is our assumption. 

[The above process is, at first sight, rather startling, but the 
student may easily verify it by writing, in accordance with the 
results of Chapter V, 

whence <^'c = ^^^aSaf^^^fiSfie—ffiySye. 
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He will find at once 

Xe = -log^i cuSae— log^a)3/S)3c-.log^3y/Sye, 
and the results just given follow immediately.] 

29L That the equation 

represents a surface is obvious from the fact that it becomes 
the equation of a definite curve whenever either t or u has a 
particular value assigned to it. Hence the equation at once 
furnishes us with two systems of curves, lying wholly on the 
surface, and such that one of each system can, in general, be 
drawn through any assigned point on the surface. Tangents 
drawn to these curves at their point of intersection must, of 
course, lie in the tangent plane, whose equation we have thus 
the means of forming. 

292. By the equation we have 

* = (!)*+(£)*. 

where the brackets are inserted to show that these quantities 
are partial diflferential coefficients. If we write this as 

dp = (l>t dt + <l>u' du, 

the normal to the tangent plane is evidently 

and the equation of that plane 

293. As a simple example, suppose a straight line to move 
along a fixed straight line, remaining always perpendicular to it, 
while rotating about it through an angle proportional to the 
space it has advanced; the equation of the ruled surface de- 
scribed will evidently be 

p = a^-|-«^()3cos^-f-ysin^), (1) 
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where a, )3, y are rectangular vectors, and 

This surface evidently intersects the right cylinder 

p = df()8cos^+ysin^+t?a, 
in a helix (§§ 31 {m\ 284) whose equation is 

p = a^ + a(j3cos^ + ysin^). 

These equations illustrate very well the remarks made in §§ 31 
(J)y 291, as to the curves or surfaces represented by a vector 
equation according as it contains one or two scalar variables. 
From (1) we have 

dp = [a— «^ (j8 sin ^— y cos t)] dt-^{fi cos ^4- y sin () du, 
so that the normal at the extremity of p is 

Ta (y cos ^--)8 sin t)-uTfi^ Ua. 
Hence, as we proceed along a generating line of the surface, 
for which t is constant, we see that the direction of the normal 
changes. This, of course, proves that the surface is not de- 
velopable. 

294. Hence the criterion for a developable surface is that if 
it be expressed by an equation of the form 

p = (f>t+U\lft, 

where (pt and yirt are vector functions, we must have the directum 

of the normal 

r{(f/t+uyl/t}\lft 
independent of u. 

This requires either Vy\rty^H = 0, 

which would reduce the surface to a cylinder, aU the generating 
lines being parallel to each other ; or 

7<t/t yjft = 0. 

This is the criterion we seek, and it shows that we may write, 
for a developable surface in general, the equation 

p = (l>t+u(l/t (1) 
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Evidently p = <i>t 

is a curve (generally tortuous) and <f>t is a tangent vector. 
Hence a developMe surface is the locus of all tangent lines to a 
tortuous curve. 

Of course the tangent plane to the surface is tte osculating 
plane at the corresponding point of the curve; and this is 
indicated by the fact that the normal to (1) is parallel to 

T^'tf^^t (See § 283.) 

295. A Geodetic line is a curve drawn on a surface so that its 
osculating plane at any point contains the normal to the surface. 
Hence, if i; be the normal at the extremity of p, p' and ^' the 
first and second diflferentials of the vector of the geodetic, 

/S.i;pV'= 0, 
which may be easily transformed into 

r.vdUp'=z 0. 

296. In the sphere ^ = a we have 

^ II P^ 
hence S.ppp"=r 0, 

which shows of course that p is confined to a plane passing 
through the origin, the centre of the sphere. 
For a formal proof, we may proceed as follows — 

The above equation is equivalent to the three 

SOp = 0, SOp = 0, 8 Op' = 0, 

from which we see at once that ^ is a constant vector, and 
therefore the first expression, which includes the others, is the 
complete integral. 

Or we may proceed thus — 

=^p8.ppy+p''s.p'p'^r.rppTpp''=:r.rpp'drpp', 

whence by § 133 (2) we have at once 

UFpp^= const. = suppose, 
which gives the same results as before. 
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297. In any cone we have, of course, 

Svp = 0, 
since p lies in the tangent plane. But we have also 

Svp = 0. 
Hence, by the general equation of § 295, eliminating v we get 
= dsS.pp'Fpp'^ SpdUp' by § 133 (2). 
Integrating 

(7= 8pUp'^jsdpUp'= 8pUp' +jTdp. 

The interpretation of this is, that the length of any arc of the 
g^detic is equal to the projection of the side of the cone (drawn 
to its extremity) upon the tangent to the geodetic. In other 
words, when the cone is developed the geodetic becomes a straight 
line. A similar result may easily be obtained for the geodetic 
lines on any developable surface whatever. 

298. To find the shortest line connecting two points on a given 
surface. 

Here / Tdp is to be a minimum, subject to the condition that 
dp Ues in the given surface. 

Now ijldp = jh Tdp = -/ ^y^ = -JS. Udp dhp 

= - IS. Udp 6p] -\-js. bp d Udp, 

where the term in brackets vanishes at the limits, as the 
extreme points are fixed, and therefore bp = 0. 
Hence our only conditions are 



/■ 



S.bpdUdp = 0, and Svbp = 0, giving 

F.vdUdp = 0, as in § 295. 

« 

If the extremities of the curve are not given, but are to lie 
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on given curves, we must refer to the integrated portion of 
the expression for the variation of the length of the are. And 

i*«*^"^ S.Udphp 

shows that the shortest line cuts each of the given curves at 
right angles. 

299. The osculating plane of the curve 

IS S.(l/t<f/'t{'tir-^p) = 0, (1) 

and is, of course, the tangent plane to the surface 

p = (f>t-\-u(^H (2) 

Let us attempt the converse of the process we have, so far, 
pursued, and endeavour to find (2) as the envelop of the variable 
plane (1). 

Differentiating (1) with respect to t only, we have 

8.4/4/'' {'Gr-p) = 0. 
By this equation, combined with (1), we have 

«r-p II r.r^fif/'r^'^'" \\ ^', 

or -or = p + «^^'= <^ + «^', 

which is equation (2). 

300. This leads us to the consideration of envelops generally, 
and the process just employed may easily be extended to the 
problem o( finding the envelop of a series of sv/rfaces whose equa- 
tion contains one scalar parameter » 

When the given equation is a scalar one, the process of 
finding the envelop is precisely the same as that employed in 
ordinary Cartesian geometry, though the work is often shorter 
and simpler. 

If the equation be given in the form 

p = ylr{t, Uy v), 

E e 
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where i/r is a vector ftinetion, t and u the scalar variables for 
any one surface^ v the scalar parameter^ we have for a proximate 
surface 

Hence at all points on the intersection of two successive surfaces 
of the series we have 

which is equivalent to the following scalar equation connecting 
the quantities t, u^ and v ; 

S.yjr't y/u V^'t, = 0. 
This equation, along with 

p = f{t, u, v), 

enables us to eliminate t, u, v, and the resulting scalar equation 
is that of the required envelop. 

SOL As an example, let us find the envelop of the osculating 
plane of a tortuous curve. Here the equation of the plane is 
(§299), 5.(t!r-p)^'^<^''^ = 0, 

or -or = <l>t+a!(l/t+y<l/^t = y^{x^ifyf)y 

if p z= (f)t 

be the equation of the curve. 
Our condition is, by last section, 

or S.(l/t <^'H {(^'t ^xi^'H +y4/''f\ = 0, 

or yS.(f/t 4>'t ^'"t = 0. 

Now the scalar factor cannot vanish, unless the given curve 
be plane, so that y = 

and the envelop is 

e developable surface, of which the given curve is the edge 
regression, as in § 299. 
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302. When the equation contains two scalar parameters its 
differential coefficients with respect to them must vanish^ and 
we have thus three equations from which to eliminate two 
numerical quantities. 

A very common form in which these two parameters appear 

in quaternions is that of an imknown imit- vector. In this case 

the problem may be thus stated — Mnd the envelop of the surface 

whose scalar equation is 

F(p, a) = 0, 

where a ii subject to the one condition 

Differentiating with respect to a alone^ we have 

8vda = 0, Soda = 0, 

where v is a known vector frmction of p and a. Since da may 
have any of an infinite number of values^ these equations show 

*^^ Vav = 0. 

This is equivalent to two scalar conditions only, and these, 
in addition to the two given scalar equations, enable us to 
eliminate a. 

With the brief explanation we have given, and the examples 
which follow, the student will easily see how to deal with any 
other set of data he may meet with in a question of envelops. 

303. Find the envelop of a plane whose distance from the origin 
is constant. 

Here Sap =— c, 

,with the condition To = 1. 

Hence, by last section, 

Ypa = 0, 

and therefore p = (?a, 

or Tp = c, 

the sphere of radius c, as was to be expected. 

£ e ^ 
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If we seek the envelop of those only of the planes which a/re 
parallel to a given vector /8, we have the additional relation 

Safi = 0. 
In this case the three differentiated equations are 

Spda = 0, Sada = 0, Sfida = 0, 

and they give S.afip = 0. 

Hence a^zU.fiFfip, 

and the envelop is TFpp = cTfi, 

the circular cylinder of radius c and axis coinciding with j3. 

By putting Safi = e, where d is a constant different from zero, 
we pick out all the planes of the series which have a definite 
inclination to fi, and of course get as their envelop a right cone. 

304. The equation 

S'ap + 2S.app = b 
represents a parabolic cylinder, whose generating lines are 
parallel to the vector aFafi. For it is not altered by increasing 
p by the vector xaFafi; also it cuts planes perpendicular to a 
in one line, and planes perpendicular to Fafi in two parallel lines. 
Its form and position of course depend upon the values of a, fi, 
and b. It is required to find its envelop if j3 and b be constant, 
and a be subject to the one scalar condition 

ra= 1. 
The process of § 302 gives, by inspection, 

p8ap-\- Fpp = xa. 
Operating by Aa, we get 

S^ ap 4- S.aPp = — or, 
which gives S.afip = a?-|-i. 

But, by operating successively by S. Fpp and by 8.p^ we have 

{FppY = xS.aPp, 
and {p^—x)Sap = 0. 



SECT. 305.] GEOMETRY OP CURVES AND SURFACES. 213 

Omitting, for the present, the factor Sap, these three equations 
give, by elimination of x and a, 

which is the equation of the envelop required. 

This is evidently a surface of revolution of the fourth order 
whose axis is fi ; but, to get a clearer idea of its nature, put 

c' p-* = tsr, 

and the equation becomes 

which is obviously a surface of revolution of the second degree, 
referred to its centre. Hence the required envelop is the 
reciprocal of such a surface, in the sense that the rectangle under 
the lengths of condirectional radii of the two is constant. 

We have a curious particular case if the constants are so 
related that 5 4. fl« 

for then the envelop breaks up into the two equal spheres, 
touching each other at the origin, 

p» = ± Spp, 

while the corresponding surface of the second order becomes 
the two parallel planes 

305. The particular solution above met with, viz. 

Sap = 6, 

limits the original problem, which now becomes one of finding 
the envelop of a line instead of a surface. In fact this equation, 
taken in conjunction with that of the parabolic cylinder, belongs 
to that generating line of the cylinder which is the locus of the 
vertices of the principal parabolic sections. 
Our equations become 

2SaPp = b, 

Sap = 0, 
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Ta =1; 
whence Vfip = xa, giving 

X = -^o.app = — -, 
and thence TFpp = - ; 

so that the envelop is a circular cylinder whose axis is j3. [It 
is to be remarked that the equations above require that 

Sap = 0, 

so that the problem now solved is merely that of tAe envelop of 
a parabolic cylinder which rotates about its focal line. This dis- 
cussion has only been entered into for the sake of explaining a 
peculiarity in a former result^ because of course the present 
results can be obtained immediately by an exceedingly simple 
process.] 

806. The equation 

SapS.afip = a^j 

with the condition ^a = 1, 

represents a series of hyperbolic cylinders. It is required tojmd 
their envelop. 
As before, we have 

pS.afip + Ffip Sap = xa, 
which by operating by S.a, S.p, and S.Vftp, gives 

2a^ =—3?, 

p^S.afip = xSap, 

{TfipySap = xS.afip. 

Eliminating a and x we have, as the equation of the envelop, 

p^FfipY = 4 a'. 

Comparing this with the equations 

and (Fj3/5)« =-2flfS 
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which represent a sphere and one of its circumscribing cylinders^ 
we see that^ if condirectional radii of the three surfaces be drawn 
from the origin, that of the new surface is a geometric mean 
between those of the two others. 

307* Fmd the envelop of all spheres which touch one given line 
and have their centres in another. 

Let p = i3 +y y 

be the line touched by all the spheres, and let xa be the vector 

of the centre of any one of them, the equation is (by § 200, 

or § 201) 

y«0)-ara)« =:-.(r.y03-a?a))% 

or, putting for simplicity, but without loss of generality, 

jfV = 1, • /Sa/3 = 0, Spy = 0, 
so that /3 is the least vector distance between the given lines, 

(p-^xay = 03— a?a)«+ir«5»oy, 
and, finally, p«— /3*— 2^? &tp = x^ S^ay. 

Hence, by § 300, — 2 iSbp = .2xS^ay. 

[This gives no definite envelop if 

Say = 0, 
i. e. if the line of centres is perpendicular to the line touched by 
all the spheres.] 
Eliminating x, we have for the equation of the envelop 

8*ap + 8^ay{p^-fi^)=z 0, 

which denotes a surface of revolution of the second degree, 
whose axis is a. 

Since, from the form of the equation, Tp may have any 
magnitude not less than Tfi^ and since the section by the plane 

8ap = 
is a real circle, on the sphere 

p«-)8« = 0, 
the surface is a hyperboloid of one sheet. 
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[It will be instructive to the student to find the signs of the 
values of g^, ^a, ^j as in § 165, and thence to prove the above 
conclusion.] 

308. As a final example let us find the envelop of the hyper- 
bolic cylinder 

SapSpp—c = 0, 

where the vectors a and fi are subject to the conditions 

Ta=Tfi= 1, 

Say = 0, Sfib = 0. 

[It will be easily seen that two of the six scalers involved in 
a, fi stiU remain as variable parameters.] 

We have Soda = 0, Syda = 0, 

80 that da = xFay. 

Similarly dp = yVfib. 

But, by the equation of the cylinders, 

SapSpdp+SpdaSfip = 0, 

or y Sap S.fibp + ^ S.ayp Sfip = . 

Now by the nature of the given equation, neither Sap nor Sfip 
can vanish, so that the independence of da and dfi requires 

S.ayp = 0, S.pbp = 0. 
Hence a = U,y Fyp, fi = U.b Vbp, 

and the envelop is 

T.Fyprhp-cTyb = 0, 

a surface of the fourth order, which may be constructed by 
laying off mean proportionals between the lengths of condirec- 
tional radii ®f two equal right cylinders whose axes meet in the 
orig^. 

309. We may now easily see the truth of the following 
general statement. 
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Suppose the given equation of the series of surfaces^ whose 
envelop is required, to contain m vector, and n scalar, para- 
meters ; and that the latter are subject to J3 vector, and q scalar, 
conditions. 

In all there are Sm + n scalar parameters, subject to 3 p-i-q 
scalar conditions. 

That there may be an envelop we must therefore in general 

*^^v® (3»i + w)-(3jo-|-j') = 1, or =2. 

In the former case the enveloping surface is given as the locus 
of a series of curves , in the latter a series oi points. 

Diflferentiation of the equations gives us 3p'i-q-\-l equations, 
linear and homogeneous in the Sm-i-n differentials of the scalar 
parameters, so that by the elimination of these we have one 
final scalar equation in the first case, two in the second; and 
thus in each case we have just equations enough to eliminate 
all the arbitrary parameters. 

310. To find the locus of the foot of the perpendicular drawn 
from the origin to a tangent plane to any surface. 

If Svdp = 

be the differentiated equation of the surface, the equation of 
the tangent plane is 

We may introduce the condition 

Svp = 1, 

which in general alters the tensor of r, so that i;-* becomes the 
required vector perpendicular, as it satisfies the equation 

S'av = 1. 
It remains that we eliminate p between the equation of the 
given surface, and the vector equation 



ZJ = v^ 



. The result is the scalar equation (in w) required. 

Ff 



218 QUATERNIONS. [chap. IX. 

For example^ if the given surface be the ellipsoid 

Sp(l>p = 1, 
we have w* = i; = <^p, 

so that the required equation is 

ASBr-^</»-^«r-^ = 1, 

or Smifr^fST = «r*, 

which is FresneFs Surface of Elasticity, (§ 263.) 

31L To find the reciprocal of a given surface with respect to 
the unit sphere whose centre is the origin. 

With the condition 

Spv = 1, 

of last section, we see that — i; is the vector of the pole of 
the tangent plane 

S{'UT — p)v = 0. 

Hence we must put «r = — i;, 

and eliminate p by the help of the equation of the given surface. 
Take the ellipsoid of last section, and we have 

so that the reciprocal surface is represented by 

Stn'<l>~^vi ^= 1. 

It is obvious that the former ellipsoid can be reproduced 
from this by a secon& application of the process. 

And the property is general, for 

Spv = 1 
gives, by diflferentiation, and attention to the condition 

Svdp = 0, 

the new relation Spdv = 0, 

so that p and v are corresponding vectors of the two surfaces : 
either being that of the pole of a tangent plane drawn at the 
extremity of the other. 
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312. If the given surface be a cone with its vertex at the 
origin^ we have a peculiar case. For here every tangent plane 
passes through the origin, and therefore the required locus is 
wholly at an infinite distance. The diflSculty consists in Spv 
becoming in this case a numerical multiple of the quantity 
which is equated to zero in the equation of the cone, so that 
of course we cannot put as above 

Spv = 1. 

313. The properties of the normal vector v enable us to 
write the partial diflPerential equations of families of surfaces in 
a very simple form. 

Thus the distinguishing property of Cylinders is that all their 
generating lines are parallel. Hence all positions of v must 
be parallel to a given plane — or 

Sav = 0, 

which is the quaternion form of the well-known equation 

,dF dF dF ^ 
dx dy dz 

To integrate it, remember that we have always 

Svdp = 0, 

and that as r is perpendicular to a it may be expressed in terms 
of any two vectors, j3 and y, each pei*pendicular to a. 

Hence v = xp-\-yy, 

and xSpdp-^-ySydp = 0. 

This shows that S^p and iSyp'are together constant or together 

variable, so that 

S^p =/(Syp), 

where/* is any scalar function whatever. 

314. In Surfaces of Revolution the normal intersects the axisr 
Hence, taking the ori^n in the axis a, we have 

1^ ( 2, 
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S.apv = 0, 

or i; = xa-^-yp. 

Hence xSadp-^ySpdp = 0, 

whence the integral Tp =z/(Sap). 

The more common form, which is easily derived from that just 
written, is jjjr^^ ^ ^(^^^ 

In Cones we have Spp = 0, 

and therefore 

Svdp = 8.v{TpdUp-^VpdTp) = TpSvdUp. 

Hence SvdUp = 0, 

60 that V must be a function of Up, and therefore the integral is 

/m = 0, 

which simply expresses the fact that the equation does not 
involve the tensor of p. 

315. If equal lengths he laid off on the normals drawn to any 
enrface, the new surface formed by their extremities is normal to 
the same lines. 

For we have «r = p-^aUv, 

and Svdsr = Svdp-^-aStdUv = 0, 
which proves the proposition. 
Take, for example, the surface 

Spipp = 1 ; 
the above equation becomes 

so that p = (^~ 4- l) «r, 

and the equation of the new surface is to be found by eliminating 

a 
-Tjrr- (written x) between the equations 
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and = iS.</>(ii?0+l)-*OT</>(a?0-f l)-''Br. 

316. It appears from last section that if one orthogonal 
surface can be drawn cutting a given system of straight lines, 
an indefinitely great number may be drawn: and that the 
portions of these lines intercepted between any two selected 
surfaces of the series are all equal. 

Let p = a-^XTf 

where <r and r are vector Amotions of p, and x is any scalar, 
be the general equation of a system of lines : we have 

Srdp = = S{p'-<r)dp 

as the differentiated equation of the series of orthogonal surfaces, 
if it exist. Hence the following problem. 

317. It is required to find the criierion of integrability of the 
equation g^^^ ^ ^ ^^^ 

as the complete differential of the equation of a series of surfaces. 

Hamilton has given {Elements^ p. 702) an extremely elegant 
solution of this problem, by means of the properties of Knear 
and vector functions. We adopt a different and less simple 
process, on account of some results it offers which will be useful 
to us in the next Chapter ; and also because it will show the 
student the connection of our methods with those of ordinary 
differential equations. 

If we assume Fp = C 

to be the integral, and apply to it the very singular operator 
devised by Hamilton, 

_, , d . d ^ J d 
V= z-j- + ;-r -^ h-y-3 
dx "^ dy dz 

, ^T, .dF .dF ,dF 

we have VFp = * -^- -1-7 ^- -I- ^ -j- • 

ax "^ dy dz 
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But p =r ix +jy -f iz, 

whence dp = idx-^jdy^kdz^ 

and ^dF :=z^ dx -Jf^-^dy ^^y dz =:SVFdp. 

dx dy ^ dz 

Comparing with the given equation, we see that the latter 
represents a series of surfaces if r, or a scalar multiple of it, 
can be expressed as VF. 

If i; = vi?; 

we have Vi; = V^F = — (-i— 4-- -t-t + tt- )' 

a well-known and most important expression, to which we shall 
return in next Chapter. Meanwhile we need only remark that 
the last-written quantities are necessarily scalars, so that the 
only requisite condition of the integrability of (1) is 

rVi;= (2) 

K r do not satisfy this criterion, it may when multiplied by 
a scalar. Hence the farther condition 

TV(wv) = 0, 
which may be written 

TvVw-\-wY^v = (3) 

This requires that 

SvVv = (4) 

If then (2) be not satisfied, we must try (4). If (4) be satisfied 
w will be found from (3); and in either case (1) is at once 
integrable. 

[If we put dv := (pdp 

where </> is a linear and vector function, not necessarily self- 
conjugate, we have 

by § 173. Thus, if </> be self-conjugate, e = 0, and the criterion 
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(2) is satisfied. If <^ be not self-conjugate we have by (4) for the 
criterion g^^ ^ 

These results accord with Hamilton's, lately referred to, but the 
mode of obtaining them is quite different from his.] 

318. As a simple example let us first take lines diverging 
from a point. Here"z;||p, and we see that if v = /> 

Vi; =-3, 
so that (2) is satisfied. And the equation is 

Spdp = 0, 
whose integral Tp ^ C 

gives a series of concentric spheres. 

Lines perpendicular to, and intersecting , a fixed line. 

If a be the fixed line, ft any of the others, we have 

S.a^p = 0, Sa^ = 0, S^dp = 0. 

Here v \\ aVap, * 

and therefore equal to it, because (2) is satisfied. 
Hence S.dpaFap = 0, 

or a^ Spdp— Sap Sadp = 0, 

whose integral is the equation of a series of right cylinders 

a^p^^S^ap = T'Fap = C. 

319. To find the orthogonal trajectories of a series of circles 
whose centres are in, and their planes perpendicular to, a given 
line. 



Let a be a xmit- vector in the direction of the line, then one 
of the circles has the equations 

Tp= C, 
Sap 

where C and C are any constant scalars whatever. 
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Hence^ for the required surfaces 

V II dtp II Fap, 

where dip is an element of one of the circles^ v the normal to 
the orthogonal surface. Now let e^p be an element of a tangent 
to the orthogonal surface^ and we have 

Svdp = S.apdp = 0. 

This shows that dp is in the same plane as a and p^ i. e. that 
the orthogonal surfaces are planes passing through the com- 
mon axis. 

[To integrate the equation 

S.apdp = 

evidently requires, by § 317, the introduction of a factor. For 

rVFap = Viirai-^jVaj^krak) 
= 2a, 
so that the first criterion is not satisfied. But 

S.rapWrap = 2S.aFap = 0, 
so that the second criterion holds. It gives, by (3) of § 317^ 

r.Vfprap + 2wa = 0, 
or pSaVio~-aSpViO'\-2wa = 0. 

That is SaVw = 0, i 

SpVw = 2w. ) 

These equations are satisfied by 

1 

Bat a simpler mode of integration is easily seen. Our equation 

may be written 

S.apdp = 0, 

= S.aV^ = Sa^ = dS.alogU^ 
p Vp ^ /3 

whicli is immediately int^^ble, /3 being an arbitrary but con- 
stant vector. 
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As we have not introduced into this work the logarithms 
of versors, nor the corresponding angles of quaternions^ we must 
refer to Hamilton's Elements for a farther development of this 
point.] 

320. To f/nd the orthogonal trajectories cf a given series of 
surfaces. 

If the equation 

give Svdp = 0, 

the equations of the orthogonal curves is 

Vvdp = 0. 

This is equivalent to two scalar differential equations (§ 197), 
which, when the problem is possible, belong to surfaces on each 
of which the required lines lie. The finding of the requisite 
criterion we leave to the student. 

Let the surfaces he concentric spheres* 

Here p' = €, 

and therefore Fpdp = 0. 

Hence dUp = — JJpVpdp ac 0, 

and the integral is 

Up = constant, 

denoting straight lines through the origin* 

Let the smfaces he spheres t(mching each other at a common 
point. The equation is (§ 218) 

Sap-^ = C, 

whence F.papdp = 0. 

The integrals may be written 

S.aPp = 0, p^-j-hTFap = 0, 

the first 03 being any vector) is a plane through the <;oinmon 
diameter; the second represents a series of rings or tores (§ 322) 

^8 
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formed by the revolution^ about a, of circles Unichmg that line 
at the point common to the spheres. 

Let the smfaces be similar, similarly situated, and concentric , 
sv/rfaces of the second order. 

Here Spyji = C, 

therefore ^XP^P = ^• 

But^ by § 290^ the integral of this equation is 

where ^ and x ^e related to each other^ as in § 290 ; and e is 
any constant vector. 

32L Find the general equation, of surfaces described by a line 
which always meets, at right angles, a fixed line. 

If a be the fixed line^ ^ and y forming with it a rectangular 

unit system^ then 

p = xa'\-y(fi'\-zy), 

where y may have all values^ but x and z are mutually de- 
pendent^ is one form of the equation. 
Another^ expressing the arbitrary relation between x and z, is 

But we may also wnte 

p = aF{x) -hya'P, 

as it obviously expresses the same conditions. 

The simplest case is when F{x) = ix. The surface is one 
which cuts, in a right helix, every cylinder which has a for 
its axis. 

322. The centre of a sphere moves in a given circle, find the 
equation of the ri^g descried. 

Let a be the unit- vector axis of the circle, its centre the 
origin, r its radius, a that of the sphere. 



SECT. 323.] GEOMETRY OP CURVES AND SURFACES. 22T 

Then (p-)8)«=-a« 

is the equation of the sphere in any position^ where 

Sap = 0, y/3 = r. 

These give S.afip = 0, and /3 must now be eliminated. The 
result is that ^3 _. raUFap, 

giving (p* — r» + a^y = 4tr^T^ Tap, 

which is the required equation. It may easily be changed to 

(p««-a«+f«)« =— 4aV'— 4f»4S«ap, (1) 

and in this form it enables us to give an immediate proof of 
the very singular property of the ring (or tare) discovered by 
Villarceau. 

For the planes 

which together are represented by 

r^{r^^a^)8^ap-^a^8^fip = 0, 

evidently pass through the origin and touch (and cut) the ring. 
The latter equation may be written 

r^S^ap-^a^iS^ap-^S^pUp) = 0, 

or r^S^ap'\-a^{p^'^S\apUp)i=z (2) 

The plane intersections of (1) and (2) lie obviously on the 

new surface 

(pa-.a«+r»)« = 4ta^SKapUfij 

which consists of two spheres of radius r, as we see by writing 
its separate factors in the form 

(p±aaOi8)«+r« = 0. 

323. It may be instructive to work out this problem from 
a different point of view^ especially as it affords excellent prac- 
tice in transformations. 

G g a 
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A circle revolves about art axis passing within it, the perpeH' 
dicularfrom the centre on the axis lying in the plane of the circle : 
show thaty for a certain position of the axis, the same solid may 
he traced out by a circle revolving about an external axis in its 
own plane. 

Let a = \/4*-|-c* be the radius of the circle, i the vector axis 
of rotation, -co (where Ta = 1) the vector perpendicular from 
the centre on the axis i, and let the vector 

bi+cia ^ 

be perpendicular to the plane of the cirple. 

The equations of the circle are 

(p—ca)* + ** + <?• = 0,^ • 

S(i + T ia) p = 0. ' 

Also — p« = SHp + S^ap + SK iap, 

b* 
= SHp-\-8*ap-^—8Hp 

c 

by the second of the equations of the circle. But, by the first, 

which is easily transformed into 

{p^-b^y =-4ta^{p^-hSHp), 

or p«-5« =— 2ayrfp. 

If we put this in the forms 

p»-i« = 2aSpp, 

and (p— aj8)*+c« = 0, 

where j8 is a unit- vector perpendicular to i and in ihe plane of 
i and p, we see at once that the surface will be traced out by 
a circle of radius c, revolving about i, an axis in its own plane, 
distant a from its centre. 

This problem is not well adapted to show the gain in brevity 
and distinctness which generally follows the use of quaternions ; 
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as, from its very nature, it hints at the adoption of rectangular 
axes and scalar equations for its treatment, so that the solution 
we have given is but little different from an ordinary Cartesian 
one. 

324. A su/rface is generated by a straight line which intersects 
two fixed Unes : find the general eqtmtimi. 

If the given lines intersect, there is no surface but the plane 
containing them. 

Let then their equations be, 

p = a-|-a?)3, p = ai+;Pij8i. 
Hence every point of the surface satisfies the condition, § 30, 

p = y(a+a:i3)+(l-y)(ai+;p,/30 (1) 

Obviously y may have any value whatever: but to specify a 
particular surface we must have a relation between x and x^. 
By the help of this, x^ may be eliminated from (1), which then 
takes the usual form 

Or we may operate on (1) by f^.(a+a?j3— Oi— ii?ij3i), so that 
we get a vector equation equivalent to two scalar equations 
(§ 98), and not containing y. From this x and Xi may easily 
be foxmd in terms of p, and the general equation of the possible 
surfaces may be written 

f{x, X,) = 0, 
where/ is an arbitrary scalar function, and the values of x and 
Xi are expressed in terms of p. 

This process is obviously applicable if we have, instead of two 
straight lines, any two given curves through which the line 
must passj and even when the tracing line is itself a given 
curve, situated in a given manner. But an example or two will 
make the whole process clear. 

325. Suppose the moveable line to be restricted by the condition 
that it is ahoays jparalkl to a fi^ed plane* 
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Then^ in addition to (1)^ we have the condition 

y being a vector perpendicular to the fixed plane. 

We lose no generality by assuming a and a^ which are any 
vectors drawn from the origin to the fixed lines^ to be each 
perpendicular to y ; for, if for instance we could not assume 
Sya = 0, it would follow that Syfi = 0, and the required sur&ce 
would either be impossible, or would.be a pkne, cases which we 
need not consider. Hence 

Eliminating x^^ by the help of this equation, from (1) of last 
section, we have 

Operating by any three non-coplanar vectors, we obtain three 
equations from which to eliminate x and y. Operating by 8,y 

Eliminating x by means of this, we have finally 

which appears to be of the third order. It is really, however, 
only of the second order, since, consistently with our assump. 
tions, we have Yaa^ \\ y, 

and therefore Syp is a spurious factor of the left-hand side. 

326. Let the fixed lines be perpendicular to each others and 
let the moveable line pass through the circun^erence of a circle^ 
whose centre is i/n the common perpendicular, and whose plane 
bisects that Ime at right angles. 

Here the equations of the fixed lines may be written 

p = a+;pj3, p =c— a+a?iy. 
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where a^ fi^ y form a rectangular system^ and we may assume 
the two latter to be unit-vectors. 
The circle has the equations 

/)« =— a% Sap = 0. 
Equation (1) of § 324 becomes 

Hence Sar^p = ^—(1—^) = 0, or ^ = i. 

Also p» =— a« = (2^-l)'a«-a?*^«— ar;(l— ^)% 

or 4a« = (;p« + a?J), 

so that if we now suppose the tensors of )3 and y to be each 2 a, 
we may put x = cos 0, w^ = sin 0, from which 

p = (2y— l)a+yj8cos^+(l— ^)ysin^; 
and finally -7- — JT^ ^ , + ,- — J^—rrk = 4a*. 

For this very simple case the solution is not better than the 
ordinary Cartesian one; but the student will easily see that 
we may by very slight changes adapt the above to data far less 
symmetrical than those from which we started. Suppose, for 
instance, /3 and y not to be at right angles to one another; 
and suppose the plane of the circle not to be parallel to their 
plane, &c., &c. But farther, operate on every line in space by 
the linear and vector function (/», and we distort the circle into 
an eUipse, the straight lines remaining straight. If we choose 
a form of </> whose principal axes are parallel to a, )3, y, the data 
win remain symmetrical, but not unless. This subject will be 
considered again in the next Chapter. 

327. To find the curvature of a normal section of a central 
surface of the second order. 

In this, and the few similar investigations which follow, it 
will be simpler to employ infinitesimals than differentials; though 
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for a thorough treatment of the subject the latter method^ as 

may be seen in Hamilton's Mements, is preferable. 

We have^ of course, 

8p(l>p = 1, 

and, if p+ Jp be also a vector of the surface, we have rigorously, 
whatever be the tensor of bp, 

5(p+«p)<^(p+«p) = 1. 

Hence , 256p<^p+56p<^6p = (1) 

Now <l>p is normal to the tangent plane at the extremity of p, 
so that if t denote the distance of the point p-\-bp from that 

plane t = SbpU(l>p, 

and (1) may therefore be written 

2tT<f>p^Tnp8.Ubp4>Ubp = 0. 

But the curvature of the section is evidently 

^THp' 
or, by the last equation. 

In the limit, dp is a vector in the tangent plane ; let nr be the 
vector semidiameter of the surface which is parallel to it, and 
the equation of the sur&ce gives 

T^isT8.U'sr<l>U'sr = 1, 

so that the curvature of the normal section, at the point p, in 
the direction of ^, is 



T<l>pT^iiT 

directly as the perpendicular from the centre on the tangent plane, 
and inversely as the square of the semidiameter parallel to the 
tangent line, a well-known theorem. 

328. By the help of the known properties of the central 
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section parallel to the tangent plane^ this theorem gives us all the 
ordinary properties of the directions of maximum and minimum 
curvature, their being at right angles to each other, the curva- 
ture in any normal section in terms of the chief curvatures and 
the inclination to their planes, &c., &c., without farther analysis. 
And when, in a future section, we show how to find an osculating 
surface of the second order at any point of a given surface, the 
same properties will be at once established for surfaces in 
general. Meanwhile we may prove another curious property 
of the surfaces of the second order, which similar reasoning 
extends to all surfaces. 

The equation of the normal at the point p+^p in the surface 
treated in last section is 

ZT = p + ^p + a?<^(p + 6p) (1) 

This intersects the normal at p if (§§ 203, 210) 

S.bp(l>p<l>bp = 0, 

that is, by the result of § 273, if bp be parallel to the maximum 
or minimum diameter of the central section parallel to the 
tangent plane. 

Let (Ti and cr, be those diameters, then we may write in 
general ^p =p<T, + qir„ 

where p and q are scalars, infinitely small. 

If we draw through a point P in the normal at p a line 
parallel to <ri, we may write its equation 

The proximate normal (1) passes this line at a distance (see 
§ 203) 5.(«<^p-6p)?7r<r,<^(p+«p), 

or, neglecting terms of the second order, 

'Y^^—{apS.<l)p(ri<l>(ri'\-aq8,(l>p<ri(f>crt + qS,€ri<rt<l)p). 

The first term in the bracket vanishes because a^ is a principal 

Hh 
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vector of the section parallel to the tangent plane^ and thus the 
expression becomes 

Hence, if we take a = Ta\y the distance of the normal from the 
new line is of the second order only. This makes the distance 
of P from the point of contact T<i>p Ta\y i. e. the principal radius 
of curvature along the tangent line parallel to (r,. That is the 
group of normals drawn near a point of a central surface of the 
second order pass ultimately through two lines each parallel to the 
tangent to one principal section, and passing through the centre of 
curvature of the other. The student may form a notion of the 
nature of this proposition by considering a small square plate^ 
with normals drawn at every point, to be slightly bent, but 
by different amoimts, in planes perpendicular to its edges. The 
first bending will make all the normals pass through the axis 
of the cylinder of which the plate now forms part ; the second 
bending will not sensibly disturb this arrangement, except by 
lengthening or shortening the Une in which the normals meet, 
but it will make them meet also in the axis of the new cylinder, 
at right angles to the first. A small pencil of light, with its 
focal lines, presents a similar appearance. 

329. To extend these theorems to surfaces in general, it is 
only necessary, as Hamilton has shown, to prove that if we 

^1*^ dv = (^rfp, 

<^ is a self-conjugate function ; and then the properties of <f>, as 
explained in preceding Chapters, are applicable to the question. 

As the reader will easily see, this is merely another form 
of the investigation contained in § 317. But it is given here 
to show what a number of very simple demonstrations may be 
given of almost all quaternion theorems. 

Now V is defined by an equation of the form 

dfp = Svdp, 
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where / is a scalar function. Operating on this by another 
independent symbol of differentiation, 6, we have 

hdfp = Shvdp + Svhdp, 

In the same way we have 

dhfp = Sdvhp + Svdhp. 

But, as d and h are independent, the left-hand members of these 
equations, as well as the second terms on the right (if these 
exist at all), are equal, so that we have 

Sdvhp = Shvdp, 

This becomes, putting dv = <f>dpy 

and therefore hv = ^6p, 

8bp(l>dp = 8dp<php, 
which proves the proposition. 

330. If we write the differential of the equation of a surface 
in the form ^^^ ^ g-S^rfp, 

then it is easy to see that 

/{p + dp) —/p + 28vdp'\'8dvdp-\'&c., 

the remaining terms containing as factors the third and higher 
powers of Tdp. To the second order, then, we may write, except 
for certain singular points, 

= 28vdp'\-8dvdp, 

and, as before, (§ 327), the curvature of the normal section 
whose tangent line is dp is 

1 dv 

Yv^Tp' 

331. The step taken in last section, although a very simple 
one, virtually implies that the first three terms of the expan- 
sion of /(p4-^p) are to be formed in accordance with Taylor's 
Theorem, whose applicability to the expansion of scalar functions 
of quaternions has not been proved in this work, (see § 135); 
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we therefore give another investigation of the cnrvatore of a 
normal section^ employing for that purpose the formulae of 
§ (282). 
We have^ treating i^ as an element of a curve^ 

Svdp = 0, 
or^ making s the independent variable, 

Spp' = 0. 
From this, by a second differentiation. 

The curvature is, therefore, since v\\p'^ and Tp' = 1, 

J.- ±8 — o'^ =--8— as before 

^ "" Tv dp^ Tv dp' 

332. Since we have shown that 

dv = <l>dp 

where <^ is a self-conjugate linear and vector function, whose 
constants depend only upon the nature of the surface, and the 
position of the point of contact of the tangent plane ; so long 
as we do not alter these we must consider ^ as possessing the 
properties explained in Chapter V. 

Hence, ao the expression for Tp'^ does not ipvolve the tensor 
of dp, we may put for dp any unit- vector r, subject of course to 
the condition 

SVT = (1) 

And the curvature of the normal section whose tangent is r is 

If we consider the central section of the surface of the second 

made by the plane Sim = 0, 

we see at once that the curvature of the given surface along the 
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normal section touched by t is inversely as the square of the parallel 
radius in the auxiliary surface. This, of course, includes Euler^s 
and other well-known Theorems. 

333. Tofmd the directions of maximum and minimum curvature^ 

we have 

ST(t>T = max. or min. 

with the conditions, 

SvT = 0, 

TV = I. 

By differentiation, as in § 273, we obtain the farther equation 

S.vt4>t'=: (1) 

If r be one of the two required directions t=ztUv is the other, 
for the last-written equation may be put in the form 

S,tUv(I>{vtUv) = 0, 

i.e. S.T(p{v/) = 0, 

or S.vT'(f>T' = 0. 

Hence the sections of greatest and least curvature are perpendicular 
to one another. 
We easily obtain, as in § 273, the following equation 

whose roots divided by Tv are the required curvatures. 

334. Before leaving this very brief introduction to a subject, 
an exhaustive treatment of which will be found in Hamilton's 
Elements i we may make a remark on equation (1) of last section 

S,VT<l>T = 0, 

or, as it may be written, by returning to the notation of § 332, 

8,vdpdv = 0. 

This is the general • equation of lines of curvature. For, if we 
define a line of curvature on any surface as a line such that 
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normals drawn at contigaous points in it intersect, then, bf^ 
being an element of such a line, the normals 

rff = p+wv and tsr = p+^p+y(i'+5i') 

must intersect. This gives, by § 203, the condition 

8,bpvbv = 0, 
as above. 



EXAMPLES TO CHAPTER IX. 

1. Find the length of any arc of a curve drawn on a sphere 
so as to make a constant angle with a fixed diameter. 

2. Show that, if the normal plane of a curve always containg 
a fixed line, the curve is a circle* 

3. Find the radius of spherical curvature of the curve 

p = 4>t* 

Also find the equation of the locus of the centre of spherical 
t5urvature» 

4. (Hamilton, Bishop Lavfs Premium Examination, 1854.) 

(a.) K p be the variable vector of a curve in space, and if 
the differential dK be treated as = 0, then the 
equation ^y^_^^ ^ ^ 

obliges ic to be the vector of some point in the 
normal plane to the curve. 



XJHAP. IX.] EXAMPLES TO CHAPTER IX. 2f39 

(5.) In like manner the system of two equations^ where 
dK and d^K are each = 0^ 

dT{p--K) = 0, d^T{p-K) = 0, 
represents the axis of the element^ or the right line 
drawn through the centre of the osculating circle, 
perpendicular to the osculating plane. 

(c) The system of the three equations, in which k is 
treated as constant, 

dT{p^K) = 0, d^Tip-K) = 0, d'T{p-K) = 0, 

determines the vector k of the centre of the oscu- 
lating sphere. 

(d.) For the three last equations we may substitute the 
following : 

8\p—K)dp = 0, 
S.{p'-K)d^p + dp^ = 0, 

8.{p--K)d'p + SS.dpd^p = 0. 

(e.) Hence, generally, whatever the independent and scalar 
variable may be, on which the variable vector p of 
the curve depends, the vector k of the centre of the 
osculating sphere admits of being thus expressed : 

_ ZV.dpd^pS.dpd^p-'dp^F.dpd^p 
''"P'^ S.dpd'pd'p 

(/.) In general, 

d{d'^ r. dp Up) = d (Tp-« r. p dp) 

= Tp-^{^V.pdp8.pdp'-p^V.pd^p); 
whence, 

SF.pdpS.pdp—p^r.pd^p = p'Tpdip-^F.dpUp); 

and, therefore, the recent expression for k admits of 
being thus transformed, 

dp*d{dp-*F.d^pUdp) 



K = p + 



S.d^pd^pUdp 



(^.) If the length of the element of the curve be constant, 
dTdp = 0, this last expression for the vector of the 
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centre of the osculating sphere to a curve of double 
curvature becomes^ more simply^ 



'c = p+ 



or 



« = P+-c 



S.dpd^pd^p 
F.d^pdp* 



8,dpd*pd^p 



{A.) Verify that this expression gives ic = 0, for a curve 
described on a sphere which has its centre at the 
origin of vectors ; or show that whenever dTp = 0, 
d'Tp = 0, d'Tp = 0, as well as dTdp = 0, then 

pS.dp-^d^pd'p = F.dpd^p, 

6. Find the curve from every point of which three given 
spheres will appear of equal magnitude. 

6. Show that the locus of a pointy the difference of whose 
distances from each two of three given points is constant^ is 
a plane curve. 

7. Find the equation of the curve which cuts at a given angle 
all the sides of a cone of the second order. 

Find the length of any arc in terms of the distances of its 
extremities from the vertex. 

8. Why is the centre of spherical curvature, of a curve de- 
scribed on a sphere, not necessarily the centre of the sphere ? 

9. Find the equation of the developable surface whose gene- 
rating lines are the intersections of successive normal planes to a 
given tortuous curve. 

10. Find the length of an arc of a tortuous curve whose 
normal planes are equidistant from the origin. 

11. The reciprocals of the perpendiculars from the origin on 
the tangent planes to a developable surface are vectors of a 
tortuous curve; from whose osculating planes the cusp-edge 
of the original surface may be reproduced by the same process. 
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12. The equation 

P = fa'P, 

where a is a unit-vector not perpendicular to fi, represents an 
ellipse. If we put y = Fafi, show that the equations of the 
locus of the centre of curvature are 

S.pyp =: 0, 
S^fip + S^yp = {jSSUafi)*. 

13. Find the radius of absolute curvature of a spherical conic. 

14. If a cone be cut in a circle by a plane perpendicular to a 
side, the axis of the right cone which osculates it, along that 
side, passes through the centre of the section. 

15. Show how to find the vector of an umbilicus. Apply 
your method to the surfaces whose equations are 

Sp<l>p = 1, 

and SapSppSyp = 1. 

16. Find the locus of the umbilici of the surfaces represented 

by the equation 

Sp(<l>+Ay^p = 1, 

where /I is an arbitrary parameter. 

17. Show how to find the equation of a tangent plane which 
touches a surface along a line. Find such planes for the follow- 
ing surfaces 

Sp(l>p = 1, 

and (/)"— a«+5»)* + 4(aV* + *'^'a/5) = 0. 

18. Find the condition that the equation 

S(p + a)(l>p=h 
where <^ is a self-conjugate linear and vector fimction, may 
represent a cone. 

I i 
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19. Show from the general equation that cones and cylinders 
are the only developable sor&ces of the second order. 

20. Mnd the equation of the envelop of planes drawn at each 
point of an ellipsoid perpendicular to the radios vector from the 
centre. 

21. Find the equation of the envelop of spheres whose centres 
lie on a given sphere, and which pass through a given point. 

22. Find the locus of the foot of the perpendicular from the 

centre to the tangent plane of a hyperboloid of one, or of two, 
sheets. 

23. Hamilton, Bishop Lavfa Premium Examination, 1852. 

{a,) If p be the vector of a curve in space, the length of 
the element of that curve is Tdp ; and the variation 
of the length of a finite arc of the curve is 

l/Tdp ^-/SUdpbdp =:^ASUdpbp+/SdUdpbp. 

(J.) Hence, if the curve be a shortest line on a given sur- 
face, for which the normal vector is r, so that, 
Svbp = 0, this shortest or geodetic curve must 
satisfy the differential equation, 

FvdUdp = 0. 

Also, for the extremities of the arc, we have the 
limiting equations, 

SUdpobpo = 0; SUdp^bpi = 0. 

Interpret these results. 

(c.) For a spheric surface, Fvp = 0, pdUdp = ; the inte- 
grated equation of the geodetics is pUdp = w, giving 
SrsTp = (great circle). 
For an arbitrary cylindric surface, 

Sav = 0, adUdp = ; 

the integral shows that the geodetic is generally a 
helix, making a constant angle with the generating 
lines of the cylinder. 



r 
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(d.) For an arbitrary conic surface, 

Svp = 0, SpdUdp = ; 

integrate this differential equation, so as to deduce 

from it, TVpUdp = const. 
Interpret this result; shew that the perpendicular 

from the vertex of the cone on the tangent to a 

given geodetic line is constant; this gives the 

rectilinear development. 
When the cone \b. of the second degree, the same 

property is a particular case of a theorem respecting 

confocal surfaces. 

{e.) For a surface of revolution, 

8,apv = 0, S.apdUdp = ; 

integration gives, 

const. = S.apUdp = TFapSU{Fap,dp) ; 

the perpendicular distance of a point on a geodetic 
line from the axis of revolution varies inversely as 
the cosine of the angle under which the geodetic 
crosses a parallel (or circle) on the surface. 

{/.) The differential equation, S.apdUdp = 0, is satisfied not 
only by the geodetics, but also by the circles, on a 
surface of revolution ; give the explanation of this 
fact of calculation, and show that it arises from the 
coincidence between the normal plane to the circle 
and the plane of the meridian of the surface. 

{g,) For any arbitrary surface, the equation of the geodetic 
may be thus transformed, S.vdpd^p = ; deduce 
this form, and show that it expresses the normal 
property of the osculating plane. 

{k,) If the element of the geodetic be constant, dTdp = 0, 
then the general equation formerly assigned may be 
reduced to V.vd^p = 0. 
Under the same condition, d^p = ^v^Sdvdp. 

I i 2 
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(i.) If the equation of a central surface of the second order 
be put under the form ^= 1, where the ftinctiony^ 
is scalar^ and homogeneous of the second dimension^ 
then the differential of that function is of the form 
dfy = 2S.vdp, where the normal vector, v = <^p, is a 
distributive function of p (homogeneous of the first 
dimension), dv = d<l)p = (l>dp. 
This normal vector v may be called the vector of prox- 
imity (namely, of the element of the surface to the 
centre); because its reciprocal, j^*, represents in 
length and in direction the perpendicular let fall 
from the centre on the tangent plane to the surface. 

(k,) If we make 8<T<^p =f{(ry p\ this function f is com- 
mutative with respect to the two vectors on which 
it depends, /{p, o-) =f(<T, p) ; it is also connected 
with the former function f of a mngle vector p, by 
the relation, f{p^ p) ^=-fp\ so that fp = Sp^p, 
fdp = Sdpdv, dfdp = 2S,dvd^p ; for a geodetic, with 
constant element, 

dfdp o^^ 

this equation is immediately integrable, and gives 
const. = Tv^/{fUdp) = reciprocal of Joachimstal's 
product, PD, 

(L) If we give the name of ^^ Didonia^^ to the curve (dis- 
cussed by Delaunay) which, on a given surface and 
with a given perimeter, contains the greatest area, 
then for such a Didonian curve we have by quater- 
nions the formula, 

fS.Uvdpbp+cb/Tdp = 0, 

where c is an arbitrary constant. 
Derive hence the differential equation of the second 
order, equivalent (through the constant c) to one 
of the third order, 

c-'dp = F.Ui'dUdp. 
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Greodeties are^ therefore^ that limiting case of Didonias 

for which the constant c is infinite. 
On a plane^ the Didonia is a circle, of which the 

equation, obtained by integration from the general 

form, is 

p = vT+cUvdp, 

-Bj being vector of centre, and c being radius of 
circle. 

(m.) Operating by 8. Udp, the general differential equation 
of the Didonia takes easily the following forms : 

(T'Tdp =8{Uvdp.dUdp); 

c'Tdp* =z8{Ut;dp.d^p); 

C-' Tdp' = 8. Uvdpd^p ; 

^^^g d^pdp-^ 
Uvdp 

{n.) The vector «, of the centre of the osculating circle to 
a curve in space, of which the element Tdp is con- 
stant, has for expression, 

dp^ 

Hence for the general Didonia, 

Uvdp 

T{p^<^) = c8U^. 
^'^ ^ vdp 

(o.) Hence, the radius of curvature of any one Didonia 
varies, in general, proportionally to the cosine of the 
inclination of the osculating plane of the curve to 
the tangent plane of the surface. 
. And hence, by Meusnier^s theorem, the difference of 
the squares of the curvatures of curve and surface 
is constant; the curvature of the surface meaning 
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here the reciprocal of the radius of the sphere which 
osculates in the reduction of the element of the 
Didonia. 

(jo.) In general, for any curve on any surface, if ^ denote 
the vector of the intersection of the axis of the 
element (or the axis of the circle osculating to the 
curve) with the tangent plane to the surface, then 

^ "■ ^■*" S.vdpd'p ' 

Hence, for the general Didonia, with the same signi- 
fication of the symbols, 

(=zp^cUvdp; 

and the constant c expresses the length of the in- 
terval p— f, intercepted on the tangent plane, be- 
tween the point of the curve and the axis of the 
osculating circle. 

{q.) If, then, a sphere be described, which shall have its 
centre on the tangent plane, and shall contain the 
osculating circle, the radius of this sphere shaU 
always be equal to c, 

(r.) The recent expression for f , combined with the first 
form of the general differential equation of the 
Didonia, gives 

d^ = -cFdUvUdp ; Fvdi = 0. 

(8.) Hence, or from the geometrical signification of the 
constant c, the known property may be proved, 
that if a developable surface be circumscribed about 
the arbitrary surface, so as to touch it along a 
Didonia, and if this developable be then unfolded 
into a plane, the curve will at the same time be 
flattened (generally) into a circular arc, with radius 
= c. 

24. Rnd the condition that the equation 

«/>(«+/)-> =1 
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may give three real values of y for any given value of p. li f 
be a function of a scalar parameter £, show how to find the form ' 
of this function in order that we may have 

'^^ ^^1^'^'^'^ dz- "• 

Prove that the following is the relation between/* and £, 

. _ r df_ __ r df 

' "J ^/(i7l+/)(i7»+/)(i73-f/) "J ^^ 
in the notation of § 147. 

25. Show, after Hamilton, that the proof of Dupin^s theorem, 
that ^^ each member of one of three series of orthogonal surfaces 
cuts each of the other series along its lines of curvature,^' may 
be expressed in quaternion notation as follows : 

If Svdp = 0, Sv'dp = 0, S.vv'dp = 

be integrable, and if 

Svp^=z 0, then Fvdp = makes S.vvdv = 0. 

Or, as follows. 
If Sv^v = 0, /S/V/ = 0, /S/'V/'= 0, and V.vvv"^ 0, 

then 8.v'\8vV.v) = 0, 

, „ , d . d , d 

where V = ^-y- + ; ^- -i-k-- . 

dx '' dy dz 

26. Show that the equation 

Vap = pV^p 

represents the line of intersection of a cylinder and cone, of the 
second order, which have )3 as a common generating line. 



CHAPTER X. 



KINEMATICS. 



335. "¥XThen a point's vector, p, is a Ainction of the time 

▼ ▼ ^, we have seen (§ 35) that its vector-velocity is 

expressed by -j: or, in Newton's notation, by p. 

That is, if p =z <f}i 

be the equation of an orbit, containing (as the reader may see) 
not merely the form of the orbit, hut the law of its description 
also, then p = (f/t 

gives at once the form of the Sodograph and the law of its 
description. 

This shows immediately that the vector-'acceleration ofapoirv^s 
motion ^ap 

is the vector-velocity in the^ hodograph. Thus the fundamental 
properties of the hodograph are proved almost intuitively. 

336. Changing the independent variable, we have 

dp ds , 

if we employ the dash, as before, to denote -j- • 

This merely shows, in another form, that p expresses the 
velocity in magnitude and direction. But a second differentia- 
tion gives p = vp-^v^p^ 

This shows that the vector-acceleration can be resolved into two 
components, the first, vp, being in the direction of motion and 
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equal in magnitude to the acceleration of the velocity, v or -7^; 

the second^ t;»p'^ heing in the direction of the radius of absolute 
curvature^ and its amount equal to the square of the velocity 
multipUed by the curvature. 

[It is scarcely conceivable that this important fundamental 
proposition, of which no simple analytical proof seems to have 
been obtained by Cartesian methods, can be proved more ele- 
gantly than by the process just given.] 

337. If the motion be in a plane curve, we may write the 
equation as follows, so as to introduce the usual polar coor- 
dinates, r and ^, 20 

where a is a unit vector perpendicular to, j3 a unit vector in, the 
plane of the curve. 

Here, of course, r and Q may be considered as connected by 
one scalar equation; or better, each may be looked on as a 
function of t. By differentiation we get 

m 

which shows at once that r is the velocity along, r$ that per- 
pendicular to, the radius vector. Again, 

2£ 20 

p = (r-r^«)a»i3+(2r^+r^)aa'i3, 

which gives, by inspection, the components of acceleration 
along, and perpendicular to, the radius vector. 

338. For tmiform acceleration in a constant direction, we have 

at once, 

p = a. 

Whence p = a^-f)3, 

where p is the vector- velocity at epoch. This shows that the 
hodograph is a straight line described uniformly. 

Kk 
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Also ^^\' "^^^^ 

no constant being added if the origin be assumed to be the 
position of the moving point at epoch. 

Since the resolved parts of p, parallel to j3 and o, vary re- 
spectively as the first and second powers of t^ the curve is evi- 
dently a parabola (§31 (/)). 

Sut we may easily deduce from the equation the following 
result^ 

the equation of a paraboloid of revolution^ whose axis is a. 

Also S.aPp = 0, 

and therefore the distance of any point in the path from the 
point —^fiar^fi is equal to its distance from the line whose 
equation is 

Thus we recognise the focus and directrix property. 

339. That the moving point may reach a point y we must 
have, for some real value of t^ 

Now suppose Tp^ the velocity of projection, to be given = r, 
and, for shortness, write vr for Ufi, 

Then y = |^« + t?to. 

Since T'gt = 1, 

we have — {v^—Say) ^» + ^V^ = 0. 

The values of i^ are real if 

{v^-SayY-Ta'Ty^ 



r ■ ■ 
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is positive. Now, as TaFy is never less than Say, it is evident 
that v^—Say must always be positive if the roots are possible. 
Hence, when they are possible, both values of t^ are posUive. 
Thus we have /bur values of t which satisfy the^ conditions, and 
it is easy to see that since, disregarding the signs, they are 
equal two and two, each pair refer to the same path, but de-^ 
scribed in opposite directions between the origin and the extremily 
of y. There are therefore, if any, in general two parabolas 
^hich satisfy the conditions. The directions of projection are 
(of course) given by the corresponding values of -cr. 

340. The envelop of all the trajectories possible with a given 
velocity, evidently corresponds to 

for then y is the vector of intersection of two indefinitely close 
paths in the same vertical plane. 

Now v^-'Say = TaTy 

is evidently the equation of a paraboloid of revolution of which 
the origin is the focus, the axis parallel to a, and the directrix 

plane at a distance 7^- • 

All the ordinary problems connected with parabolic motion 
are easily solved by means of the above formulae. Some, 
however, are even more easily treated by assimiing a horizontal 
imit vector in the plane of motion> and expressing j3 in terms of 
it and a. But this must be left to the student. 

34L For acceleration directed to or from a fixed poi/fit, we have, 
taking that point as origin, and putting P for the magnitude of 
the central acceleration, 

p = PUp. 
Whence, at once, Vpp = 0. 

Integrating, Vpp = y = a constant vector. 

The interpretation of this simple formula iB^^first, p and p are 

K k 12 
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in a plane perpendicular to y^ hence the path is in a plane (of 
coarse passing through the origin); second, the area of the 
triangle^ two of whose sides are p and p, is constant. 

[It is scarcely possible to imagine that a more simple proof 
than this can be given of the ftmdamental &cts^ that a central 
orbit is a plane corve^ and that equal areas are described by the 
radius vector in equal times.] 

842. When the law cf acceleration to or from the origvn i$ 
that of the inverse square of tie distance, we have 

I 

where fi is negative if the acceleration be directed to the origin. 

Hence p = ^ . 

The following beautiful method of integration is due to 
Hamilton. (See Chapter lY.) 



Gtenerally, 



dUp __ Up.Fpp _ _ Up.y ^ 
dt ^ rp» "■ Tp' ' 



therefore py = — fi -^ , 

and py ^i^'-p.TJp, 

where e is a constant vector^ perpendicular to y, because 

Syp = 0. 
Hence, in this case, we have for the hodograph, 

p = €y~* — pJJp.y^. 

Of the two parts of this expression, which are both vectors, 
the first is constant, and the second is constant in length. 
Hence the locus of the extremity of p is a circle, whose radius 

is -^ , and whose centre is at the extremity of the vector r^^^, 

[This equation contains the whole theory of the Circular 
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Hodograph, Its consequences are developed at length in Hamil* 
ton's Elements.'] 

343. We may write the equations of this circle in the form 

(a sphere), and Syp = 0, 

(a plane through the origin, and through the centre of the 
sphere). 

The equation of the orbit is found by operating by F.p upon 
that to the hodograph. We thus obtain 

y=: r.p€y-* + fiypy-S 

or y* = Sep-^ixTp, 

or M^p = iS€(y«€-»~p)j 

in which last form we at once recognise the focus and directrix 
property. This is in fact the equation of a conicoid of rerolu- 
tion about ite principal axis (c), and the origin is one of the 
foci. The orbit is found by combining it with the equation of 
its plane, Syp = 0. 

We see at once that y«6~* is the vector distance of the directrix 
from the focus ; and similarly that the excentricity is — , an^ 

4.1. • • "-2fiy* 

the major axis 



344. To take a simpler case : let the acceleration vary as the 
distance from the origin. 

Then p = ±»»V> 

the upper or lower sign being used according as the acceleration 
\afrom or to the centre. 

This is (■5^+*»')/^=^- 

Hence p= ag*^-|-)3i-'^l 



wmm^mmm'mmmmmmmmmmKmmmtmmmmk^^mm^^m 
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or pz=: aooanU-i-pBiiifiU, 

where a and j3 are arbitrary^ but constant^ yectors; and € is the 
base of Napier's logarithms. 

The first is the equation of a hyperbola of which a and fi are 
the directions of the asymptotes ; the second^ that of an ellipse 
of which a and fi are semi-conjugate diameters. 

Since p =i m {o^— /Sg""^}, 

or = ^{— asin«tt^-|-j3cos^}, 

the hodograph is again a hyperbola or ellipse. Sut in the first 
case it is^ if we neglect the change of dimensions indicated by 
the scalar factor m, conjugate to the orbit; in the case of the 
ellipse it is similar and similarly situated. 

345. Again, let the acceteration he as the inverse third power 
of the distance, we have 

Of course, we have, as usual, 

Ypp = y. 
Also, operating by S.p, 

of which the integral is 

the equation of energy. 
Again, Spp = -^ . 

Hence 8pp-^p\ = (7, 

or Spp = Ct, 

no constant being added if we reckon the time from the passage 
through the apse, where Spp = 0. 

We have, therefore, by a second integration, 

p» = Ct^ + a (1) 
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[To determine Cy remark that 

99 = C'^+y. 

or p»pa _ CH^--y\ 

But p^p^ = Cp^—fi (by the equation of energy), 

= CH^+CC-^,1, by(l). 
Hence, CC = /yt— y^] 

To complete the solution, we have, by § 133, 

where j3 is a unit vector in the plane of the orbit. 

But r^ = -^. 

9 9^ 
Hence los: — ^ = — v / t^ t^ • 

The elimination of t between this equation and (1) gives Tp 
in terms of Up, or the required equation of the path. 

We may remark that if ^ be the ordinary polar angle in the 

log-^ = euy. 

Hence we have 

and r^z=--(Ct^-\-C% J 

from which the ordinary equations of Cotes' spirals can be at 
once found. 

346. To find the conditions that a given curve may he the 
hodograph corresponding to a central orbit. 

If -ST be its vector, given as a function of the time, fts dt is 
that of the orbit; hence the requisite conditions are given by 

Vtnffadt = y, 
where y is a constant vector^ 



. ' ^J J^l 



„ I ^^ i.'^'^m^m^mKv^n^'^wm'^mm^m^m^mfiimmmm^ 
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We may transform this into other shapes more resembling 
the Cartesian ones. 

Thus F'ur/^dt = 0, 

and Viaffndt-\- Virvr =0. 

Prom the first /vrdt = X'ur, 

and therefore x Vmir = y, 

or the curve is plane. And 

or eliminating ar, y Vim = — (Fcrisr)'. 

Now if t?' be the velocity in the hodograph^ It! its radios of 
curvature, jo' the perpendicular on the tangent; this equation 
gives at once ^/ .. ^y a^ 

which agrees with known results. 

347* The equation of an epitrocAoid or AypotrocAoid, referred 
to the centre of the fixed circle, is evidently 

2 tat 2tait 

p = ai^ a + bi ' a, 

where a is a unit- vector in the plane of the curve and i another 
perpendicular to it. Here cd and cdi are the angular velocities 
in the two circles, and t is the time elapsed since the tracing 
point and the centres of the two circles were in one straight 
line. 

Hence, for the length of an arc of such a curve, 
s =/Tpdt =/rf^\/{a)»flj» + 2a)a)iflricos(a>— o>i)^+«>i'5'}, 

which is, of course, an elliptic fonction. 

But when the curve becomes an epicycloid or a hypocydoid, 
oaa+diib = 0, and 

^ // 2. r 7* fCOS -I © — o)i ^ 

« = 2^{±m>^a6)Jdt{^}—^i, 



\ 



SECT. 348.] KINEMATICS. 257 

which can be expressed in finite terms^ as was first shown by- 
Newton in the Principia. 

The hodograph is another curve of the same class, whose 

equation is 2»e 2»i< 

p ^ i {am * a + icoi i ' a); 

and the acceleration is denoted in magnitude and direction by 

the vector i^ut 2m t 

p = — a(o'^i ^ a — hoili ^ a. 

Of course the equations of the common Cycloid and Trochoid 
may be easily deduced from these forms by making a indefinitely 
great and a> indefinitely small, but the product oo) finite ; and 
transferring the origin to the point 

p = aa. 

348. Let i be the normal- vector to any plane. 

Let «r and p be the vectors of any two points in a rigid plate 
in contact with the plane. 

After any small displacement of the rigid plate in its plane, 
let dm and dp be the increments of -cr and p. 

Then 8idm = 0, Sidp = ; and, since r(«r— p) is constant, 

S{'aT-'p){dur^dp) = 0. 

And we may evidently assume 

dp = a>i(p— t), 
dxtT =: a)i('Bj — t); 

where of course r is the vector of some point in the plane, to a 
rotation o> about which the displacement is therefore equivalent. 
Eliminating it, we have 

d('UT — p) 

tat = — ^^ ^, 

-cr— p 

which gives o), and thence r is at once found. 
For any other point a in the plane figure 

Sid<r = 0, 

S(j)^(r){dp^da) = 0. Hence dp—da = o)ii{p—a), 

L 1 



■■ 
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S {a '~^) (d^^dtr) = 0. Hence da-^dsr = a),i(<r— -or). 

From whichj at once^ <»i = o), = <»^ and 

da = «i((r — r)^ 

or this point also is displaced by a rotation a> about an axis 
through the extremity of r and parallel to i. 

349. In the case of a rigid body moving about a fixed point 
let -cj, p, a denote the vectors of any three points of the body ; 
the fixed point being origin. 

Then -et', /?*, o-* are constant, and so are iScrp, Spa, and /Str-cr. 
After any small displacement we have, for vr and p, 

Sxffdm ^ 0, ■ 

Spdp = 0, i.. (1) 

8mdp-^8pdw = 0. 

Now these three equations are satisfied by 

dm = Vajffy dp = Vapy 

where a is any vector whatever. But if dur and dp are giveuy 

then Fdvrdp = KFa^Fap = a&apcr. 

Operate by S.V'urp, and remember (1), 

S^tffdp = S^pdsr = SKapm. 

„ __ Fdordp __ FdpdoT * . 

~ /SWrfp "" -Sprf«r 

Now consider <r, /So-rfo- = 0, 

Spdo" = — Sadp, 

d(T = Fflwr satisfies them all, by (2), and we have thus the 
proposition that any small displacement of a rigid body about a 
fixed point is equivalent to a rotation, 

350. To represent the rotation of a rigid body about a given 
axis, through a given finite angle. 

Let a be a unit-vector in the direction of the axis, p the 
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vector of any point in the body with reference to a fixed point 
in the axis^ and the angle of rotation. 

Then p = a-^Sap + a-^^Fap, 

= — aSap — a Vap. 

The rotation leaves, of course, the first part unafiected, but 
the second evidently becomes 

— a' aFapy 
or —aFap cos^+ FapsinO. 

Hence p becomes 

Pi = — aSap — aKap cos + Vap sin 0^ 

= (cos- +asin-)p(cos- — asin-), 

^ -£ * 

« "ft 
= a pa . 

35L Hence to comjaound two rotations about axes which meet, 
we may evidently write, as the effect of an additional rotation <^ 
about the unit- vector /3, 

± ^± 
p, = /3V,/3 \ 

^ L 1 »^ 
Hence pa = ^"^ a^ pa^'p '. 

If the )3-rotation had been first, and then the a-rotation, we 

should have had t ± -± -1 

p\ = a'^/3>^ ^a ^ 

and the non-commutative property of quaternion multiplication 
shows that we have not, in general, 

p a = Pa* 
^ ^3 ^i y ^6 T2ij3^ of the unit sphere to the corners of a 

spherical triangle whose angles are -, ^, ^, we know that 

A ^ A 

i. ^ £ 
y^'^^'a'^ = — 1. (Hamilton, Lectures, p. 267.) 

L 1 a 



260 QUATERinOKS. [chap, X. 

± t _t 

Hence /J'a'ss— y ', 

and we may write P« = y 'py'* 

or^ successive rotations about radii to two comers of a spherical 
triangle^ and through angles double of those of the triangle, are 
equivalent to a single rotation about the radius to the third comer, 
and through an angle dovhle of the exterior angle of the triangle. 

Thus any number of successive finite rotations may be com- 
pounded into a single rotation about a definite axis. 

352. When the rotations are indefinitely small^ the effect of 
one is, by § 350, ^^ _ p-h^Fap, 

and for tbe two, neglecting products of small quantities. 

Pa = p-\-0Fap+<l>rpp, 

$ and <l> representing the angles of rotation about the unit 
vectors a and )3 respectively. 
But this is equivalent to 

representing a rotation through an angle T{Oa-\-if>p), about tbe 
unit- vector U{Oa+<l)P). Now the latter is the direction, and 
the former the length, of the diagonal of the parallelogram 
whose sides are $a and </>)3. 

We may write these results more simply, by putting a for 
$a, p for <f>^, where a and p are now no longer unit-vectors, but 
represent by their versors the axes, and by their tensors the 
angles (small), of rotation. 

Thus pi = p+Fap^ 

P% = p+Fap+Vfip, 

= p+r(a + /3)p. 

353. The general theorem, of which a few preceding sections 
illustrate special cases, is this : 

By a rotation, about the axis of q, through double the angle 
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of q, the quaternion r becomes the quaternion qrq'^. Its tensor 
and angle remain unchanged^ its plane or axis alone varies. 

A glance at the figure is suffi- 
• Q cient for the proof, if we note 

that of course T.qrq;'^ = Tr, and 
therefore that we need consider 
the versor parts only. Let Q be 
the pole of q, 

A£=q, AB'-q-'y BCf^r. 
Join C'Ay and make AC = C'A. 
^ Join CB. 

Then CB is qrq-^^ its arc CB is evidently equal in length to 
that of r, -B'C"; and its plane (making the same angle with 
BB that that of B^C does) has evidently been made to revolve 
about Q, the pole of q^ through double the angle of q. 

If r be a vector, = p, then qpqr^ is the result of a rotation 
through double the angle of q about the axis of q. Hence, as 
Hamilton has expressed it, if B represent a rigid system, or 
assemblage of vectors, i^^T^ 

is its new position after rotating through double the angle oiq 
about the axis of q, 

354. To compound such rotations, we have 

r.qBq-^,r-^ = rq.B,(rq)-^. 
To cause rotation through an angle ^-fold the double of the 
angle of q we write ^Bq-K 

To reverse the direction of this rotation write 

q-^Bq". 
To translate the body B without rotation, each point of it 
moving through the vector a, we write 

To produce rotation of the translated body about the same 
axis, and through the same angle, as before, 

q{a'^B)^K 
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Had we rotated firsts and then translated^ we should have had 

The discrepance between these last results might perhaps be 
useful to those who do not believe in the Moon^s rotation, but 
to such men quaternions are unintelligible. 

855. By the definition of Homogeneous Strain, it is evident 
that if we take any three (non-coplanar) unit- vectors a, j3, y in 
an unstrained mass, they become after the strain other vectors, 
not necessarily unit- vectors, ai, )3i, yi. 

Hence any other ^iven vector, which of course may be thus 

expressed, p = xa'\-yP'\-zyy 

becomes pi = ^ai-|-yj3i-f ;8fyi, 

and is therefore known if a^, fix, y^ be given. 

More precisely 

■ 

p8,apy = a8.pyp + p8,yap'\-y8,app 
becomes 

piS.apy = (f>pS.apy = ai 8.Pyp'\- pi 8,yap-{-yi S.a^p. 

Thus the properties of <f), as in Chapter V, enable us to study 
with great simplicity strains or displacements in a solid or 
liquid. 

For instance, to find a vector whose direction is unchanged by 
the si/rainy is to solve the equation 

Vpi^p = 0, or i^p = gpy 

where ^ is a scalar unknown. 

[This vector equation is equivalent to three simple equations, 
and contains only three unknown quantities; viz.. two for the 
direction of p (the tensor does not enter, or, rather, is a factor of 
each side), and the unknown gl\ 

We have seen that every such equation leads to a cubic in g 
which may be written 

g^—m^g^-^mig-^-m =0, 

where m^ymi^m are scalars depending in. a known manner on 
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(2) 



the constant vectors involved in <^. This must have one real 
root, and may have three, 

356. For simplicity let us assume that a, )3, y form a rect- 
angular system, then we may operate by S.a^ S.fi, and S.y; and 
thus at once obtain the equation for ^, in the form 

8aa^-\-g, Sa^i, Say^ = (1) 

8fia„ Spp, -\-g, spy, 

Sya,, Syp,, Syy^^g 

If the mass be rigid we must have ai, )3i, y, still rectangular 
unit- vectors, and therefore 

Sap, = 8pa,y 

Say, = Sya,j 

SyP, = Spy,J 

in which case (1) has obviously -f 1 as one root: the others 
being imaginary, except in two limiting cases in which their 
values are equal, and each is 4- 1 or — 1. 

[One simple method of obtaining the conditions (2) is to 
suppose q the quaternion by a rotation about whose axis and 
through double of its angle a, j8, y are converted into Oi, )3i, y^. 
We have thus, by § 353, 

a, = qaq~^ &c., 

and equations (2) express the identities 

S.aqpf^ = S.pqagr^ &c. 

Numerous equally simple quaternion proofs will be obvious to 
the intelligent student.] 

357. If we take Tp = C vre consider a portion of the mass 
initially spherical. This becomes of course 

an ellipsoid, in the strained state of the body. 

Or if we consider a portion which is spherical after the strain. 
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its initial form was Tiftp = C, 

another ellipsoid. The relation between tiiese ellipsoids is ob- 
vious from their equations. (See 311.) 

In either ease the axes of the ellipsoid correspond to a rect- 
angular set of three diameters of the sphere (§ 257). Bat we 
must carefully separate the cases in which these corresponding 
lines in the two sur&ces are^ and are not^ coincident. For^ in 
the former case there is jfmre strain, in the latter the strain is 
accompanied hj rotation. Here we have at once the distinction 
pointed out hj Stokes*^ and Helmholtzf between the cases of 
fluid motion in which there is^ or is not, a velocity-potential. 
In ordinary fluid motion the distortion is of the nature of a 
pure strain, i. e. is differentially non-rotational ; while in vortex 
motion it is essentially accompanied by rotation. But the re- 
sultant of two pure strains is generally a strain accompanied 
by rotation. The question before us beautiftdly illustrates the 
properties of the quaternion linear and vector function. 

858* To jmd the quaternion formula for a pure strain. Take 
a, Pf y now as unit-vectors parallel to the axes of the strain- 
ellipsoid, they become aa, dp, cy. 

Hence pi = (pp = ^aaSap—bfiSpp—cySyp. 

And we have, for the criterion of a pure strain, the property 
of the function <^, that it is %elf conjugate y i. e. 

8p^<T ^ 8ar(l>p, 

359. Tivo pure strains, in succession, generally give a strain 
accompanied by rotation. For if <^, ^ represent the strains, since 
they are pure we have 



Spi^xT ^ 8aif>py 
Spyj/a- = Siryjfp 



:) (■) 



• Cambridge PhU, Tram, 1845. 

t CreUe, vol. Iv, 1857. ^^ ^^ PkU, Mag, (Supplement) June 1867. 
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But for the compound strain we have 

Pi = XP = ^4>P^ 
and we have not generally 

Spx<r = 8<rxp. 
For Sp\lf(l><r = S(r(l>\lfpy 

^y (1)^ ^^^ ^4^ is not generally the same as <^^. ^ (See Ex. 7 
to Chapter V.) 

360. The simplicity of this view of the question might lead us 
to suppose that we may easily separate the jaure strain from the 
rotation in any case^ and exhibit the corresponding functions. 
But, for this purpose, it is generally necessary to solve the cubic 
equation of Chapter V in each particular case. When this is 
effected, the rest of the process presents no difficulty. 

36L In general, if 

Pi = <^p = —a^Sap—P^SPp—yiSyp, 

the angle between any two lines, say p and <r, becomes in the 
altered state of the body 

C08- ^{--S.U(l)pU<t><r). 

The plane S(p = becomes (with the notation of § 144) 

/S^p, = = SC(l>p = 8p(l/(. 

Hence the angle between the planes 8(p = 0, and Srjp = 0, which 
is cos-^ {— SMCUr))y becomes 

The locus of lines equally elongated is, of course, 

T(t>Up-e, 

or T<i>p = eTp, 

a cone of the second order. 

362. In the case of a Simple Shear, we have, obviously, 

Pi = <^/) = p-^pSap. 
M m 
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The yecton which are unaltered in length are given by 

Tp, = Tp, 
or 28pp8ap'^p^8*ap = 0, 

which breaks np into 

8,ap = 0^ 

and ^(2/3+/5«a)=0. 

The intersection of this plane with the plane o{ a, p is per- 
pendicolar to 2/3+0'a. Let it be a-^xft, then 

i. e, 2ar— 1 = 0. 

Hence the intersection required is 

For the axes of the strain^ one is of course o^^ and the others 
are found by makmg T<t,Up a maxiinnm and minimom. 

Let p = a-^xp, 

then p^z= <l>p^ o+a?)3— )3, 

A Tp^ 

and -~— s= max. or min.^ 

1 
gives x*^x + — = 0, 

from which the values of x are found. 
Also^ as a verification^ 

i8'.(a+a?i/3)(o+^,i8) = -H-i8»a?ia?„ 
and should be = 0. It is so^ since^ by the equation^ 

_ 1 

Again 

which ought also to be zero. And, in fact, ari+a?, = 1 by the 
equation ; so that this also is verified. 
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863. We regret that our limits do not allow us to enter 
farther upon this very beautiful application. 

But it may be interesting here, especially for the consideration 
of any continuous displacements of the particles of a mass, to 
introduce another of the extraordinary instruments of analysis 
which Hamilton has invented. Fart of what is now to be 
given has been anticipated in last Chapter, but for continuity 
we commence afresh. 

If i^p= C (1) 

be the equation of one of a system of surfaces, and if the diflPer- 

ential of (1) be 

8vdp=iO, (2) 

z; is a vector perpendicular to the surface, and its length is 
inversely proportional to the normal distance between two con- 
secutive surfaces. In fact (2) fihows that v is perpendicular to 
dp, which is any tangent vector, thus proving the first assertion. 
Also, since in passing to a proximate surface we may write 

Svhp = 6(7, 

we see that F{p + v-*5 C) = C-h 6G 

This proves the latter assertion. 

It is evident from the above that if (1) be an equipotential, 

or an isothermal, surface, —v represents in direction and magni- 

tilde the force at any point or the flux of heat. And we have seen 

(§317) that if 

__ . rf . d yd 

"" dx ^ dy dz^ 

„, rf» d^ d^ 

giving V«=-.-^-— .- 



dx^ dy"" dz^ 
then V = VFp. 

This is due to Hamilton {Lectures on Quaternions, p. 611). 

364. Prom this it follows that the effect of the vector opera- 
tion V, upon any scalar function of the vector of a point, is to 

M m ^ 
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produce the vector which represents in magnitude and direction the 
most rapid change in the value of the function. 

Let us next consider the effect of V upon a vector function as 

We have at once 

and in this semi-Cartesian form it is easy to see that : — 

If <T represent a small vector displacement of a point situated 
at the extremity of the vector p (drawn from the origin) 

5V<r represents the consequent cubical compression of the 
group of points in the vicinity of that considered, and 

VV<T represents twice the vector axis of rotation of the same 
group of points. 

Similarly 

or is equivalent to total differentiation in virtue of our having 
passed from one end to the other of the vector <r. 

365. Suppose we fix our attention upon a group of points 
which originally filled a small sphere about the extremity of p as 
centre, whose equation referred to that point is 

^6) = ^ (1) 

After displacement p becomes p 4- <r, and, by last section, p -h 6) 
becomes p + w-t-o-— (/Sa)V)(r. Hence the vector of the new sur- 
face which encloses the group of points (drawn from the ex- 
tremity of p 4- <^) is 

0)1 == a> — (/Sft)V)<r (2) 

Hence 6) is a homogeneous linear and vector fiinction of Wi ; or 

0) = <^a)i, 
and therefore, by (1), 

T(^(a^ = Cy 

the equation of the new surface, which is evidently a central 
surface of the second order, and therefore, of course, an ellipsoid. 
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We may solve (2) with great ease by approximation, if we 
remember that Ta is very small, and therefore that in the small 
term we may put coi for w ; i. e. omit squares of small quan- 
tities; thus, 

6> = 0)1 -|-(&DiV)<r. 

366. ythe small displacement of each point of a medium is in 
the direction of and proportional tOy the attraction exerted at that 
point by any system of material m^asses, the displacement is effected 
without rotation. 

For if i^ = C be the potential surface, we have Sadp a com- 
plete differential ; i. e. in Cartesian coordinates 

idx-\-r)dy-^(dz 
is a differential of three independent variables. Hence the 
vector axis of rotation 

vanishes by the vanishing of each of its constituents, or 

r.Vtr = 0. 

Conversely, if there be no rotation^ the displacements are in the 
direction of and proportional to, the normal vectors to a series of 
surfaces. 

For 0=:F,dp r. V(r = (SdpV) a - VSadp, 

where, in the last term, V acts on a alone. 

Now, of the two terms on the right, the first is a complete 
differential, since it may be written ^Dopo; and therefore the 
remaining term must be so. 

Thus, in a distorted system, there is no compression if 

/SV<r=:0, 
and no rotation if 

r.Vcr = ; 

and evidently merely transference if <r = a = a constant vector, 

which is one case of 

Vo- = 0. 
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In the important case of 

(T = eVFp 

there is evidently no rotation^ since 

V<r = eV^Fp 

is evidently a scalar. In this case, then^ there are only transla- 
tion and compression^ and the latter is at each point proportional 
to the density of a distribution of matter^ which would give 
the potential jFJj. For if r be such density, we have at once 

867. The moment of inertia of a body about a unit vector 
a as axis is evidently 

where p is the vector of the portion m of the mass, and the 

origin of p is in the axis. 

Hence if we take hTa = '<?% we have, as locus of the extremity 

of a, 

J&* = —2^ (Fop)' = MSoj^a (suppose), 

the momental ellipsoid. 

If -Bj be the vector of the centre of inertia, <r the vector of m 
with respect to it, we have 

p = tsr + o-; 

therefore Mk" = -2;a{(iraw)«-f (ro<r)»} 

= — Jf (Taw)' + Jf/Sa<^iO. 

Now, for principal axes, h is max., min., or max.-min, with the 

condition 

a«= — 1. 

Thus we have 8d {^Voiur—^yo) = 0, 

8da = ; 

therefore —<^iO+ -or Tacr = j^a = ¥a (by operating by 5a). 
Hence (<^i4-^* + t!r»)a = -f tsr/Satsr, (l) 

* Proc,R.8.E. 1862-3. 
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determines the values of o, h^ being found from the equation 

iStsrCi^-l-^' + tir')-*!!! = 1 (2) 

Now the normal to 

fiir(<^ + >fc«4-i;j«)-»<r= 1, (3) 

at the point <r is (<^ + ^^ + -or')"' * <r. 

But (3) passes through >-'sr^ by (2)^ and there the normal is 

which, by (1), is parallel to one of the required values of a. 
Thus we prove Thomson's theorem that the principal axes at 
any point a/re normals to the three surfaces^ confocal with the 
momental ellipsoid, which pass through that point. 



EXAMPLES TO CHAPTER X. 

1. Form, from Idnematical principles, the equation of the 
cycloid; and employ it to prove the well-known elementary 
properties of the arc, tangent, radius of curvature, and evolute, 
of the curve. 

2. Interpret, kinematically, the equation 

p = aU(fit^p), 

where j8 is a given vector, and a a given scalar. 

Show that it represents a plane curve ; and give it in an 
integrated form independent of t. 

3. If we write 

tST = Pt py 

the equation in (2) becomes 

^— .-ST = a?7«r. 

Interpret this kinematically ; and find an integral. 

What is the nature of the step we have t^en in transform- 
ing from the equation of (2) to that of the present question ? 
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4. The motion of a point in a plane being given^ refer it to 

(a.) Fixed rectangular vectors in the plane. 

(d.) Rectangular vectors in the plane^ revolving oniformlj 
about a fixed point. 

((?.) Vectors, in the plane, revolving with /iifferent, but 
luiiform, angular velocities. 

{d.) The vector radius of a fixed circle, drawn to the point 
of contact of a tangent from the moving point. 

In each case translate the result into Cartesian coordinates. 

6. Any point of a line of given length, whose extremities 
move in fixed lines in a given plane, describes an ellipse. 

Show how to find the centre, and axes, of this ellipse ; and 
the angular velocity about the centre of the ellipse of the tracing 
point when the describing line rotates uniformly. 

Transform this construction so as to show that the ellipse 
is a hypotrochoid. 

6. A point. A, moves uniformly round one circular section 
of a cone ; find the angular velocity of the point, a, in which 
the generating line passing through A meets a subcontrary 
section, about the centre of that section. 

7. Solve, generally, the problem of finding the path by which 
a point will pass in the least time from one given point to 
another, the velocity at the point of space whose vector is p 
being expressed by the given scalar ftmction 

fp- 

Take also the following particular cases : — 

(a,) yp =z a while Sap> 1, 
/p =z b while Sap< 1. 

(^•) fp = ^«P- 
(c.) fp^-p\ 
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8. If, in the preceding question, fp be such a function of Tp 
that any one swiftest path is a circle, every other such path 
is a circle, and all paths diverging from one point converge 
accurately in another. 

(Maxwell, Cam. and Bub, Math, Journal^ IX. p. 9.) 

9. Interpret, as results of the composition of successive conical 
rotations, the apparent truisms 

y ^ a 

, \ a K I b y B 

and - - n -7;-=l- 

K L 6 y P O' 

(Hamilton, Lectures, p. 334.) 

10. Interpret, in the same way, the quaternion operators 

1 1 . Find the axis and angle of rotation by which one given 
rectangular set of unit vectors a, j8, y is changed into another 
given set ai, ^i, y^, 

12. Show that, if 

<I>P = P^^^py 

the linear and vector operation (f> denotes rotation about the 
vector €, together with \miform expansion in all directions per- 
pendicular to it. 

Prove this also by forming the operator which produces the 
expansion without the rotation, and that producing the rotation 
without the expansion ; and finding their joint effect. 

13. Express by quaternions the motion of a side of one right 
cone rolling uniformly upon another which is fixed, the vertices 
of the two being coincident. 

14. Given the simultaneous angular velocities of a body about 

N n 
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the principal axes through its centre of inertia, find the position 
of these axes in space at any assigned instant. 

15. Find the Knear and vector fimction, and also the quater- 
nion operator, by which we may pass, in any simple crystal 
of the cubical system, from the normal to one given face to that 
to another. How can we use them to distinguish a series of 
faces belonging to the same zone ? 

16. Classify the simple forms of the cubical system by the 
properties of the linear and vector fiinction, or of the quaternion 
operator. 

17. Find the vector normal of a face which truncates sym- 
metrically the edge formed by the intersection of two given 
faces. 

18. Find the normals of a pair of faces symmetrically trun- 
cating the given edge. 

19. Find the normal of a &ce which is equally inclined to 
three given faces. 

20. Show that the rhombic dodecahedron may be derived 
from the cube, or from the octahedron, by truncation of the 
edges. 

21. Find the form whose faces replace, symmetrically, the 
edges of the rhombic dodecahedron. 

22. Show how the two kinds of hemihedral forms are indi- 
cated by the quaternion expressions. 

23. Show that the cube may be produced by truncating the 
edges of the regular tetrahedron. 

24. Point out the modifications in the auxiliary vector frmction 
required in passing to the pyramidal and prismatic systems 
respectively. 

25. In the rhombohedral system the auxiliary quaternion 
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operator assumes a singularly simple form. Give this form, and 
point out the results indicated by it. 

26. Show that if the hodograph be a circle, and the accelera- 
tion be directed to a fixed point; the orbit must be a conic 
section, which is limited to being a circle if the acceleration 
follow any other law than that of gravity. 

27. In the hodograph corresponding to acceleration /{!)) di- 
rected towards a fixed centre, the curvature is inversely as 

28. If two circular hodographs, having a common chord, 
which passes through, or tends towards, a common centre of 
force, be cut by any two common orthogonals, the sum of the 
two times of hodographically describing the two intercepted 
arcs (small or large) will be the same for the two hodographs. 
(Hamilton, Elements ^ p. 725.) 

29. Employ the last theorem to prove, after Lambert, that 
the time of describing any arc of an elliptic orbit may be ex- 
pressed in terms of the chord of the arc and the extreme radii 
vectores. 
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CHAPTER XL 

PHYSICAL APPLICATIONS. 

868. "^ItTE propose to conclude the work by giving a few 
▼ ▼ instances of the ready applicability of quater- 
nions to questions of mathematical physics, upon which, even 
more than on the Geometrical or Kinematical applications, the 
real usefulness of the Calculus must mainly depend— -except, of 
course, in the eyes of that section of mathematicians for whom 
Transversals and Anharmonic Pencils, &c. have a to us incompre- 
hensible charm. Of course we cannot attempt to give examples 
in all branches of physics, nor even to carry very far our in- 
vestigations in any one branch : this Chapter is not intended 
to teach Physics, but merely to show by a few examples how 
expressly and naturally quaternions seem to be fitted for attack- 
ing the problems it presents. 

We commence with a few general theorems in Djmamics — 
the formation of the equations of equilibrium and motion of a 
rigid system, some properties of the central axis, and the motion 
of a solid about its centre of inertia. 

369. When any forces act on a rigid body, the force )3 at 
the point whose vector is a, &c., then, if the body be slightly 
displaced, so that a becomes a + 8a, the whole work done is 

2/S/38a. 

This must vanish if the forces are such as to maintain equili- 
brium. Hence the condition of equilibrium of a rigid body is 

2Spba = 0. 
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For a displacement of translation ba is any constant vector, hence 

2)3 = (1) 

For a rotation-displacement, we have by § 349, e being the 
axis, and Tc being indefinitely small, 

ba = Fea, 

and ^S.fiVca = iS.cFafi = /S.e2(ro^) = 0, 

whatever be e, hence 

S.rai3 = (2) 

These equations, (1) and (2), are equivalent to the ordinary six 
equations of equilibrium. 

370. In general, for any set of forces, let 

2^ = i3„ 
2.ro)3= Oi, 

it is required to find the points for which the couple a^ has its 
axis coincident with the resultant force j3i. Let y be the vector 
of such a point. 

Then for it the axis of the couple is 

and by condition 

Operate by 8^^ ; therefore 

xpi = 8a, p,, 
and Fyp, = a.-^fir'Sa^^, = -^iTa^^rS 

or y = J^a,pr'-¥yfii, 

a straight line (the Central Axis) parallel to the resultant force. 

37L To find the points about which the couple is least. 
Here T{a, — ^y^i) = minimum. 

Therefore ^.( a, - Vy^,) Vfi, / = 0, 
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where / is any vector whatever. It is useless to try y'= pi, 
but we may put it in succession equal to a^ and Fatpi. Thus 

s.yr.p,ra,p,^o, 

and {Fa^PiY-PlS.yFarpi = 0. 

Hence y=LxFa^ p^ +yPif 

and by operating with S.Fatpi, we get 

^^{Fa,p,y=.x{Fa,p,y, 

or y=^Fa,fir'+yfii, 

the same locus as in last section. 

872. The couple vanishes if 

This necessitates Sai fii = 0, 

or the force must be in the plane of the couple. If this be the 
case^ 

stiU the central axis. 

373. To assign the values of forces ^, ii, to act at e^ €,^ and 
be equivalent to the given system. 

F€i^F€,i,:^a,. 

Hence Tef + Tci 03, - ^ = a,, 

and i= (€-eO-'(ai-r€xi3i)+^(€-€i). 

Similarly for ^i. The indefinite terms may be omitted^ as they 
must evidently be equal and opposite. In fact they are any 
equal and opposite forces whatever acting in the line joining 
the given points. 

374. For the motion of a rigid system^ we have of course 

2/5(^-/3) 8a = 0, 
by the general equation of Lagrange. 
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Suppose the displacements ba to correspond to a mere transla- 
tion, then ba is any constant vector, hence 

2(^— i8) = 0, 
or, if ai be the vector of the centre of inertia, and therefore 

we have at once 

ai2;»-2)3=:0, 

and the centre of inertia moves as if the whole mass were con- 
centrated in it, and acted upon by all the applied forces. 

375. Again, let the displacements ba correspond to a rotation 
about an axis e, passing through the origin, then 

ba = V^a, 

it being assumed that T€ is indefinitely small. 

Hence S/S.e Fa {ma — )3) = 0, 

for all values of €, and therefore 

S.ra(wa-i3) = 0, 

which contains the three remaining ordinary equations of 
motion. 

Transfer the origin to the centre of inertia, i. e. put a=ai +t3-, 
then our equation becomes 

^F{ai'\"Uf){mdi-^mi!r—P) = 0. 
Or, since ^rnxxr = 0, 

But ai2»»— 2)3 = 0, hence our equation is simply 

Now ^Vtfffi is the couple, about the centre- of inertia, pro- 
duced by the applied forces ; call it <^, then 

2^FW^ = <^ (1) 

376. Integrating once, 

^mV'tsis ^ y -\-f^dt (2) 



un,' ii , ^gmimme^m^mmmmtmmmtmmmmmmmmm 
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Again^ as the motion considered is relative to the centre of 
inertia^ it must be of the nature of rotation about some axis^ 
in general variable. Let € denote at once the direction of, and 
the angular velocity about^ this axis. Then, evidently. 

Hence, the last equation may be vmtten 

Operating by S.e, we get 

'2m{V€tsTy =^ S^y -Y 8€f^t (3) 

But, by operating directly by 2/Serf^ upon the equation (1), 

we get 

^m[V€^Y=i^h^-^2/S€(\>dt (4) 

(2) and (4) contain the usual four integrals of the first order. 

877. When no forces act on the body, we have <^ = 0, and 

therefore 

^mmV^vT = y, (5) 

^n^h^ =:lm{F€^y =z-k% (6) 

and, from (5) and (6), 

5cy = -A» (7) 

One interpretation of (6) is, that the kinetic energy of rota- 
tion remains imchanged : another is, that the vector e ter- 
minates in an ellipsoid whose centre is the origin, and which 
therefore assigns the angular velocity when the direction of the 
axis is given j (7) shows that the extremity of the instantaneous 
axis is always in a plane fixed in space. 

Also, by (5), (7) is the equation of the tangent plane to (6) at 
the extremity of the vector e. Hence the ellipsoid (6) rolls on 
the plane (7). 

From (5) and (6), we have at once, as an equation which c 

must satisfy, 

y''2.m{F€'my = —A^{l,mwF€wy. 



r 
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This belongs to a cone of the second degree fixed in the body. 
Thus all the ordinary results regarding the motion of a rigid 
body under the action of no forces, the centre of inertia being 
fixed, are deduced almost intuitively : and the only difficulties 
to be met with in more complex cases of such motion are those 
of integration, which are inherent to the subject, and appear 
whatever analytical method is employed. (Hamilton, Proc, 
R.I.A. 1848.) 

378. We next take FresneFs Theory of Double Refraction, 
but merely for the purpose of showing how quaternions simplify 
the processes required, and in no way to discuss the plausibility 
of the physical assumptions. 

Let tfST be the vector displacement of a portion of the ether, 

with the condition 

. ^ ^ ^^ =-1. (1) 

the force of restitution, on FresnePs assumption, is 

t{aHSi7ff-\-h^jSj'm-\-c^k8k'UT) = ^<^ot, 
using the notation of Chapter V. Here the function <^ is 
obviously self-conjugate. a% h^, c^ are optical constants de- 
pending on the crystalline medium, and on the colour of the 
light, and may be considered as given. 

FresnePs second assumption is that the ether is incompres- 
sible, or that vibrations normal to a wave front are inadmissible. 
If, then, a be the unit normal to a plane wave in the crystal, 
we have of course 

a^=-l, (2) 

and Sa'UT = ; (3) 

but, and in addition, we have 

'CJ~^Ft3"<^'sr II a, 

or S,a'a(f>'ST =: (4) 

This equation (4) is the embodiment of FresneFs second assump- 
tion, but it may evidently be read as meaning, tAe normal to the 
fronts the direction of vibrationy and that of the force of restitution 
are in one plane, 

o 
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« 

379. Equations (3) and (4), if satisfied by cr, are also satisfied 
by tsra, so that the plane (3) intersects the cone (4) in two lines 
at right angles to each other. That is, for any given wave front 
there are two directions of vibration, and they are ^perpendicular to 
each other, 

380. The square of the normal velocity of propagation of a 
plane wave is proportional to the ratio of the resolved part 
of the force of restitution in the direction of vibration, to the 
amount of displacement, hence 

Hence FresneFs Wave-surface is the envelop of the plane 

Sap = 'f8Tff(fyuTf (5) 

with the conditions t3-'= — 1, (1) 

a»=-l, (2) 

8a^=i0y (3) 

S.a'ur(fyur = (4) 

Formidable as this problem appears, it is easy enough. From 
(3) and (4) we get at once. 

Hence, operating by &ot, 

—X = — 5W<^cr = — ^;^ 
Therefore (<^ -|- t?^)cr = — ajSa</)cr, 

and S.a{(l) + v^)-^a= (6) 

In passing, we may remark that this equation gives the normal 
velocities of the two rays whose fronts are perpendicular to a. In 
Cartesian coordinates it is the well-known equation 



l^ m^ n^ _ 

By this elimination of w, our equations are reduced to 

/S.a(<^H-v»)-^a = 0, (6) 

v=^8ap, (5) 

a«=-l (2) 
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They give at once, by § 309, 

Operating by S,a we have 

v'Sa{<l)-^v'')-^a = L 
Substituting for i, and remarking that 

Sa{<l)+v^)-^a =—T»(<^ + «;')-» a, 
because </> is self-conjugate, we have 

va — p 

This gives at once, by rearrangement. 

Hence (<*>— p2)-ip = ^^P , 

Operating by S.p on this equation we have 

5p((^-pVp=-i> (7) 

which is the required equation. 

[It will be a good exercise for the student to translate the 
last ten formulae into Cartesian coordinates. He will thus 
reproduce almost exactly the steps by which Archibald Smith ^ 
first arrived at a simple and symmetrical mode of effecting the 
elimination. Yet, as we shall presently see, the above process 
is far from being the shortest and easiest to which quaternions 
conduct us.] 

38L The Cartesian form of the equation (7) is not the usual 
one. It is, of course. 
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and we have the usual expression 

a^x^ h^y^ c'^z'' 



This last quaternion equation can also be put into either of the 
new forms ^ jl 

or T(p-«-<^-^)-V = 0. 

382. By applying the results of §§ 171, 172 we may in- 
troduce a multitude of new forms. We must confine ourselves 
to the most simple; but the student may easily investigate 
others by a process precisely similar to that which follows. 

Writing the equation of the wave as 

where we have g = — p-*, 

we see that it may be changed to 

if m8p(f)p = gAp^ = —A. 

Thus the new form is 

8p{(f>-^''mSp(t>p)-^p = (1) 

Here m =: ,,^ ^ , Spfpp =z a^w^ + b'^^-^c^z'', 
and the equation of the wave in Cartesian coordinates is, putting 

a?2 y^ z'^ 

^ \ -, = 0. 



b^c^—rl c'^a'^—rX a^b^^rl 

383. By means of equation (1) of last section we may easily 
prove Pliicker^s Theorem. TAe Wave-Surface is its own reciprocal 
with respect to the ellipsoid whose equation is 

f 
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The equation of the plane of contact of tangents to this surface 
from the point whose vector is p is 

/Scj<^«p = — -. — • 

The reciprocal of this plane, with respect to the unit-sphere 
about the origin, has therefore a vector cr where 

Hence p = — ; — 0~^o', 

and when this is substituted in the equation of the wave we 
have for the reciprocal (with respect to the unit-sphere) of the 
reciprocal of the wave with respect to the above ellipsoid. 



S,a{(t)— — S(T<I)-^ a) a- = 0. 



This diflTers firom the equation (1) of last section solely in having 
<^-* instead of </>, and (consistently with this) — instead of m. 

Hence it represents the inde;c-surface. The required reciprocal 
of the wave with reference to the ellipsoid is therefore the wave 
itself. 

384. Hamilton has given a remarkably simple investigation 
of the form of the equation of the wave-surface, in his Elements 
p. 736, which the reader may consult with advantage. The 
following is essentially the same, but several steps of the process, 
which a skilled analyst would not require to write down, are 
retained for the benefit of the learner. 

Let Slip =-1 (1) 

be the equation of any tangent plane to the wave, i. e. of any 
wave-front. Then /x is the vector of wave-slowness, and the 

normal velocity of propagation is therefore -p^- . Hence, if -cr be 

the vector direction of displacement, /ut'^'cr is the efiective com- 
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ponent of the force of restitution. Hence, <^tj denoting the 
whole force of restitution, we have 

<^tir— /x-^'tsr II jx, 

or -ST II (</>-M""')">. 

and, as ts- is in the plane of the wave-front, 

Sfl'ST = 0, 

or /V(</)— /yi"')"*M = (2) 

This is, in reality, equation (6) of § 380. It appears here, 
however, as the equation of the Index-Surfacey the polar reci- 
procal of the wave with respect to a unit-sphere about the 
origin. Of course the optical part of the problem is now solved, 
all that remains being the geometrical process of § 311. 

385. Equation (2) of last section may be at once transformed, 
by the process of § 381, into 

Let us employ an auxiliary vector 

whence ^ = (m*— <^""0'' (1) 

The equation now becomes 

StiT = 1, (2) 

or, by(l), jLt^r^— /Sr0-^r = 1 (3) 

Differentiating (3), subtract its half from the result obtained by 
operating with S,t on the differential of (1). The remainder is 

r^ Sydfi-^ Srdyi = 0. 

But we have also (§311) 

Spdfi = 0, 

and therefore xp = iir'^—ry 

where ^ is a scalar. 

This equation, with (2), shows that 

Srp = (4) 
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Hence, operating on it by S.p, we have by (1) of last section 

and therefore p-^ =--pi-|-r~>. 

This gives p-^ = /x»— t-^ 

Substituting from these equations in (1) above, it becomes 

or r = (<^-^— p-*)-V"^ 
Knally, we have for the required equation, by (4), 

8p-'{(l>-^^p-^)-'p-' = 0, 
or, by a transformation already employed, 

Sp{<t>^pT'p=' 1. 

386. It may assist the student in the practice of quaternion 
analysis, which is our main object, if we give a few of these 
investigations by a somewhat varied process. 

Thus, in § 378, let us write as in § 168, 

We have, by the same processes as in § 378, 

S,i;TaySf/'UT-\-S,maf/S\^'sr = 0. 

This may be written, so far as the generating lines we require are 
concernedy 

S.'CjaF'X'Grf/ = = S.'sraX'STpfy ' 
since 'cra is a vector. 

Or we may write ( 

S.pf F.TsrX^'OTa = = Sy^y^sra. J 

Equations (1) denote two cones of the second order which pass 
through the intersections of (3) and (4) of § 378. Hence their 
intersections are the directions of vibration. 

387. By (1) we have 

/S.-DjA'-orajLi' = 0, 



(1) 
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Hence 'srX V^ a, fi are coplanar ; and^ as «r is perpendicular to 
a, it is equally inclined to FX'a and Ffia, 

For, if i. My A be the 
^ projections of X', f/, a on 

the unit sphere, £C the 
great circle whose pole is 
Ay we are to find for the 
projections of the values of 
-cr on the sphere points P 
and P', such that if ZP be 
produced till PQ = IP, Q 
may lie on the great circle 
AM, Hence, evidently, 
^ CP = PB, 

and CP^ = P'B; which proves the proposition, since the pro- 
jections of FXfa and Fjut'a on the sphere are points 6 and c in PC, 
distant by quadrants from C and B respectively. 

388. Or thus. 




therefore 



Svra = 0, 
S.urK^aXf'GTl/ = 0, 

Hence (/SxV - ^) tsr = (X' + a /SaXO /S/xV + (/ + a /Soft') Sk'ts. 
Operate by SX, and we have 

Hence by symmetry, 

SK^'ST SfX'ST 

Siaa =0 , 
rs = U{UF\'a± UFi/a). 



and as 
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389. The optical interpretation of the common result of the 
last two sections is that the planes of polarization of the two ray a 
whose wave-fronts are parallel, bisect the angles contained by planes 
passing through the normal to the wave-front and the vectors (optic 
axes) X', ik\ 

390. As in § 380, the normal velocity is given by 

[This transformation, effected by means of the value of -or in 

§ 388, is left to the reader.] 

Hence, if t;i, t^j, be the velocities of the two waves whose 

normal is a 

v\^v\ = 2T.r\farf/a 

oc sin Xfa sin ixa. 

That is, the difference ef the squares of the velocities of the two 
waves varies as the product of the sines of the angles between the 
normal to the wave front and the optic axes {\% fi). 

39L We have, obviously. 

Hence t;« = / q: {T± 8). FK'a F/a. 

The equation of the index surface, for which 

is therefore 

1 ^^p'p^^:{T±S).Fk'pFi/p. 

This will, of course, become the equation of the reciprocal of the 
index-surface, i. e. the wave-surface, if we put for the ftinction 
(j) its reciprocal : i. e. if in the values of X', /m', j»' we put 

- , "T , - for d5, J, (? respectively. We have then, and indeed 
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it might have been deduced even more simply as a transforma- 
tion of § 380 (7), 

1 =-i?p»4:(y±/S).rAprMP, 

as another form of the equation of Fresnel's wave. 

If we employ the i, k transformation of § 121, this may be 
written, as the student may easily prove, in the form 

392. We may now, in furtherance of our object, which is to 
give varied examples of quaternions, not complete treatment of 
any one subject, proceed to deduce some of the properties of the 
wave-surface from the different forms of its equation which we 
have given. 

393. FremePs construction of the wave hy points. 

From § 273 (4) we see at once that the lengths of the 
principal semidiameters of the central section of the ellipsoid 

/Sp<^-V = 1, 

by the plane Sap = 0, 

are determined by the equation 

/S'.a(</)-^— p-»)-^a = 0. 

If these lengths be laid off along a, the central perpendicular to 
the cutting plane, their extremities lie on a surface for which 
a = Upy and Tp has values determined by the equation. 
Hence the equation of the locus is 

«p(0-i-p-»)-ip=O, 
as in §§ 380, 385. 

Of course the index-surface is derived from the reciprocal 
«Uipsoid Sp4>p = 1 

by the same construction. 

394. Again, in the equation 

1 =:^pp'T{T±s).r\prfxp, 



. .t 
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suppose Fkp = 0, or Ffip = 0, 

we obviously have 

^UK ^ UyL 

P= ±"7= or p= ±-7=> 

and there are therefore four singular points. 

To find the nature of the surface near these points put 

U\ 

where T'sr is very small^ and reject terms above the first order in 
TvT. The equation of the wave becomes, in the neighbourhood 
of the singdar point, 

which belongs to a cone of the second order. 

395. From the similarity of its equation to that of the wave, 
it is obvious that the index-surface also has four conical cusps. 
As an infinite number of tangent planes can be drawn at such 
a point, the reciprocal surface must be capable of being touched 
by a plane at an infinite number of points ; so that the wave- 
surface has four tangent planes which touch it along ridges. 

To find their form, Ifet us employ the last form of equation of 
the wave in § 39 1 . If we put 

TFip = TFkp, (1) 

we have the equation of a cone of the second degree. It meets 
the wave at its intersections with the planes 

/S(t-K)p= ±(k»-.i») * (2) 

Now the wave-surface is touched by these planes, because we 
cannot have the quantity on the first side of this equation 
greater in absolute magnitude than that on the second, so long 
as p satisfies the equation of the wave. 

That the curves of contact are circles appears at once from 
(1) and (2), for they give in combination 

p«= +5(i+k)p, (3) 

Pp i^ 
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the equations of two spheres on which the curves in question are 
situated. 

The diameter of this circular ridge is 

[Simple as these processes are^ the student will find on trial 
that the equation 

gives the results quite as simply. For we have only to examine 
the cases in which — p"* has the value of one of the roots of the 
symbolical cubic in ^-"*. In the present case Tp=6 is the only 
one which requires to be studied.] 

396. By § 384^ we see that the auxiliary vector of the suc- 
ceeding section, viz. 

is parallel to the direction of the force of restitution, (jyur. Hence, 
as Hamilton has shown, the equation of the wave, in the form 

Srp = 0, 
(4) of § 385, indicates that tAe direction of the force of restitU' 
tion is joerpendicular to the ray, • 

Again, as for any one versor of a vector of the wave there are 
two values of the tensor, which are found from the equation 

we see by § 393 that tie lines of vibration for a given plane 
front are parallel to the axes of any section of the ellipsoid 

S.p(t>-^p = 1 
made hy a plane parallel to the front ; or to the tangents* to the 
lines if curvature at a point where the tangent plane is parallel 
to the wave-front. 

397. Again, a curve which is drawn on the wave-surface so as 
to touch at each point the corresponding line of vibration has 
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Hence ' 8(ppdp = 0, or JSfHpp = (7, 

so that such curves are the intersections of the wave with a 
series of ellipsoids concentric with it. 

398. For curves cutting at right angles the lines of vibration 
we have ^^ y rp<^-H(^-^--/)-'»)-V 

II Vpi^p^p^y^p. 

Hence Spdp = 0, or Tp = C, 

BO that the curves in question lie on concentric spheres. 
They are also spherical conies, because where 

Tp = C 
the equation of the wave becomes 

the equation of a cyclic cone, whose vertex is at the common 
centre of the sphere and the wave-surface, and which cuts them 
in their curve of intersection. 

399* As a final example we take the case of the action of 
electric currents on one another or on magnets ; and the mutual 
action of permanent magnets. 

A comparison between the processes we employ and those of 
Ampere (ThSorie des Phenomenes MectrodynamiqueSy 8fc,, many 
of which are well given by Murphy in his Electricity) will at 
once show how much is gained in simplicity and directness by 
the use of quaternions. 

The same gain in simplicity will be noticed in the investiga- 
tions of the mutual efiects of permanent magnets, where the 
resultant forces and couples are at once introduced in their most 
natural and direct forms. 

400. Ampere's experimental laws may be stated as follows : 

I. Equal and opposite currents in the same conductor produce 
equal and opposite efiects on other conductors : whence it follows 
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that an element of one current has no effect on an element of 
another which lies in the plane bisecting the former at right 
angles. 

n. The effect of a conductor bent or twisted in any manner 
is equivalent to that of a straight one, provided that the two 
are traversed by equal currents, and the former nearly coincides 
with the latter. 

III. No closed circuit can set in motion an element of a cir- 
cular conductor about an axis through the centre of the circle 
and perpendicular to its plane. 

rV. In similar systems traversed by equal currents the forces 
are equal. 

To these we add the assumption that the action between two 
elements of currents is in the straight line joining them : and 
two others, viz. that the effect of any element of a current on 
another is directly as the product of the strengths of the cur- 
rents, and of the lengths of the elements. 

40L Let there be two closed currents whose strengths are 
a and a^ ; let a, a^ be elements of these, a being the vector 
joining their middle points. Then the effect of a on a^ must, 
when resolved along a^, be a complete differential with respect 
to a (i.e. with respect to the three independent variables in- 
volved in a), since the total resolved effect of the closed circuit 
of which a^ 18 an element is zero by III. 

Also by I,. II, the effect is a function of Ta, 8(m% 8aai, and 
Sa^ai, since these are sufficient to resolve a and a^ into elements 
parallel and perpendicular to each other and to a. Hence the 
mutual effect is 

aa^ Uaf(Ta, Saa, Saa^, Saai), 

and the resolved effect parallel to a^ is 

aa^SUai Uaf. 
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Also^ that action and reaction may be equal -in absolute mag- 
nitude^ ymust be symmetrical in Sojol and Saa^* Again^ a' (as 
differential of a) can enter only to the f/r at power, and m/uet appear 
in each term of/. 

Hence f = ASaa^ 4- JBSaaSaai. 

But, by rV", this must be independent of the dimensions of the 
system. Hence J is of —2 and jB of — 4 dimensions in Ta. 
Therefore 

-=^ {ASaaiSa^ai + £SaaS*aai} 

ICL 

is a complete differential, with respect to a, if rfa = o'. Let 
where C is a constant depending on the units employed, there- 

and the resolved effect 

Caai J S^cuii ^ Saai . ^^ , . - „ , « . 

= Caa^ Y'--^^{8.Fajaraai'{-iSaa'Saai). 

The factor in brackets is evidently proportional in the ordinary 

notation to 

sin sin ^ cos a> — ^ cos cos ^ 

402. Thus the whole force is 

as we should expect, dia being = Oi* [This may easily be 
transformed into 

(Ta)* "*• ^ "^ ' 
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which is the quaternion expression for Ampere's well-known 
form.] 

403. The whole eflfect on a^ of the closed circuit, of which a' 
is an element, is therefore 

Caai r a ,(&ai)' 

^ Caai r aSaai ^ f Vaxi , 

between proper limits. As the int^^rated part is the same at 
both limits^ the effect is 

^ra.ftwhere^=j^^=j^^, 

and depends on the form of the closed circuit. 

404. This vector )3, which is of great importance in the 
whole theory of the effects of closed or indefinitely extended 
circuits, corresponds to the line which is caUed by Ampere 
*' directrice de I' action electrodynamique!* It has a definite value 
at each point of space, independent of the existence of any other 
current. 

Consider the circuit a polygon whose sides are indefinitely 
small; join its angular points with any assumed point, erect 
at the latter, perpendicular to the plane of each elementary 

triangle so formed, a vector whose length is - , where 6> is the 

T 

vertical angle of the triangle and r the length of one of the 
containing sides ; the sum of such vectors is the ^^ directrice" at 
the assumed point. 

405. The mere /orm of the result of § 403 shows at once 
that iftAe element Oi 6e turned about its middle point, the direction 
of the resultant action is conjmed to the plane whose normal is p. 

Suppose that the element a^ is forced to remain perpendicular 
to some given vector 6, we have 

Sa^b = 0, 
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and the whole action in its plane of motion is proportional to 

But r.hra,fi ^-ayS^h. 

Hence the action is evidently constant for all possible positions 
of tti; or 

The effect of any system of closed currents on an element of a 
conductor which is restricted to a given plane is {in that plane) 
independent of the direction of the element, 

406. Let the closed current he plane and very small. Let c 
(where Te = 1) be its normal^ and let y be the vector of any 
point within it (as the centre of inertia of its area) ; the middle 
point of tti being the origin of vectors. 

Let a = y-^p; therefore a = /)', 

and p = fl3^ = f^y±M 



= ^lny^o)p'{^^%} 



to a sufficient approximation. 
Now (between limits) 

/Fpp' = 2 At, 
where A is the area of the closed circuit. 
Also generally 

fVyp'Syp = iiSypFyp+yr.yfFpp') 
= (between limits) Ay Fy€. 
Hence for this case 

^ (, , 3y%x 

— Ty^\ "^ Ty^ y 

407. If^ instead of one small plane closed current^ there be 
a series of such^ of equal area^ disposed regularly in a tubular 



^m^^m 
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form^ let x be the distance between two consecutive currents 
measured along the axis of the tube ; then^ putting y' = we, 
we have for the whole effect of such a set of currents on ai 

= ^ ^ (between proper limits). 

If the axis of the tubular arrangement be a closed curve this 
will evidently vanish. Hence a closed solenoid exerts no influence 
on an element of a conductor. The same is evidently true if the 
solenoid be indefinite in both directions. 

If the axis extend to infinity in one direction, and y« be the 
vector of the other extremity, the effect is 

CAaay^ Va^y^ 

and is ihexQiote perpendicular to the element and to the Une joining 
it with the extremity of the solenoid. It is evidently inversely 
as Ty\ and directly as the sine of the angle contained between the 
direction of the element and that of the line joining the latter with 
the extremity of the solenoid. It is also inversely as x, and there- 
fore di/rectly as the number of currents in a unit of the axis of the 
solenoid. 



CAaa^ r 
2> J 



408. To find the effect of the whole circuit whose element is 
ai on the extremity of the solenoid, we must change the sign of 
the above and put a^ = y©'; therefore the effect is 

an integral of the species considered in § 403 whose value is 
easily assigned in particular cases. 

409* Suppose the conductor to be straight, and indefinitely 
extended in both directions. 

Let ho be the vector perpendicular to it from the extremity of 
the canal, and let the conductor be || r;, where 719 = ^ = 1 . 
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Therefore y^ = h$ +yri (where y is a scalar)^ 
and the integral in § 407 is 

AFfiO r^ — ^ — - = I Vrie. 

The whole effect is therefore 

CAaai 



xh 



y-ifi. 



and is thus joerpendicular to the plane passing through the con- 
ductor and the extremity of the canal, and varies inversely as the 
distance of the latter from the conductor. 

This is exactly the observed effect of an indefinite straight 
current on a magnetic pole, or particle of free magnetism. 

410. Suppose the con- 
ductor to he circular, and 
the pole nearly in its axis. 

Let UPD be the con- 
ductor, AB its axis, and 
C the pole; £C perpen- 
dicular to AB, and small 
in comparison with AE=: h 
the radius of the circle. 

Let 
AB be a^ i, EC = hk, 
AP = hijx^-hy) 




where 
Then 



CP ^ y -= aii+bk—hijx+iy). 



And the effect on Coo 



/■ 



Pyt 



CH /I I ^ T^ 1 

J (aJ + «" + ^»-2%)' 
where the integral extends to the whole circuit. 
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41L Suppose in particular C to be one pole of a small 
magnet or solenoid CC whose length is 2 1, and whose middle 
point is at & and distant a &om the centre of the conductor. 
Let Z CGB = A. Then evidently 

a^ = a + /cos A, 

b = /sin A. 
Also the effect on Cbecomes, if dj; + 5*+A' = A*, 

^ [^ciz z\' •. 71 r. . 3% 15 A»i*y* . 

-^Jer{{A^6y)z+a,xj-^a,2fk}{l -^ "jf + ^ "jT^ +- 1 

irA*.. Bb*i 3a,6k 15 A*6^i v 

since for the whole circuit 

/erxy^ = 0. 

If we suppose the centre of the magnet fixed^ the vector axis 
of the couple produced by the action of the current on C is 

ir.{i cos A + >i sin A) /-^ 

irAUsinA .r 3i* 15 A*6* 3^x^008 A , 



CO 



^8 ^i ^a ■ 2 J» ^*sinA 

If A, &c. be now developed in powers of I, this at once becomes 
irAHsinA .. QalcosA 15flf«/*cos*A Si* 



(^» + A')^ ^ ^« + ^» ' (fl^» + A'Y a^ + ^« 

3/"sin«A 15 A*/*sin*A (a + /cos A) /cos A ^ 5fl^cosAx^ 

Putting — / for / and changing the sig^ of the whole to get 
that for pole (T, we have for the vector axis of the complete 
couple 

47r^»/sinA .. ^ /'(4g'-^')(4-5sin^A) . , 
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which is almost exactly proportional to sin A i{ 2 a =z k and I 
be small. 

On this depends a modification of the tangent galvanometer. 
(Bravais — Ann. de CAimie, xxxviii. 309.) 

412. As before^ the effect of an indefinite solenoid on ai is 

Now suppose Oi to be an element of a small plane circuit, 5 the 
vector of the centre of inertia of its area, the pole of the solenoid 
being origin. 

Let y ^ S+p^ then a^ = p'. 

The whole effect is therefore 

_ CAaa, r r{h -h p)/ 

"" 2xlV Vi+~-2^> 

where A^ and Cj are, for the new circuit, what A and e were for 
the former. ' 

Let the new circuit also belong to an indefinite solenoid, and 
let 8o be the vector joining the poles of the two solenoids. 
Then the mutual effect is 






2xx 
_ CAA^aa^ ho Ubp 

" ~2^^^ jnoT ^'Woy' 

which is exactly tAe mutual efect of two magnetic poles. Two 
finite solenoids^ therefore^ act on each other exactly as two magnets, 
and the pole of an indefinite solenoid acts as a particle of free 
magnetism, 

413. The mutual attraction of two indefinitely small plane 
closed circuits, whose normals are e and €i, may evidently be 
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deduced by twice differentiating the expression -==-■ for the 

mutual action of the poles of two indefinite solenoids^ making 
db in one differentiation || € and in the other || €i. 

But it may also be calculated directly by a process which will 
give us in addition the couple impressed on one of the circuits 
by the other, supposing for simplicity the first to be circular. 




Let A and JB be the centres of inertia of the areas of A and B, 
6 and €i vectors normal to their planes, a any vector radius of 
JB, AB = )3. 

Then whole effect on (/, by §§ 406, 403, 



A 



3(i3 + (r)/y(i3+o-)€ 



^■yo^T^'^^"^ — W^' — ^' 

3 Fa^Sae Va'trS^e . 

But between proper limits, 

/ra'rj80a =-Ji r.rJre€^, 

for generally /Fari 5^0- = - ^ ( FrjaSda +r.rjF. O/Faa). 

Hence, after a reduction or two, we find that the whole force 
exerted by A on the centre of inertia of the area of B 

This, as already observed, may be at once found by twice 
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differentiating -jjf— . In the same way the vector moment^ due 
to A, about the centre of inertia of B, 

These expressions for the whole force of one small magnet 
on the centre of inertia of another, and the couple about the 
latter, seem to be the simplest that can be given. It is easy to 
deduce from them the ordinary forms. For instance^ the whole 
resultant couple on the second magnet 

may easily be shown to coincide with that given by Ellis 
{Camb, Math. Journal, iv. 95), though it seems to lose in sim- 
plicity and capability of interpretation by such modifications. 

414. The above formulae show that the whole force exerted 
by one small magnet M, on the centre of inertia of another m, 
consists of four terms which are, in order, 

1st. In the line joining the magnets, and proportional to the 
cosine of their mutual inclination. 

2nd. In the same line, and proportional to five times the product 
of the cosines of their respective inclinations to this line. 

3rd. and 4th. Parallel to \^^ and proportional to the cosine 

M 

of the inclination of { } to the joining line. 

All these forces are, in addition, inversely as the fourth power 
of the distance between the magnets. 
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For the couples about the centre of inertia of m we have 

1st. A couple wAose axis is joerpendicular to each magnet, and 
which is as the sine of their muttud inclination, 

2nd. A cowple whose axis is perpendicular to m an4 to the line 
joining the magnets, and whose moment is as three times the product 
of the sine of the inclination of m, and the cosine of the inclination 
ofM., to the joining line. 

In addition these couples vary inversely as the third power of 
the distance between the magnets. 

[These results afford a good example of what has been called 
the internal nature of the methods of quaremions, reducing, as 
they do at once, the forces and couples to others independent 
of any lines of reference, other than those necessarily belonging 
to the system under consideration. To show their ready appli- 
cability, let us take a Theorem due to Gauss.] 

415. If two small magnets be at right angles to each other, the 
moment of rotation of the first is approximately twice as great 
when the axis of the second passes through the centre of the fi/rst, as 
when the axis of the first passes through the centre of the second. 

In the first case « II /3 -'-^i ; 

C 2C" 

therefore moment = _T(€€i--3€€0 = —T^^^. 

In the second « j || ^3 -i. ^ ; 

therefore moment = -jp~ Itci. Hence the theorem. 

416. Again, we may easily reproduce the results of § 413, if 
for the two small circuits we suppose two small magnets 
perpendicular to their planes to be substituted. /3 is then the 
vector joining the middle points of these magnets, and by 
changing the tensors we may take 2€ and 2€i as the vector 
lengths of the magnets. 
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Hence evidently the mutual eflPect 
which is easily reducible to 

as before^ if smaller terms be omitted. 

If we operate with F,€i on the two first terms of the unre- 
duced expression, and take the difference between this result 
and the same with the sign of e^ changed, we have the whole 
vector axis of the couple on the magnet 2€i, which is therefore, 
as before, seen to be proportional to 

417. We might apply the foregoing formulae with great ease 
to other cases treated by Ampere, De Montferrand, &c.— or to 
two finite circular conductors as in Weber^s Dynamometer — ^but 
in general the only difficulty is in the integration, which even in 
some of the simplest cases involves elliptic ftmctions, &c., &c. 

418. Let F{y) be the potential of any system upon a unit 
particle at the extremity of y. 

ny) = c : (1) 

is the equation of a level surface. 
Let the differential of (1) be 

Svdy=0, (2) 

then r is a vector normal to (1), and is therefore the direction of 

the force. 

But, passing to a proximate level surface, we have 

Svhy = hC, 
Make hy = xv, then 

R r 



306 QUATERNIONS. [CHAP. XI. 

Hence p expresses the force in magnitude also. (§ 363.) 
Now by § 406 we have for the vector force exerted by a small 
plane closed circuit on a particle of free magnetism the ex- 
pression 

^, 3y%. 

omitting the factors depending on the strength of the current 
and the strength of magnetism of the particle. 
Hence the potential, \>j (2) and (1), 






a 



a 



Ty^ ' 

area of circuit projected perpendicular to y 



Ty^ 
oc solid angle subtended by circuit. 

The constant is omitted in the integration^ as the potential must 
evidently vanish for infinite values of Ty. 

By means of Ampere's idea of breaking up a finite circuit into 
an indefinite number of indefinitely small ones^ it is evident that 
the above result may be at once extended to the case of such a 
finite closed circuit. 

419. Quaternions give a simple method of deducing the 
well-known property of the Magnetic Curves. 

Let A, Jl be two equal magnetic 
poles, whose vector distance, 2 a, is 
bisected in 0, QQ' an indefinitely 
small magnet whose length is 2/, 
where p = OF. Then evidently, 
taking moments, 

r {9^0)9' _ , r(p--a)p' 
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Operate by S.Fapy 

-^^^ ^ w . ^^ ^ f^t-^ ^ ^ ^ {same with -a}, 

or 8.aV{^ — ^)(7(/)H-a) = + {same with —a}, 

i. e# SadU{p+a) = + SadUip—a), 

/Set {Z7(pH- a) T f^(p— a)} = const., 
or cos Z0.4P + lOA'P = const., 

the property referred to. 

420. If the vector of any point be denoted by 

p =z ix -{-jy-^ h, (1) 

there are many physically interesting and important transforma- 
tions depending upon the effects of the quaternion operator 

^ = *^+-^^+*^ ('> 

on various Amotions of p. When the fimction of p is a scalar, 
the effect of V is to give the vector of most rapid increase. Its 
effect on a vector fimction is indicated briefly in § 364. 

42L We commence with one or two simple examples, which 
are not only interesting, but very useful in transformations. 

Vp = (i^+&c.)(ir + &c.)=-3 (3) 

V{TpY = n(Tpf-'^VTp=:n{Tpf-*p', (5) 

and, of course, V ^^ =__^j (5)' 

whence, v^ = -^=-^, (6) 
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and, of course, ^* -?ir- = — ^-^ = ^ (6)* 

Tp Tp* 

Also, Vp = -3= TpVUp-^-VTpMp^z TpVUp--l, 

422, By the help of the above results, of which (6) is 
especially useful (though obvious on other grounds), and (4) 
and (7) very remarkable, we may easily find the effect of V upon 
more complex functions. 

Thus, ViSap=— v(«^ + &<50 =~^i (1) 

VTap =— Vrpa=— V(pa— )Sap)= 3a— a = 2a (2) 

Hence 

vJ^— 2a __3prap_ 2ap* + SpFap _ ap^SpSap 

'W'W "?>*""~ Tp' ~ w ■ ^^ 

TT cr* r7 ^^P p^Sabp — SSapSpbp Sabp SSapSpbp 

Hence «-S|)V — = j^j =~"7>i" W~ 

= -»t W 

This is a very useful transformation in various physical appli- 
cations. By (6) it can be put in the sometimes more convenient 
form 

S.bpV^^iS.avJ^ (5) 

And it is worthy of remark that, as may easily be seen, —8 may- 
be put for Fin the left-hand member of the equation. 

423, We have also 

Vr.fipy^V{p8yp^p8fiy-\-y8pp}=z^yfi^Z8fiy^Py^8fiy. (1) 
Hence, if <^ be any linear and vector ftmction of the form 

(pp=: a-^I,Kfipy-\-mp, (2) 

i. e. a self-conjugate function with a constant vector added, then 

Vc^p = S5i3y— 3 w=: scalar (3) 
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Hence, an integral of 

V<r = scalar constant, is <r = <^p (4) 

If the constant value of V<r contain a vector part, there will 
be terms of the form Fep in the expression for cr, which will then 
express a distortion accompanied by rotation. (§ 366.) 

Also, a solution of V^ = a (where q and a are quaternions) is 

It may be remarked also, a^ of considerable importance in 
physical applications, that, by (1) and (2) of § 422, 

V(^4.ir)ap = 0, , 
but we cannot here enter into details on this point. 

424. It would be easy to give many more of these trans- 
formations, which really present no difficulty ; but it is sufficient 
to show the ready applicability to physical questions of one or 
two of those akeady obtained ; a property of great importance, 
as extensions of mathematical physics are far more valuable than 
mere analytical or geometrical theorems. 

Thus, if <r be the vector-displacement of that point of a homo- 
geneous elastic solid whose vector is p, we have, p being the 
consequent pressure produced, 

yp-}.V»<r = 0, (1) 

whcDce SbpV^a =— 58/)Vj» = djt?, a complete differential. ... (2) 

Also, generally, p = kSVa, 

and if the solid be incompressible 

iSV<r= (3) 

Thomson has shown {Camb, and J)uh, Math. Journal^ ii. p. 62), 
that the forces produced by given distributions of matter, elec- 
tricity, magnetism, or galvanic currents, can be represented at 
every point by displacements of such a solid producible by ex- 
ternal forces. It may be useful to give his analysis, with some 
additions, in a quaternion form, to show the insight gained by 
the simplicity of the present method. 
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425. Thus, if Sirip = b -=r- we may write, each equal to 

This gives o- = — V-^, 

the vector-force exerted by one particle of matter or free elec- 
tricity on another. This value of a evidently satisfies (2) and (3). 

Again, if 

S.bpVa = b -p^rj , either is equal to 

-S.ipV-0 by (4) of §422. 

Here a particular case is 

Fop 

which is the vector-force exerted by an element a of a current 
upon a particle of magnetism at p. (§ 407.) 

426. Also, by § 422 (3), 

_- Vap ^ ap^^SpScip 

and we see by §§ 406, 407 that this is the vector-force exerted 
by a small plane current at the origin (its plane being perpen- 
dicular to a) upon a magnetic particle, or pole of a solenoid, at p. 
This expression, being a pure vector, denotes an elementary 
rotation caused by the distortion of the solid, and it is evident 
that the above value of a satisfies the equations (2), (3), and the 
distortion is therefore producible by external forces. Thus the 
effect of an element of a current on a magnetic particle is ex- 
pressed directly by the displacement, while that of a small closed 
current or magnet is represented by the vector-axis of the rota- 
tion caused by the displacement. 

427. Again, let 
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It is evident that a satisfies (2)^ and that the right-hand side of 
the above equation may be written 

Hence a particular ease is 

Tp ' 
and this satisfies (3) also. 

Hence the corresponding displacement is producible by external 
forces^ and Vo- is the rotation axis of the element at p, and is 
seen as before to represent the vector-force exerted on a particle 
of magnetism at p by an element a of a current at the origin. 

428. It is interesting to observe that a particular value of <r 
in this case is 

as may easily be proved by substitution. 
Again, if Sdpa z=z-^b-^, 

we have evidently <r = V -~^ . 

Now, as -=^ is the potential of a small magnet a, at the 
Yp» 

origin, on a particle of &ee magnetism at p, <t is the resultant 

magnetic force, and represents also a possible distortion of the 

elastic solid by external forces, since V<r = V'<r = 0, and thus 

(2) and (3) are both satisfied. 
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MISCELLANEOUS EXAMPLES. 

1. The expression 

denotes a vector. What vector ? 

2. If two surfaces intersect along a common line of curvature^ 
they meet at a constant angle. 

3. By the help of the quaternion formulae of rotation^ trans- 
late into a new form the solution (given in § 234) of the problem 
of inscribing in a sphere a closed polygon the directions of 
whose sides are given. 

4. Express^ in terms of the masses^ and geocentric vectors 
of the sun and moon^ the sun's disturbing force on the moon^ 
and expand it to terms of the second order ; pointing out the 
magnitudes and directions of the separate components. 

(Hamilton^ Lectures, p. 615.) 

5. If J = r^, show that 

= {drq-\-Kqdr)f-^{q-^Kq)-^ = {drq+Kqdr){r-^H')-' 

_ dr+ Uqr^drUq-'^ _ dr.Uq-]- Uq^^dr _ q-^ {Uqdr -^ drUq-^) 
"'TqiUq^^Uq--) " qi.Uq^^Uq'') ~ Uq-^-Uf' 

_ qr^iqdr-^-Trdrq-^) _ drUq-^Uq-^dr ^ drKq'^-\-q^^dr 

F V 

- {dr + V.Fdr -J q} q-' = {dr '-r.Fdr-jq''}q-' 

= — + V.F ^ J = F,F ^q-' 

q 9 '^ 9 q o ^ 

= drq-' + F.Fq-'Fdr(^l + -o"?"')* 
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and give geometrical interpretations of these varied expressions 
for the same quantity. {Ibid. p. 628.) 

6. Derive (4) of § 92 directly from (3) of § 91. 

7. Find the euccessive values of the continued fraction 

-(J 



«. = (^)0, 



where i and/ have their quaternion significations, and x has the 
values 1, 2, 3, &c. {Lectures, p. 645.) 



8. If we have 



«^« 



= (4r) '■ 



where c is a given quaternion, find the successive values. 

For what values of c does u become constant? {Ibid. 
p. 652.) 

9. What vector is given, in terms of two known vectors, by 
the relation 

p-' = i(a-^+r^)? 

Show that the origin lies on the circle which passes through 
the extremities of these three vectors. 

10. What problem has its conditions stated in the following 
six equations, from which f , r), f are to be determined as scalar 
functions of x, y, z, or of 

P = ix-^-jy-k-hzl 

V«^ = 0, V^t; = 0, V«f = 0, SV^Vt^ = 0, 

fi'ViyVC = 0, /SVCVf = 0, 

, „ . d . d J d 

where v = ^-^ -^-J-r- +^-^-' 

dx "^ dy dz 

Show that (with a change of origin) the general solution of 
these equations may be put in the form 

where <^ is a self-conjugate linear and vector function, and £» 77, f 

s s 
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Hre to be found respectively from the three values oif at any 
point by relations similar to those in Ex. 24 to Chapter IX. 
(See hame, Journal de MatkenuUiques, 1843.) 

1 1. Hamilton^ Bishop Lavfs Premium Examinatum, 1862. 

(a,) If OABP be four points of space^ whereof the three 
first are given^ and not collinear; if also oa = a, 
OB = /3, OP = p; and if, in the equation 

a a 

the characteristie of operation P be replaced by S, 
the locus of p is a plane. What plane ? 

{b,) In the same general equation, if ^ be replaced by V, 
the locus is an indefinite right line. What line ? 

{c.) If J' be changed to K, the locus of p is a point. 
What point? 

(d.) If i^be made = U, the locus is an indefinite half-line^ 
or ray. What ray ? 

{e.) IS P he replaced by T, the locus is a sphere. What 
sphere ? 

(/.) If # be changed to TV, the locus is a cylinder of 
revolution. What cylinder ? 

{g.) Ji Fhe made TVU, the locus is a cone of revolution. 
What cone ? 

{h.) \i SU be substituted for Fy the locus is one sheet of 
such a cone. Of what cone ? and which sheet ? 

{i,) If P be changed to VU, the locus is a pair of rays. 
Which pair ? 

12. (Ibid. 1863.) 
{a.) The equation Spp -f a* = ^ 
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expresses that p and p' are the vectors of two points 

p and p', which are conjugate with respect to the 

sphere 

p«-fa« = 0; 

or of which one is on the polar plane of the other. 

(J.) Prove by quaternions that if the right line pp', connect- 
ing two such points, intersect the sphere, it is cut 
harmonically thereby. 

(c,) If p' be a given external point, the cone of tangents 
drawn from it is represented by the equation, 

and the orthogonal cone, concentric with the sphere, 

by (%')'+«V" = o. 

{d.) Prove and interpret the equation, 

Tinp-^a) = Tip-^na), if Tp = To. 

(e.) Transform and interpret the equation of the ellipsoid, 

r(tp-f pic) = ic«-4*. 

{/,) The equation 

(ic»-t»)« = {L^-^K^)Spp'-i'28ipKp' 

expresses that p and p^ are values of conjugate 
points, with respect to the same ellipsoid. 

(^.) The equation of the ellipsoid may also be thus written, 
Svp = 1, if {k^'-i^Yv = (i— fc)V + 2iiSicp-}.2fciStp. 

(A.) The last equation gives also, 

(<c»-4»)»i; = (i» + fc»)p« + 2rtpfc. 

(i.) With the same signification of v, the differential equa- 
tions of the ellipsoid and its reciprocal become 

Svdp = 0, Spdv = 0. 
(j.) Eliminate p between the four scalar equations, 
Sap = a, Sfip = 5, Syp = c, S^p = e. 

S 8 2f 
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13. {Ibid. 1864.) 

{a,) Let AiBiy A^Bi,.. .A^B^ be any given system of posited 
right lines, the 2n points being all given; and let 
their vector sum, 

AB = A^B^ -f A^B^ + . . -f A^B^, 

be a line which does not vanish. Then a point H, 
and a scalar h, can be determined, which shall satisfy 
the quaternion equation, 

HAi.AiBi'\'..,+HA^,A^Bn = k,AB; 

namely bv assuming any origin 0, and writing, 

OAi.A^B I -{-.,, + OA^.A^B„ 



OH^r 



AyB^+,..-\'AJS, 



z o ^-^1 • -^1-^1 ~h • • • 

(J.) For any assumed point C, let 

then this quaternion sum may be transformed as 
follows, 

Q^= QH+CH.AB = (i + CH).AB; 

and therefore its tensor is, 

TQc={k^ + Cn')^.AB, 
in which AB and Cff denote lengths. 

(c.) The least value of this tensor TQc is obtained .by 
placing the point C at jff; if then a quaternion be 
said to be a minimum when its tensor is such, we 
may write 

min.Qc = Qh = h.AB; 
so that this minimum of Qc is a vector. 

{d.) The equation 

TQc = c = any scalar constant > TQh 
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expresses that the locus of the variable point C is 
a spheric surface, with its centre at the fixed point 
Hy and with a radius r, or CH, such that 

so that H, as being thus the common centre of a 
series of concentric spheres, determined by the 
given system of right lines, may be said to be the 
Central Point, or simply the Centre, of that system. 

{e,) The equation 

TVQc = Ci = any scalar constant > TQh 
represents si_ right cylinder, ^f which the radius 
= {cl-^kKAB')^ divided by AJB, and of which the 
axis of revolution is the line, 

FQc= Qh^A.AB; 

wherefore this last right line, as being the common 
axis of a series of such right cylinders, may be 
called the Central Aceis of the system. 

(f.) The equation 

SQc == ^2 = any scalar constant 
represents a plane ; and all such planes are parallel 
to the Central Plane, of which the equation is 

SQc = 0. 

{g,) Prove that the central axis intersects the central plane 
perpendicularly, in the central point of the system. 

(A.) When the n given vectors A^B^, ... A^B^ are parallel, 
and are therefore proportional to n scalars, 5i, ... 5„, 
the scalar h and the vector Qh vanish ; and the 
centre ^is then determined by the equation, 

bi.HAi-{-bt.HAii-... + 6^.HA^^ 0, 
or by the expression, 

QjT_ 6i'OAi'\'... + 6^.0A^ 

where is again an arbitrary origin. 



w^im^m 
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14. {Ibid. 1860.) 

(a.) The normal at the end of the variable vector p, to 
the surface of revolution of the sixth dimension^ 
which is represented by the equation 

{p^—a^y = 27a»(p— a)S (a) 

or by the system of the two equations, 

pa — a* = 3t^a\ {p—ay = ^«a% (a') 

and the tangent to the meridian at that point, are 
respectively parallel to the two vectors, 

V = 2(p— a)— ^p, 

and r = 2(1 — 2^)(p— a)+^V; 

so that they intersect the axis a, in points of which 
the vectors are, respectively, 

2a , 2(l-2^)a 

2Z7' ^^^ (2i:^^2- 

(b.) If dp be in the same meridian plane as p, then 

t{l-f){4-()dp = Zrdt, and 8^ = —. 

dp 3 

{c.) Under the same condition, 

{d.) The vector of the centre of curvature of the meridian^ 
at the end of the vector p, is, therefore, 

/o^^\~' 3 V 6a— (4— Op 

^=^-KV =^^2T3^= 2(1-0 ' 

{e.) The expressions in Example 38 give 

v"" = aH^il—ty, T» = a»^«(l-0"(4-0; 

hence 

9 9a'^ 
((T- p)« = -a'*^', and dp^ = -rf^«; 
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the radius of curvature of the meridian is, therefore, 

and the length of an element of are of that curve is 
ds = Tdp = 3Ta(-^)^dt. 

(/.) The same expressions give 

thus the auxiliary scalar t is confined between the 
limits and 4, and we may write ^ = 2 vers 6, where 
^ is a real angle, which varies continuously from 
to 2 IT ; the recent expression for the element of arc 
becomes, therefore, 

ds = STa^tdOy 
and gives by integration 

if the arc s be measured from the point, say F, for 
which /) = a, and which is common to all the meri- 
dians; and the total peripher}'' of any one such 
curve is = 127rya, 

iff.) The value of <r gives 

if, then, we set aside the axis of revolution a, which 
is crossed by all the normals to the surface (a), the 
surface of centres of curvature which is tmcAed by 
all those normals is represented by the equation, 

4(<r«— a»)'» + 27a*(ra<r)» = (b) 

(A.) The point F is common to the two surfaces (a) and 
(b), and is a singular point on each of them, being 
a triple point on (a), and a double point on (b); 
there is also at it an infinitely sharp cusp on (b). 
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which tends to coincide with the axis a, but a 
determined tangent plane to (a)^ which is perpen- 
dicular to that axis^ and to that cusp; and the 
point, say F\ of which the vector = — a, is another 
and an exactly similar cusp on (b), but does not 
belong to (a). 

(i.) Besides the three universally coincident intersections of 
the surface (a), with any transversal, drawn through 
its triple point F, in any given direction fi, there are 
always tAree other real intersections^ of which indeed 
one coincides with F if the transversal be perpen- 
dicular to the axis, and for which the following is 
a general formula : 

(J.) The point, say F, of which the vector is p = 2a, is 
a double point of (a), near which that surface has a 
cusp, which coincides nearly with its tangent cone 
at that point; and the semi-angle of this cone 

IS = — • 

6 



AUXTLTAJRY EQUATIONS. 

C2Sp{p'-a) = aH^{3-\-t), 
"l2-Sa(p— a) = aH^{3-f). 

X2Sv{p'-a) = aH'{l--t). 
( Spr =z aH^{l^t){^-^t), 



April, 1867.] 



UNIVERSITY OF OXFORD. 

The Delegates of the Oxford Press understand from eminent 
Schoolmasters and others who are authorities upon education^ 
that there is still great need of good School Books and 
Manuals. 

They are told that Editions with good English notes of many 
of the Greek and Latin Classics read in the higher classes of 
the Public Schools are required ; that text-books, both English 
and Foreign^ are much needed for the use of Schools, especially 
with reference to the Local Examinations held by the Univer- 
sities ; that good English and other Grammars, and Exercise 
Books adapted to them and with a copious supply of Examples, 
are much needed ; and that there is a great and urgent want 
of Delectuses^ Analecta^ and generally of books of Selections 
from Authors, for use in Schools ; — 

That the Histories now read in Schools are greatly below 
present requirements, and in some eases there are absolute 
deficiencies ; and that the want of good books on History is 
much felt in the Law and Modern History School in the 
University ; — 

That English Treatises on Physical Science, written with 
clearness and precision of language, and adapted for use in the 
higher classes of Schools, and in the Natural Science School 
of the University, do not exist. 

They believe that the University may with propriety and 
efficiency do much towards remedying the defect. They have 
therefore determined to issue a series of Educational Works, 
hoping to supply some existing wants, and to help in improving 
methods of teaching. 
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The departments of Eduoation which they propose to deal 
with at present are the following : — 

I. Classics. The Delegates hope to issue 

1. Works suitable for the Universities and the highest 

forms of Schools ; or 

2, Books for School -work generally, beginning from 

the very rudiments. 

II. Mental and Moral Philosophy. 

III. Mathematical Works; both for University Students, and 

also with especial regard to the needs of Middle 
Glass Schools. 

IV. History. H^re again there will be two classes of books : — 

1. Short Histories, such as may be useful for the 

History School, or for general reading; 

2. School Histories, with all the necessary appli- 

ances for eduoation. 

V. Law. 

VI. Physical Science. The experience of teachers in the 

University and elsewhere has already pointed out 
several desirable works, and has also gone some 
way towards providing the books required. 

VII. English Language and Literature, which will comprise 

a carefully compiled series of Reading Books, Exercise 
Books, and Grammars. 

VIII. Modern Languages. 

IX. Art; including Handbooks on Music, Painting, and the 

like. 

X. English Classics ; a series of reprints of some of the 

masterpieces in our language, chiefly for the use of 
Schools. 

The Delegates of the Press invite suggestions and advice 
from all persons interested in sound education ; and will be 
thankful for hints, 8fc., addressed to the 

Bev. G. W. KiTCHiN, Walton Manor, Oxford, 
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Just Published. 

1. Descriptive Astronomy. A Handbook for the 

General Reader, and also for practical Observatory work. With 224 
illustrations and numerouEr tables. By G. F. Chambers, F.R.A.S., 
Barrister-at-Law. (Demy 8vo. cloth, 856 pp., price 2l8.) 

The aim of this work, briefly expressed, is general usefulness, whether in the 
hands of the student, the general reader, or the professional observer. Great 
pains have been taken to present the latest information on all branches of the 
science. The development of Astronomy is now so rapid that unless an author 
exercises constant yigilance his book must iaU behindhand: and it is believed 
that this volume not only contains the most recent discoveries and deductions, 
but that in it will also be found information hitherto to be met with only in the 
publications of learned Societies, difficult of access and inconvenient for reference 
even to the Astronomer, and absolutely out of the reach of the general reader. 

"A bulky, but very interesting book. « « * * We gladly welcome it, 
and only regret that even more information could not be squeezed into its 
pages — though it is by no means one of those unreadable treatises which bristle 
with an array of scientific facts so dense as to be indigestible by an ordinary 
reader. « * « « The engravings are an admirable featui'e of this manual, 
and contribute much to the esteem in which we are disposed to hold it." — 
John Bull, 

2. A Treatise on Natural Philosophy. Volume I. By 

Sir W. Thomson, LL.D., D.C.L., F.E.S., Professor of Natural Philosophy 
in the University of Glasgow, and P. G. Tait, M.A., Professor of Natural 
Philosophy in the University of Edinburgh; formerly Fellows of St. 
Peter^s College, Cambridge. [Nearly ready, 

" Our object is twofold : to give a tolerably complete account of what is now 
known of Natural Philosophy, in language adapted to the non -mathematical 
reader ; and to furnish, to those who have the privilege which high mathematical 
acquirements confer, a connected outline of the analytical process by which the 
greater part of that knowledge has been extended into regions as yet unexplored 
by experiment. 

» • • • « 

*• We commence with a chapter on Motion, a subject totally independent of 
the existence of Matter and Force. In this we are naturally led to the considera- 
tion of the curvature and tortuosity of curves, the curvature of surfaces, and 
various other purely geometrical subjects. 

* * * * « 

** Chapter II. gives Newton's Lawa of Motion in his own words, and with 
some of his own commentaries ; every attempt that has yet been made to super- 
sede them having ended in utter failure. 

*' Chapter III. briefly treats of Observation and Experiment as the basis of 
Natural Philosophy. 

" Chapter IV. deals with the fundamental Units, and the chief instruments 
used for the measurement of Time, Space, and Force. 

•' Thus closes the First Division of the Work, which is strictly preliminary. 

"The Second Division is devoted to Abstract Dynamics, (commonly of late 
years, but not well, called Mechanics). Its object is briefly explained in the 
introductory (fifth) Chapter, and the rest of the present volume is devoted to 
Statics. 

"Chapter YI., after a short notice of the Statics of a Particle, enters into con- 
siderable detail on the important subject of Attraction. 

"In Cliapter YII. the .Statics of Solids and Fluids are treated with special 
detail in various important branches, such as the Deformation of Elastic Solidtt 
and the Figure of the Earth. 
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"We believe that the mathematinal reader will especially profit by a perusal 
of the large type portion of this Volume, as he will thus be forced to think out 
for himself what he has been too often accustomed to reach by a mere mechanical 
application of analysis. Notliing can be more fatal to progress than a too coix- 
fident reliance upon mathematical symbols ; for the student is only too apt to 
take the easier course, and consider the formula and not the fact as the physical 
reality." — From the Authors* Preface. 

3. Chemistry for Students. By A. W. Williamson, 

Phil. Doc, F.R.S., Professor of Chemistry, University College, London. 
(Crown 8vo. cloth, price 7«. 6(i.) 

Also : Solutions of the Problems in *•' Chemistry for 

Students." By the same Author. (Crown 8vo. sewed, price 6d.) 

** Within less than four hundred pages of a handy little volume, in type not 
lat^E^ing to the eye, Professor Williainson here gives to the student an outline 
of the Iwiding facts and principles of inorganic and organic chemistry. 

** This volume is really a too rare example of what a good elementary text-book 
in any science ought to be : the language brief, simple, exact ; the arrangement 
logical, developing in lucid order principles from facts, and keeping theory always 
dependent upon observation ; a book that keeps the reason of the student active 
while he strives to master details difficult but never without interest, and that 
furnishes him with means for practising himself in the right management of each, 
new tool of knowledge that is given to him for his use." — JExaminer, 

4. An Elementary Treatise on Heat, with numerous 

Woodcuts and Diagrams. By Balfour Stewart, LL.D., F.R.S., Director 
of the Observatory at Kew. (Crown 8vo., cloth, price 7s. 6d.) 

" All persons engaged in the teaching or study of experimental philosophy will 
be glad to have a manual from the pen of a gentleman competent to treat the 
subject, and bringing his information in it up to the science of the present day. 
Whilst the book is thoroughly practical and adapte<l for use in the class-room. 
Dr. Stewart has not neglected to discuss the interesting relations of heat to other 
forms of force, and the bearing of the phenomena of heat on the theories of ' con- 
servation of energy* and 'dissipation of energy' in the Universe." — Mhenceum, 

** The highest praise we can give this volume is to say that it is entitled to its 
place in the remarkable series which is now in the course of issue fix>m the Claren- 
don Press, and that it follows not unworthily the Chemistry of Professor Williamson 
and the Gree^ Verbs of Mr. Veitch. Such manuals, so admirable in matter, ar- 
rangement, and type, were never before given to the world at the same moderate 
price. Our ideas of the nature of heat, as the author observes, have recently 
undergone a great change. Heat is now regarded, not as a species of matter, but 
as a species of motion ; and the relation between it and the other forms of motion, 
involving the principles of the science of energy, constitutes, perhaps, the most 
exciting study of the day, being just in the stage which keeps everybody on tiptoe 
of expectation. The publication, then, of this manual is exceedingly well timed ; 
it includes within narrow limits the leadinsr facts and principles of this youngest- 
bom of the Sciences, and for the mastery of the greater portion of its contents only 
requires ordinary intelligence on the part of the reader." — Spectator. 

" In contrasting this volume with other text-books of similar pretensions, we 
are struck with its superiority in point of arrangement, and in the manner in 
which it presents the results of the most recent researches on the subject. It 
has been successful, too, in mastering another difficulty which besets the writers 
of text-books, and that is in drawing the line between the merely popular treatise 
and the dry compendium.** — London Review. 

" This compact little treatise is commendable both as an elementary exposition 
of the chief phenomena of heat and their practical applications, and also as a 
brief exposition of the philosophical theories which have recently given a new 
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interest to the phenomena. The structure of the work is also excellent/^ — 
Fortnightly Review. 

" The book before us forms an admirably complete and well-arranged manual 
of principles which affect the properties and forms of matter, and therefore must 
underlie our systems of chemistry and natural philosophy alike. Although the 
theoretical expansions of this science might fill many volumes, and their mathe- 
matical determinations are of the most abstruse character, yet for the use of 
students (for whom the book is designed) Dr. Stewart's work is complete as 
including the best sunmaary of recent results and excluding everything not 
absolutely required for the writer's purposes. 

''As a scientific essay Dr. Stewart's second book on ' Badiant Heat* has a 
peculiar value ; and his third may be regarded as a new treatise on a new subject. 
♦ ♦ * ♦ This book is well indexed and beautifully printed ; and even as a 
record of some results of those silent and important labours which within the 
memory of most readers have occupied men of science we commend the volume 
to those who may be disposed to regard the subject in itself as unpromising and 
somewhat dry."-*— PoZZ Mall Gazette. 

''The compilation of a text-book for students in sdence, and a manual for 
general reference, could not have been entrusted to better hands than those of 
Dr. Stewart, who early distinguished himself by original investigations on the 
laws of radiant heat, and who is known as an ingenious and accurate experi- 
menter. » » « Known results and laws are clearly stated, not as 
isolated facts, but with an intelligent regard to their mutual relations in the order 
of nature. This we look upon as the author's lughest achievement. The dia- 
grams are well drawn — a noteworthy feature ; for our scientific works have long 
been disfigured with coarse copies from the exquisite illustrations of French 
authors." — Imperial Review, 

5. Greek Verbs, Irregular and Defective; their 

forms, meaning, and quantity ; embracing all the Tenses used by Greek 
writers, with references to the passages in which they are found. By 
W. Veitch. New and revised edition. (Crown 8vo. cloth, 616 pp., 
price 8«. 6c?.) 

** Mr. Veitch's work on the Irregular and Defective Greek Verba is as signal a 
proof as could be furnished that a book designed to assi'st the learner or the 
advanced student may be convenient in size and yet exhaustive in treatment^ 
may be quite original in investigation and yet fall readily into the educational 
channel, may confine itself to the strictest exposition of phenomena, and yet be 
fresh with the force of character and lively with the humour that belong more or 
less to all inquiring and independent minds. 

" We shall not pretend to review the treatise of an author who stands very 
nearly, if not altogether, alone in knowledge of his subject. Mr. Yeitch is indeed 
as independent of the praise or the censure of critics as any author need care to 
be. It is one of his claims to the gratitude of scholars that, in spite of the prema- 
ture and almost universal desertion of the field of rigid, textual scholarship, for 
the easier, showier, and pleasanter field of aesthetic or literary disquisition, he has 
persevered in his forsaken and solitary path, and has produced a work unique of 
its kind, full of fresh and lasting contributions to our knowledge of the Greek 
language, and intellectually vivacious and incisive on nearly every page. Open 
the book anywhere, and instances of erroneous doctrines corrected, of omissions 
(common to all our lexicons) supplemented, of new theories propounded and vin- 
dicated, occur at once. We congratulate Mr. Veitch on the completion, and 
the Clarendon Press on the publication, of a work which will reinstate our scholar- 
ship in that esteem which tbe Germans have almost ceased to entertain for it 
since the days of Person and Elmsley, and which will have the merit not only 
of purifying the fountain-heads of classical education, but of affording the youth- 
ful scholar an example of that moral singleness of purpose and undeviating search 
for truth which are even rarer than the intellectual gifts that have been lavished 
on its execution." — Spectator' 
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** The book before us by Mr. WilliaiD Veitch is quite » wonderful con^bntion' 
to critical knowledge of Greek, and has been selected bj the Delegates of the 
Clarendon Press to lead off a new series of educatioaal works. Its g^reat distinc- 
tion, in the first place, is that it is all derived from original reading. Mr. Veitch 
has gone with a careful finger through the Greek texts, and the Greek texts in 
their latest recensions, marking every noticeable form, and checking bj his own 
personal examination the dido, of oth^ critics. * * * * The book is useful, 
indeed we maj saj indispensable, to scholars, in the widest sense of the word. 
It takes a larger range than its mere title would imply ; and besides being a 
supplement to our best Lexicons, such as that of Liddell and Scott, contains 
touches of fine philology which would hare delighted Person and Ehnsley." — 
Pall MaU GuzetU. 

" Mr. Veitch is master in his own subject, and has jNroduced a book which is 
simply marvellous as a result of most extensive reading and s<7upulous accuracy, 
combined witii keen scholarship. For the Clarendon Press to h^ui its series with 
this remarkable little book may be taken as a good omen for the classics in the 
University, which bears the reputation of upholding a style of scholarship that is 
rather broad than refined." — London Review, 

6. The Golden Treasury of Ancient Greek Poetry; 

being a Collection of the finest passages in the Grreek Classic Poets, with 
Introductory Notices and Notes. By R. S. Wright, M.A., Fellow of 
Oriel College, Oxford. (Crown 8vo., cloth, price Ss. 6d.) 

** We could wish that the advertisement of this anthology was rather less pre- 
tentious, for it is described as a ^ collection of the finest passages in the principal 
Greek Poets ;* a phrase with which advertisement colunms have made us familiar. 
It implies too strongly the perfection of the compiler's critical acumen. This one 
thing said, we can honestly praise the collection itself. The introductions to thQ 
various periods of Greek literature are short essays full of spirit ; condensed, yet 
clear ; and a novelty which seems really useful, is a brief marginal analysis where 
the train of thought is obscure. The notes are a scholar's work, and shew a 
scholar's interest in his subject. The analyses of the specimen choruses from 
^schylus and Sophocles, and the notes thereon, are excellent examples of short 
and pithy commentary." — London Review. 

" (3ne of the prettiest of the convenient * Clarendon Press Series* is the * Goldea 
Treasury of Ancient Greek Poetry.' It is intended to bring together the choicest 
passages of all the Greek poets in a form convenient to the scholarly man who 
occasionally amuses his leisure hours with the classics. It is also fit for school 
use. The account of lyric poetry and of the gradual transition of the metres is 
excellent. Each poet has iiis date prefixed to the extracts, and every extract is 
headed by a short argument to show its connection, where such is at all needed. 
There are, besides, about two hundred pages of annotations, mainly very good. 
The selections are admirably made, and include many beautiful fragments and 
passages (among others the 'Swallow Song') that, being scattered through such 
authors as Athenaeus, are un&miliar to ordinary readers." — Nation {American). 

7. The Elements of Deductive Logic, designed mainly 

for the U8e of Junior Students in the Universities. By the Rev. T. 
Fowler, M.A., Fellow and Tutor of Lincoln College, Oxford. (Crown 
Svo., cloth, price 38. 6d.) 

** The precise object of these pages is (without presupposing any technical 
acquaintance with logical terminology) to enable a student of average intelligence 
to acquire for himself an elementary knowledge of the main problems, principles, 
and rules of Deductive Logic. 

** The Manuals of Sanderson, Wallis, Aldrich, Ac., owing to the peculiar cir- 
cumstances of the period in which they were written — a period which, being tran- 
sitional, retained not only much of the scholastic terminology, but also much of 
the Realistic doctrine — have ceased to be ad^ted to modem instruction. The 
Author, with some misgivings, and a keen sense of the difficulties of the task. 
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trusts that the present work may be found usefully to occupy their place. Its 
propositions cannot however be presented in the same curt and dogmatic shape, for 
we have learnt to regard many portions of Logic, like many portions of the sciences 
whose method it claims to analyse, as fairly open to differences of opinion. 

'' It is hoped that, independently of its bearing on University studies, a short 
English Manual of Logic may be used with advantage in the upper Forms of 
Schools, and that it may not be without interest to the general reader." — From the 
AtUhor*8 Preface. 

" We think such a manual is very opportune. Oxford requires the study of 
a certain amount of logic in the academical course, but hitherto, Aldrich's Manual, 
in its strange Latin and with its inconsistent terminology, has been the only text* 
book upon which students commence their acquaintance with the science of logic. 
Mr. Fowler's little work is not intended to be a substitute for more advanced trea- 
tises, but rather to put the general reader in possession of an outline of the science 
of logic, which will enable him to pursue the subject intelligently for himself on a 
more complete scale. It is a great thing to say of a manual of logic that it is not 
repulsive on first perusal, and a still higher praise to be able to describe it as 
not unattractive. Now, setting aside the necessary technicalities and mechanical 
details that must occur in every work on logic, we think this short treatise will 
be read with pleasure ; partly owing to a judicious arrangement of the subject 
into short chapters and paragraphs, and not less from the clearness and freshness 
of the style. It is a novel ^^lan to add at the end of the chapters, in the form of 
a note, a brief statement of opinions differing from the views given in the text, 
with references to the various works where these opinions may be examined. In 
a science like logic, in which doctors have agreed to disagree, there is a pleasant 
honesty in this which gives us confidence in our guide.*' — London Review, 

8. Specimens of Early English; being a Series of 

Extracts from the most important English Authors, Chronologically 
arranged, illustrative of the progress of the English Language and its 
Dialectic varieties, from A.D. 1250 to a.d. 1400. With Grammatical 
Introduction, Notes, and Glossary. By R. Mobbts, Editor of **Th© 
Story of Genesis and Exodus," &c. (Crown 8vo., cloth, price 78. 6<i.) 

This work seeks to set before students of the English language a systematic 
view of its older forms and their development, as exhibited in writers of the latter 
part of the thirteenth and the whole of the fourteenth centuries : a most important 
period in the history of our language, though it has been but imperfectly investi- 
gated even by the best writers on the subject. ExiHting text-books on the 
history of English literature and language not only pass over much that is 
important in this period, but they also deal in a very unsatisfiictory way with 
many chief authorities, whose style, language, and position are thought to be 
sufficiently illustrated if twenty or thirty lines are devoted to them. There is 
in fact no real knowledge of this period to be met with. This present work is 
intended, partially at least, to fill this blank, and presents a series of specimens 
selected so as to form a connected and continuous whole. 

These specimens are arranged in chronological order, and illustrate the 
leading dialects of the early English period, lliey will be found to be (for the 
most part) new ; having been chosen from works which have not usually been 
quoted and are not well known. In many cases the passages are re-edited from 
the best MSS. ; a few of them now appear for the first time. The work has a 
Grammatical Introduction, Notes, and a Glossary. 

"Few have done so much with such success as Mr. Morris, whose volume is 
not only a grammar, but a collection of well-selected reading and a dictionary, all 
in one. It will surprise some, perhaps, if we say that they who cannot read this 
book are ignorant oi English, but the fact is incontrovertible nevertheless, and the 
task of mastering their own language is rendered easy by the clearness, good 
taste, and judgment of this accomplished author." — Aihencewm. 

** A book of this kind has long been needed for our colleges and higher schools. 
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and even advaDoed students have never before had the results of late study on 
the earlier English writers thus compactly set forth. Mr. Morris has noted and 
classified with great care the specialties of the early dialects, arranging them 
under the three heads of Northern, Miilland, and Southern. The Outlines of the 
Early English Grammar are, however, based on the Southern dialect only. To 
each declension aad conjugation is added the Anglo-Saxon one from which M was 
degraded, so that its origin is clearly seen. Mr. Morris' Specimens include 
passages from every important work of the period, and are very fully and cor- 
rectly annotated, with a complete Glossary.'' — Nation {Ameriean). 

9. Spenser's Faery Queene, Book I. Designed chiefly 

for the use of Schools. With Introduction, Notes, and Glossary. By 
the Rev. G. W. Kitchin, M.A., Whitehall Preacher ; formerly Censor 
of Christ Church. (Crown 8vo., cloth, price 28. 6d.) 
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In course of preparation. 

I. Classics. 

1. Sophocles. By the Rev. Lewis Campbell, M.A., 

Professor of Greek at St. Andrews, formerly Fellow of Queen's College, 
Oxford. 

2. Homer, Iliad I— XII. By D. B. Monro, M.A., 

Fellow and Tutor of Oriel College, Oxford. 

3. XIII-XXIV. 

4. Homer, Odyssey I— XII. By the Rev. W. W. Merry, 

M. A., Fellow and Lecturer of Lincoln College, Oxford ; and tbe late 
Rev. J. RiDDBLL, M.A., Fellow of Balliol College. 

5. XIII-XXIV. By Robinson Elws, 

M.A., Fellow of Trinity College, Oxford. 

6. A Golden Treasury of Greek Prose, being a col- 

lection of the finest passages in the principal Greek Prose Writers, with 
Introductory Notices and Notes. By R. S. Wright, M.A., Fellow of 
Oriel College, and J. £. L. Shadwell, B.A., Student of Christ Church. 

7. Horace. With English Notes and Introduction. 

By the Rev. E. Wiokham, M.A., Fellow and Tutor of New College, 
Oxford. Also a small edition for Schools. 

8. Livy I-X. By J. R. Seeley, M.A., Fellow of 

Christ's College, Cambridge ; Professor of Latin, University College, 
London. Also a small edition for Schools. 

9. Cicero. Select Letters. By the Rev. A. Watson, 

M.A., Fellow and Tutor of Brasenose College, Oxford. 

I o. Cicero. The Philippic Orations. By the Rev. J. R. 

Kino, M.A., formerly Fellow and Tutor of Merton College, Oxford. 

11. A Silver Treasury of Latin Poetry, being a 

collection of passages from the less known Latin Poets. By the Rev. 
NOBTH PiNDER, M.A., formerly Fellow of Trinity CoUege, Oxford. 

[In the Press. 

12. Selections from Xenophon (for Schools). With 

English Notes and Maps. By J. S. Phillpotts, B.C.L., Fellow of New 
CoUege, Oxford ; Assistant Master in Rugby School. 

13. The Commentaries of C. Jul. Caesar (for Schools). 

Part T. The Gallic War, with English Notes, &c., by Charles E. 
MoBSRLT, M.A., Assistant Master in Rugby School; formerly Scholar 
of Balliol College. 

Also, to follow : Part II. The Civil War : by the same Editor. 
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14. Select Epistles of Cicero and Pliny (for Schools). 

With English Notes, by the Rev. G. £. Prichabd, MA., formeiij Fellow 
of Balliol College. 

1 5. Selections from Plato (for Schools). With English 

Notes, bj the Bev. B. Jowbtt, M.A., Begius Professor of Greek, and 
J. PuBVES, B. A., Fellow and Lecturer of Balliol College. 

1 6. The Elements of Greek Accentuation (for Schools) : 

abridged from his larger work bj H. W. Chandler, MA., Fellow and 
Tutor of Pembroke College, Oxford. [In the Press, 

17. Cornelius Nepos (for Schools). With English 

Notes, by Obcab Bbowning, M.A., Fellow of King's College, Cambridge, 
and Assistant Master at Eton College. 

1 8. Theocritus (for Schools). With English Notes, by 

the Bey. H. Snow, M.A., Fellow of King's College, Cambridge, and 
Assistant Master at Eton College. 

1 9. Aristotle's Politics. By W. L. Newman, M. A., Fellow 

and Lecturer of Balliol College, Oxford. 

20. Thucydides. By H. Nettleship, M.A., Fellow and 

TuUm: of Lincoln College, Oxford. 

21. Ovid. Selections for the use of Schools. Being 

a new edition of a work by the late Professor Bamsay. Edited by 
G. G. Bamsat, M.A., The College, Glasgow. lln the Preae, 

11. Mental and Moral Philosophy. 
I. The Elements of Deductive Logic, designed mainly 

for the use of Junior Students in the Universities. By the Bey. T. 
Fowler, M.A., Fellow and Tutor of Lincoln College, Oxford. (Crown 
8vo., cloth, price 3«. 6d.) [Just published, 

III. Mathematics. 

1. An Elementary Treatise on Quaternions. 

By P. G. Tait, M.A., Professor of Natural Philosophy in the University 
of Edinburgh ; formerly Fellow of St. Peter's College, Cambridge. 

[In the Press. 

2. A Course of Lectures on Pure Geometry. 

By H. J. Stephen Smith, M.A., F.B.S., Fellow of Balliol College, and 
Saviiian Professor of Geometry in the University of Oxford. 

IV. History. 

1. A History of Germany and of the Empire, down 

to the close of the Middle Ages. By J. Bbtob, M.A., Fellow of Oriel 
College, Oxford. 

2. A History of British India. By S. Owen, M.A., 

Lee*s Header in Law and History, Christ Church ; and Header in Indian 
Law in the University of Oxford. 
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3. A History of Greece. By E. A. Freeman, M.A., 

formerly Fellow of Trinity College, Oxford. 

4. A Constitutional History of England. By the 

Rev. W. Stubbs. M.A., formerly Fellow of Trinity College, and Regius 
Professor of Modem History in the University of Oxford. 

5. A History of Germany, from the Reformation. By 

Adolphus W. Wakd, M.A., Fellow of St. Peter's College, Cambridge ; 
Professor of History, Owen's College, Manchester. 

V. Law. 

1. The Institutes of Justinian, with Notes and an 

English Translation. By J. Br yob, M.A., Fellow of Oriel College, 
Oxford. 

2. Commentaries on Roman Law ; from the original 

and the best modem sources. In Two Volumes, demy 8vo. By H. J* 
ROBT, M.A., formerly Fellow of St. John's College, Cambridge ; Pro- 
fessor of Law at University College, London. 

VI. Physical Science. 

1. Natural Philosophy. In Four Volumes. By Sir 

W. Thomson, LL.D., D.C.L., F.R.S., Professor of Natural Philosophy, 
Glasgow, and P. G. Tait, M.A., Professor of Natural Philosophy, Edin- 
burgh ; formerly Fellows of St. Peter's College, Cambridge. 

[ Vol. I. nearly ready, 

2. By the same Authors, a smaller Work on the 

same subject, forming a complete Introduction to it, so far as it can be 
carried out with Elementary Geometry and Algebra. 

3. Forms of Animal Life. By G Rolleston, M.D., 

F.R.S., Linacre Professor of Physiology, Oxford. Illustrated by De- 
scriptions and Drawings of Dissections. [In the Press, 

4. On Laboratory Practice. By A. Vernon Harcourt, 

M.A., Lee's Reader in Chemistry at Christ Church, and H. G. Madan, 
M. A., Fellow of Queen's College, Oxford. 

5. Geology. By J. Phillips, M.A., D.C.L., LL.D., F.R.S., 

Professor of Geology, Oxford. 

6. Mechanics. By the Rev. B. Price, M.A,, F.R.S., 

F.R.A.S., Fellow of Pembroke College, Oxford, and Sedleian Professor 
of Natural Philosophy. 

7. Acoustics. By W. F. Donkin, M.A., F.R.S., Savilian 

Professor of Astronomy, Oxford. 

8. Optics. By R. B. Clifton, M.A., F.R.A.S., Pro- 

fessor of Experimental Philosophy, Oxford ; formerly Fellow of St. John's 
College, Cambridge. 

9. Electricity. By W. Esson, M.A., Fellow and 

Mathematical Lecturer of Merton College, Oxford. 
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10. Crystallography. By M. H. N. Stobt-AIaskelyne, 

M^A., ProfesBor of Mineralogy, Oxford ; and Deputy-Keeper, British 
Mnseom. 

11. Mineralogy. By the same Author. 

12. Physiological Physics. By G. Griffith, M.A., 

Secretary to the Britiah Association, and Natural Science Master, 
Harrow SchooL 

13. Magnetism. 

VII. English Language and Literatuiie. 

1. On the Principles of Grammar. By the Rev. E. 

Thbiho, MjL, H^ Master of Uppingham SchooL 

Also, by the same Author, a Gradual, designed to 

serve as an Exercise and Composition Book in the English Language. 

2. The Philology of the English Tongue. By the 

Rev. J. Eable, ma., formerly Fellow of Oriel College, Oxford, and 
Professor of Anglo-Saxon. 

3. Specimens of the Scottish Language ; being a Series 

of Annotated Extracts illustrative of the Literature and Philology of the 
Lowland Tongue from the fourteenth to the nineteenth century. With 
Introduction and Glossary. By A. H. Bubgsss, A.M. 

4. Reading Books. \In the Press. 

By the Author of " Mademoiselle Mori." 

Part i. For Little Children, in hold type. 
Part ii. For Junior Classes in Schools. 

p^ V^ \ For the Higher Classes in Schools. 

5. Typical Selections from the best English Authors 

from the Sixteenth to the Nineteenth Century, (to serve as a higher 
Reading Book,) with Introductory Notices and Notes, being a Contribution 
towards a History of English Literature. 

VIII. French. By Mons. Jules Bue, 

Honorary M.A. of Oxford ; Taylorian Teacher of French, Oxford ; 
Examiner in the Oxford Local Examinations from 1858. 

1. A French Grammar. A complete Theory of the 

French Language, with the rules in French and English, and numerous 
Examples to serve as first Exercises in the Language. 

2. A French Grammar Test. A BooTc of Exercises 

on French Grammar; each Exercise being preceded by Grammatical 
Questions, 

3. Exercises in Translation No. 1, from French into 

English, with general rules on Translation ; and containing Notes, Hints, 
and Cautions, founded on a comparison of the Grammar and Genius 
of the two Languages. 
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4. Exercises in Translation No. 2, from English 

into French, on the same plan as the preceding book. 

French Classics. By Gustave Masson, B.A., 

Univ. Gallic., Assistant Master in Harrow School. 

1. Vol. I. Comeille : Cinna. Molifere: Les Femmes 

Savantes. With Fontenelle's Life of Comeille and Notes. 

[/» the Press, 

2. Vol. II. Racine: Athalie. Comeille: LeMenteur. 

With Louis Racine's Life of his Father. 

3. Vol. Ill Molifere: Les Fourberies de Scapin. 

Bacine : Andromaque. With Voltaire's Life of Molifere. 

4* Selections from the Correspondence of Madame 

de S^vign^. (Intended more especially for girls' schools.) 

5. Selections from modern French Authors. 

IX. Art. 

1. A Treatise on Harmony. By the Rev. Sir F. A. 

Gore Ouselet, Bart., M.A., Mus. Doc, Professor of Music, Oxford. 

[/» the Press, 

2. A Handbook of Pictorial Art. With numerous 

Illustrations and Practical Advice. By the Rev. R. St. John 
Ttrwhitt, M.A., formerly Student and Tutor of Christ Church. 

X. English Classics. 

Designed to m^et the wante of Students in English Literature : 
Wider the superintendence of the Rev. J. S. Brewer, M.A., of 
Queen's College, Oxford^ and Professor of English Literature 
at King's College, London, 

There are two dangers to which the student of Engb'sh 
literature is exposed at the outset of his task ; — his reading 
is apt to be too narrow or too diffuse. 

Out of the vast number of authors set before hhn in books 
professing to deal with this subject he knows not which to 
select; he thinks he must read a little of all ; he soon abandons 
so hopeless an attempt; he ends by contenting himself with 
second-hand information; and professing to study English 
literature^ he fails to master a single English author. 

On the other hand^ by confining his attention to one or 
two writers, or to one special period of English literature, 
the student narrows his view of it; he fails to grasp the 
subject as a whole ; and in so doing misses one of the chief 
objects of his study. 
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How may these errors be avoided? How may minute 
reading be combined with comprehensiveness of view ! 

In the hope of furnishing an answer to these questions the 
Delegates of the Press, acting upon the advice and experience 
of Professor Brewer, have determined to issue a series of 
small volumes, which shall embrace, in a convenient fonn 
and at a low price, the general extent of English Literature, 
as represented in its masterpieces at successive epochs. It is 
thought that the student, by confining himself, in the first 
instance, to those authors who are most worthy of his atten- 
tion, will be saved from the dangers of hasty and indiscrimi- 
nate reading. By adopting the course thus marked out for him 
he will become familiar with the productions of the greatest 
minds in English Literature ; and should he never be able to 
pursue the subject beyond the limits here prescribed, he will 
have laid the foundation of accurate habits of thought and 
judgment, which cannot fail of being serviceable to him 
hereafter. 

The authors and works selected are such as will best 
serve to illustrate English literature in its historical aspect. 
As " the eye of history/' without which history cannot be 
understood, the literature of a nation is the clearest and most 
intelligible record of its life. Its thoughts, and its emotions, 
its graver and its less serious moods, its progress, or its de- 
generacy, are told by its best authors in their best words. 
This view of the subject will suggest the safest rules for the 
study of it. 

With one exception all writers before the Reformation are 
excluded from the Series. However great may be the value 
of literature before that epoch, it is not completely national. 
For it had no common organ of language ; it addressed itself 
to special classes; it dealt mainly with special subjects. 
Again ; of writers who flourished after the Reformation, who 
were popular in their day, and reflected the manners and 
sentiments of their age, the larger part by far must be 
excluded from our list. Common sense tells us that if young 
persons, who have but a limited time at their disposal, read 
Marlowe or Greene, Burton, Hakewill or Du Bartas, Shak- 
speare. Bacon, and Milton will be comparatively neglected. 

Keeping, then, to the best authors in each epoch — and 
here popular estimation is a safe guide — the student will find 
the following list of writers amply sufficient for his purpose : 
Chaucer, Spenser, Hooker, Shakspeare, Bacon, Milton, 
Dryden, Bunyan, Pope, Johnson, Burke, and Cowper. In 
other words, Chaucer is the exponent of the Middle Ages 
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in England ; Spenser of the Reformation and the Tudors ; 
Hooker of the latter years of Elizabeth; Shakspeare and Bacon 
of the transition from Tudor to Stuart ; Milton of Charles I 
and the Commonwealth ; Dryden and Bunyan of the Restora- 
tion ; Pope of Anne and the House of Hanover; Johnson, 
Burke, and Cowper of the reign of George III to the close 
of the last century. 

The list could be easily enlarged ; the names of Jeremy 
Taylor, Clarendon, Hobbes, Locke, Swift, Addison, Gold- 
smith, and others are omitted. But in so wide a field, the 
difficulty is to keep the series from becoming un wieldly, with- 
out diminishing: its comprehensiveness. Hereafter, should 
the plan prove to be useful, some of the masterpieces of the 
authors just mentioned may be added to the list. 

The task of selection is not yet finished. For purposes of 
education, it would neither be possible, nor, if possible, desir- 
able, to place in the hands of students the whole of the works 
of the authors we have chosen. We must set before them 
only the masterpieces of literature, and their studies must 
be directed, not only to the greatest minds, but to their 
choicest productions. These are to be read again and again, 
separately and in combination. Their purport, form, lan- 
guage, bearing on the times, must be minutely studied, 
till the student begins to recognise the full value of each 
work both in itself and in its relations to those that go 
before and those that follow it. 

It is especially hoped that this Series may prove useful to 
Ladies^ Schools and Middle Class Schools ; in which English 
Literature must always be a leading subject of instruction. 



A General Introduction to the Series. 

By the Bev. Fbof£SSOR Brewer, M.A. 

1 . Chaucer. The Prologue to the Canterbury Tales ; The 

Knightes Tale ; The Nonne Prest his Tale. 

Edited by R. Morris, Editor for the Early English Text 
Society, &c. &c. [^Nearly ready. 

2. Spenser. Faery Queene, Book I. \J^^ Published. 

3. Hooker. Ecclesiastical Polity, Book I. 

Edited by the Rev. R. W. Church, M.A., Rector of 
Whatley ; formerly FeUow of Oriel GoUege. 
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4- Shakspeare. Select Plays. 

Edited by the Rev. W. G. Clabk, M.A., Fellow of Trinity 
College, Canrbridge, and Public Orator ; and W. 
Aldis Wbight, M.A., Librarian of Trinity College, 
Cambridge. 

5. Bacon. Essays ; Advancement of Learning. 

Edited by W. Aldis Wright, M. A. [/» the Press, 

6. Milton. Allegro and Penseroso ; Comus ; Lycidas ; 

Paradise Lost ; Samson Agonistes. 

7. Dryden. Stanzas on the Death of Oliver Cromwell; 

Astraea Redux ; Annus Mirabilis ; Absalom and 
Achitophel ; Religio Laici ; the Hind and Panther. 

Edited by the Rev. Professor Brewer, M.A. 

8. Bunyan. Grace Abounding; The Pilgrim's Progress. 

9. Pope. Essay on Man, with the Epistles and Satires. 

Edited by the Rev. M. Pattison, M.A., Rector of Lincoln 
College, Oxford. 

10. Johnson. Rasselas; Lives of Pope and Dryden. 

Edited by the Rev. J. Eraser, M.A., Rector of Ufton- 
Nervet ; formerly Fellow of Oriel College. 

IT. Burke. Thoughts on the Present Discontents; the 
two Speeches on America ; Reflections on the French 
Revolution. 

Edited by Goldwin Smith, M.A., Fellow of University 
College, Oxford ; formerly Regius Professor of Modem 
History. 

I a. Cowper. The Task, and some of his minor Poems. 

Edited by the Rev. T. L. Claughton, M.A., Vicar of 
Kidderminster ; formerly Fellow of Trinity College, 
Oxford, and Professor of Poetry. 

Each volume will be (as nearly as ^possible) uniform in 
shape and size; and at the same price. There will be a 
brief preface, biographical and literary, to each; and each 
will have such short notes only as are absolutely needed for 
the elucidation of the text. 
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